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PEEFACE. 

The present volume is intended as a brief introduction 
to mechanics for junior and senior students in colleges and 
universities. It is based to a large extent on Ziwet's Theo- 
retical Mechanics; but the applications to engineering are 
omitted, and the analytical treatment has been broadened. 
No knowledge of differential equations is presupposed, the 
treatment of the occurring equations being fully explained. 
It is believed that the book can readily be covered in a three- 
hour course extending throughout a year. For a shorter 
course, requiring half this time, the foUowii^ selection may 
be made: Chapters 1, 2, 3 (omitting Arts. 81-95), 4 (omitting 
Arts. 114^150), 5 to 12 (omittii^ Arts. 244-26S), 13 and 14 
(omitting Arts. 340-355). 

While more prominence has been given to the analytical 
side of the subject, the more intuitive geometrical ideas are 
generally made to precede the ana'ysis. In doing this the 
idea of the vector is freely used; but it has seemed best to 
avoid the special methods and notations of vector analysis. 
This has been done with re.uctance; the time has certainly 
come for introducing these methods in the very elements of 
mechanics. But this must be left to another opportunity. 

That many important subjects had to be omitted is another 
restriction arising from the nature and purpose of thii volume. 
While the selection of topics has been considered most care- 
fully it can hardly be expected to meet everybody's approval. 
The aim has been not only to select material useful to the 
beginning student of mathematics and physical science, but 
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vi PREFACE 

at the same time to give the reader a general view of the 
science of mechanics as a whole, a broad enough fomidation 
for further study. 

References to other works have been used sparingly. It 
seemed hardly necessary to refer to such standard works as 
those of Thomson and Tait, Routh, Schell, Appell, Kirch- 
ho£f, etc., which are found in any good college Hbrary. But 
it did seem desirable to refer in a few cases to works where 
fuller information can be found on subjects somewhat out 
of the range of the ordinary text-book on mechanics. The 
fourth volume of the Encyklopddie der matkematischen 
Wissensckaften, especially the articles by P. Stackel, should 
be consulted by the more advanced student. 

Alexandek Ziwet, 
Peter Field. 
University op Michiuan, 
February, 1912. 
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INTRODUCTION. 

1. The science of mechanics can be regarded as an exten- 
aion of geometry obtained by adjoining the ideas of time 
and mass to the idea of space which is fundamental in 
geometry. We arc thus led to the study of motion and of 
forces as the subject-matter of mechanics. 

2. By adjoining the idea of time alone we obtain, a pre- 
liminary branch of mechanics, known as kinematics. It 
develops the ideas of velocity and acceleration of geometrical 
configurations without using the notion of mass. 

3. The introduction of mass leads to numerous new ideas 
such as momentum, force, energy. Owing to the importance 
of forces in physics the mechanics of bodies pcesessing mass 
is often called dynamics. It may be divided into statics 
and kinetics.. 

Statics is the science of equilibrium; it considers the con- 
ditions under which the action of forces produces no change 
of motion. Thus, if force be regarded as a fundamental 
concept, statics is independent of the idea of time. 

Kinetics treats in the most general way the changes of 
motion produced by forces. 
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PART I: KINEMATICS. 



CHAPTER I. 
EECTILINEAR MOTION OF A POINT. 
1. Velocity and acceleration in rectilinear motion. 
4. Consider the motion of a point P along a fixed straight 
line (Fig. 1). If we take on this line an origin and a 
definite positive sense, say toward the right from 0, the 
position of the point P on the line at any time ( can be as- 
signed by its Qo-ordinale, or abscissa, OP = s, which may be 



Fig. 1. 

any real number. As P moves along the line its a 
s varies with the time; to every value of ( (at least within a 
certain interval of time) corresponds a certain value of s; in 
other words, s is a function of (. We assume that s is a 
continuous function of (; this implies that while P may 
move arbitrarily, back and forth, along the line, it does not 
make any jumps, suddenly disappearing at one point and 
reappearing at another; the path of P is connected. 

5. The time-rate of change of the ahsdssa of P, i. e. the 
i-derivative of s, is called the velocity of the point P; it is 
usually denoted by the letter v : 



' di' 
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16. 



As the idea of velocity ia fundamental in mechanita it may bo well 
to explain somewhat more in detail the genesis of this idea, the more bo 
as the prote^ la typical and recurs fiequenth 

Let the pomt P mo\e ilong the line or any 'icgment of the line, 
always m the ^ame sense ind so that equal distances are always de- 
scnbed in equal tunes Such a motion is called uniform, and the 
quotient sjt of an^ distance OP = t described, divided by the corre- 
sponding time (, IS called the idoaty of tin. unifotm molKm 



Suppose next that the point P does not move uniformly. The same 
quotient, v = s/i, of any distance described, divided by the tune used 
in describing it, is now called the average, or mean, velocity /or that 
diitarux or time. This mean velocity varies in general according to the 
distance or time selected; it does not characteriae the motion aa a whole. 
We can, however, attach a definite meaning to the e.\pression velocity 
at a given point or instant if we define it as foUowa, 



1^ 



Fig. 2. 

Let s = OF (Fig. 2) be the abscissa of the moving point at the time 
i, s + As = OF' its abscissa at the time ( + A(, so that the distance 
As ia described by P in the time AJ; and let Ai be taken so small that 
P moves always in the same sense as it describes the distance As. Then 
As/Aj is the mean velocity for the distance As or time A!. The limit 
approached bj' this quotient as A( approaches zevo. 

c,i=oM dt 
is called the velocity at the point P, or at the time t. 

It is assumed that such a limit exists, i. e., that s is a diiferentiable 
function of (. 

The definition of velocity as the time-rate of change of the co-ordinate 
s applies even in the case of uniform motion; for in this case we have aa 
stated above 



y Google 



5,] RECTILINEAE. MOTION OF A POINT 5 

where u is a constant, i. e. independent of I', hence 
lis _ 
di "■ 

In non-uniform, or variable, motion the velocity v varies from point 
to point and from time to time; it can be regarded as a function of the 
distance s or of the time (. 

It should be observed that in this whole discussion of velocity it is 
not essential that the path be rectilinear, this assumption being made 
only for the sake ot simplicity. The discussion applies without change 
when the pomt P describes a curve; the eo-ordinat* s then means the 
arc of the curve measured along tie curve from some origin on the 
curve, a definite sense of progression along the curve being taken as 
positive. 

6. Velocity being defined as the quotient of distance by 
time in uniform motion, and as the limit of such a quotient 
in any motion, the unit of velocity is the unit of length 
divided by the unit of time. Thus we speak of a velocity 
of so many centimetei^ per second {cm. /sec), or feet per 
minute (ft./min.), or miles per hour (M./h,), etc. 

Denoting the units of time, length, and velocity by T, L, 
V, this is expressed symbolically by writing 

F - |, - LT- 

and saying that the dimensions of velocity (7) are I in 
length (/,) and — 1 in time (T). 

The reader is supposed to be familiar with the C.G.S. 
(centimeter-gram-sccond) and F.P.S. (foot-pound-second) 
systems of measurement. It will suffice to mention that the 
second is the -f^ijjTT part of the mean solar day which is th,e 
average, for one year, of the time between two successive 
passages of the sun across the meridian; and that the foot 
is J of a yard, the American yard being defined (by act of 
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6 KINEMATICS (7. 

Congress, 1866) as -f^tf <^f a meter. We have therefore the 
exact relations 

ft l'>00 

1 cm. = 0.3937 in., -^ = ^^, 

cm. 39.^7' 

which give approximately: 

Im. = 3.2808 ft., 1 ft. = 30.48 cm., 1 in. = 2.54 cm. 

7. Exercises. 

(1) Compare the following velocities by reducing all to ft./sec; (a) 
man walking 4 M./h.; (b) horse trotting a mile in 2 min. 10 sec; (c) 
tmn running 40 M./h.; (d) ship making 15 knots, a knot tmng a Bear- 
mile (= 6080 ft.) per hour; (e) soundindryair at CC. 331.3 m./sec.; 
Cf) sun moving in space 25 km./sec; (9) light 3 X 10"" cra./sec. 

(2) Two men starting (in opiwsite sense) from the same point walk 
around a block forming a rectangle of sides a, &; if their constant 
velocities are Vi, Wj, when and where will they meet? 

(3) The mean distance of the sun being 92)4 million miles, find 
the velocity of light if it takes light 16 min. 42 sec. to cross tlie earth's 
orbit: (a) in miles per second, (6) in kilometers per hour. 

(4) Two trains, one 250, the other 420 ft. long, pass each other on 
parallel tracks in opposite sense, with equal velocities. A passenger 
in the shori.er tr^n observes that it takes the longer train just 6 sec. to 
pass him. What is the velocity? 

(5) What is the distance from A to B if a man walking 5 M./h. can 
cover it in 10 min. less than one walking 3 M./h.? 

(6) What is the answer to the preceding problem if both men start 
from A at the same time and, when the one h^ reached B, the other is 
7!^ miles behind him? 

(7) Two ships start from the same port, the second an hour later 
than the first. The velocity of the first is 16 knots, that of the second 
14 knots. How many miles are they apart 3 hours after the first ship 
started, the angle between their paths being 60°? 

8. The definition of velocity 

da 



enables us to find the velocity when the co-ordinate s is 
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10.1 EECTIUNEAB MOTION OF A POINT 7 

given as a function of (. Conversely, when v is given as a 
function of i'or of £ (or of both s and (), the integration of the 
same equation gives a relation between s and t which deter- 
mines the position of the moving point at any time. 

Thus, if V is given as a function of t, we find by integrating 
the relation ds = vdt: 



where So is the position of the moving point at the time tn, 
the so-called initial position. 

If V is given as a function of s, we find by integrating the 
relation dt = dsjv. 

Q. Exerdses. 

(1) Find the velocity when: {a) s = al-\-h, (6) s = at' + 6( + c, 
(c) s = aVT, (d) s = a coskt, (c) s = ae'', (J) s = ia(e' + e-'), (g) s = 
io(2C + W+ 1), (ft) s = oC(> - 1)=, (t) s^aP(_t- 1), (j) s = a(_f - 
20P — 1), (fc) s = o(/(I — ('). Taking o as a positive constant, discuss 
the motion by determining when s and v have maxima or minima. The 
nature of the motion will be best understood by sltetching in each case 
the curve that represents s as a function of (, and then ima^ning this 
curve projected on the am of s. Analytically, the sign of the velocity 
determines the sense of the motion; i. e. when via > 0, s increases; 
when K < 0, s decreases; when v = and dv/dt + 0, a has an extreme 
value and the sense of the motion changes. 

(2) Find the distance s in terms of ( when: (a) v = va + gt, (6) 

i; = n(!=-4), (c) V - a see'/, (d) v = - T^f^f, (e) v = ae^+B;with 
s = So for ( = 0. 

(3) Find t as a function of s and s as a function of t when : (a) o = 
v'2gi, with s = a, for f = 0; (b) v = Vo? - ^, with s = when ( = 0; 
(c) V = 1/0= + s\ with s = for ( = 0. 

10. In rectilinear motion, the time-rate of change of the 
velocity is caihd the acceleration; denoting it by the letter j, 
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dt dt^' 

Wc arc led to th.e idea of aocclcratioE by a proceaa of reasoning 
strictly anaJogous to that followed in defining velocity (Art. 5). Among 
non-uniform motions, the most simple kind is that in which the velocity 
always inoreases (or always decreases) by equal amounte in equal times; 
it is called uniformly acceleroied motion. In this kind of motion, the 
quotient obtained by dividing the increase (or decrease) of the velocity 
in any time by this time is called the accelerafum of (he uniformly ac- 
celerated moUon. 

If the motion is not uniformly accelerated the same quotient is called 
the average, or mean, accderalion for thai lime. Thus, if the velocity 
is e at the time t when the moving point has the position P, and reaehea 
the value fi + Aw at the subsequent time ( + At, when the point is at 
P', the mean acceleration in the time Ai (or distance PP' = As) is 
Aw/Ai. The limit of this quotient, as Ai approaches aero, i. e. 



^=}^.Af 



dl ' 



is called the aeceleraiion al the time I (or at the distance a). 

It follows that in uniformly acceleroied motion the accehraiion is 
constanl; and conversely, when the acceleration is constant, the motion 
ia unifonnly accelerated. 

11. A rectilineax motion ia called accelerated whether the 
velocity be increasing or decreasing. But sometimes the 
term acceleration is used in a more restricted sense, as opposed 
to retardation. The motion is then called accelerated or 
retarded according as the absolute value of the velocity is 
increasing or diminishing. This gives the criterion 

■^ao, i...»*5o. 

dl ' dt 

Thus the motion is accelerated (in the narrower sense) or 
retarded according as vdvjdt is > or < 0; if dvjdt = while 
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13.1 RECTILINEAR MOTION OF A POINT 9 

dhjdt' =1= 0, the motion changes from being accelerated to 
being retarded, or vice versa. 

Acceleration being defined, for rectilinear motion, as the 
quotient of velocity by time or as the limit of such a quotient, 
the unit of acceleration J is the unit of velocity divided by 
the unit of time. With the notation of Art. 6, this ia ex- 
pressed symbolically by writing 



hence the dimensions of acceleration are 1 in length and — 2 
in time. Thus we speak of an acceleration of so many 
centimeters per second per second (cm./sec.'). 



12. 

(1) A point moving with constant aceeleration. gains at the rate of 
30 M,/h. in every minute. Express its acceleration in ft../sec.'. 

(2) At a place where the acceleration of gravity is j = 9.810 m,/sec.', 
what is the value of g in ft. /sec.'? 

(3) A railroad train, 10 min. after starting, attains a velocity of 
45 M./h.; what is its average acceleration during these 10 min.? 

(4) How does the acceleration of gravity which is about 32.2 ft, /see.' 
compare with that of the train in Ex. (3)? 

(5) Find the acceleration for the motions in Art. 9, Ex. (1); apply 
the rule of Art. 11 to determine where each motion is accelerated or 
retarded. 

(6) Discuss in the same way the acceleration of the motions ia Art. 
9, Ex. (2) and (3). 

13. A rectilinear motion is fully characterized if its 
acceleration is given as a function of (, s, v, provided that the 
initial conditions are also given, viz. the position and velocity 
of the moving point at any instant. 

For we then have 



dV 



= Kt,s,v), (1) 
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whore V = ds/dt, while j(t, s, v) is a given funetion. The 
solution of this difCerential equation, whieh is called the 
equation of motion, with the initial conditions s = so, 
V = Vf) ioT t — to, gives s as a function of t. 

The solution of such a differential equation may be diffi- 
cult; nor can any general rule of procedure be given. We 
here confine ourselves to very simple cases, especially those 
where the acceleration j is either a constant or a function 
of s alone, these cases being most important. 

2, Examples of rectilinear motion. 

14. Uniformly Accelerated Motion. As in this case the 

acceleration j is constant (see Art. 10), the equation of motion 

(1) 

d'^s . dv 

dp = '- "' dt-'- 

can readily be integrated; 

v=jt + C. 
To determine the constant of integration C, we must Jaiow 
the value of the velocity at some particular instant. Thus, 
a V = Vq when t = 0, we find vi, = C; hence, substituting 
this value for C, 

v~va= jt. (2) 

This equation g,b/e& the velocity at any time (. Substi- 
tuting ds/dt for V and integrating, we find s ^vi,t + ijt^ + C, 
where the constant of integration, C , must again be deter- 
mined from given " initial conditions." Thus, if we know 
that 8 = So when i = 0, we find so = C; hence 

s - So = fo* + Ji'^- (3) 

This equation gives the space or distance passed over in 
terms of the time. 
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171. RECTILINEAR MOTION OF A POINT U 

Eliminating J between (2) and (3), we obtain the relation 
s — So = iCfo + v)t, 
which shows that in uniformly accelerated motion the space can 
be found as if it were described uniformly with the mean 
velocity i(ve + v). 

15. To obtain the velocity in terms of the space, we 
have only to eliminate ( between (2) and (3); we find 

i{v^ - Vo^) = j{s - So). (4) 

This relation can also be derived by eliminating dt between 
the differential equations v = dsjdt, dv/dt = j, which-gives 
vdv = jds, and integrating. The same equation (4) is also 
obtained directly from the fundamental equation of motion 
dHjdf^ = j by a process very frequently used in mechanics, 
viz, by multiplying both members of the equation by 
dsjdt. This makes the left-band member the exact deriv- 
ative of i{ds/dty or iv^, and the integration can therefore 
be performed, 

16. The three equations (2), (3), (4) contain the complete 
solution of the problem of uniformly accelerated motion. For 
uniformly retarded motion, j is a negative number. 

If the spaces be counted from the position of the moving 
point at the time i = 0, we have So = 0, and the equations 
become 

V = Vo+ ft, s = v4 + ^ff-, lif - V(,^) =js. 

If in addition the initial velocity Vo be zero, the point 
starting from rest at the time i = 0, the equations reduce 
to the following: 

V = jt, s = ijt^, iv^ = js. 

17. The most important example of uniformly acceler- 
ated motion is furnished by a body falling in vacuo near 
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the earth's surface. Assmniiig that the body does not rotate 
during its fall, its motion relative to the earth is a mere 
tTanslatiwi, i. e. the velocities of all its points are equal and 
parallel; and it is sufficient to consider the motion of any 
one point of the body. It is Imown from observation and 
experiment that under these circumstances the acceleration 
of a fallir^ body is constant at any given place and equal to 
about 980 cm., or 32.2 ft., per second per second; the value of 
this so-called acceleration of gravity is usually denoted by g. 

In the exercises on falling bodies (Art. 19) we make through- 
out the following simplifying assumptions: the falling body 
does not rotate; the resistance of the mr is neglected, or 
the body falls in vacuo; the space fallen through is so small 
that g may be regarded as constant; the earth is regarded 
as fixed. 

18- The velocity v acquired by a falling body after falling 
from rest through a height h is found from the last equation 
of Art. 16 as 

This is usually called the velocity due to the height (or 
head) h, while h = p''/2y is called the height {or head) due 
to the velocity v. 



19. 1 

(1) A body falls from rest at a place where g = 32.2. Find (a) 
the velocity at tte end of the fourth second; (6) the space fallen through 
in 4 seconds (c) (he ^ace fallen through in the fifth se on 1 

(2) A train Btartmg from the "station -icquireB a \elociti of 30 
M /h («) in R nun (&) in 2 miles w hat w as it^ ac eleratioa (regarded 
as constant)'" 

(3) Galileo who first discovered the law of falling bodies ex 
pressed them in the following foim (a) The velocities aLquired at 
the end if the su ce^te neconds increase as the natunl numbers 
(6) the spa^'C'! Ip cnl ed 1 inng the su ce ivp e on is u re t flic 
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odd numbers; (c) tlie spaces described from the beginiiing of the motion 
to the end of tlie successive seconds increase as the squares of the natural 
numbers. Prove these statements. 

(4) A stone dropped into the vertical shaft of a mine is heard to 
strilte the bottom after ( seconds; find the depth of the shaft, if the 
velocity of BOund be given = c. Assume i = 4 s., c = 332 meters, 
g = 980. 

(5) A raihoad train in approaching a station makes half a mile in 
the first, 2,000 ft. in the second, minute of its retarded motion. If 
the motion is ■uniformly retarded: (a) When will it stop? (6) What 
is the retardation? (c) What was the initial velocity? (d) When 
will the velocity be 4 miles an hour? 

(6) A body being projected vertically upwards with an initial velocity 
vn, (a) how long and (b) to what height will it rise? (c) When and 
(d) with what velocity does it reach the startii^-point? 

(7) A bullet is shot vertically upwards with an initial velocity of 
1200 ft. per second, {a) How high will it ascend? (b) What is its 
velocity at the height of 16,000 ft.? (c) When will it reach the ground 
agMn? (d) With what velocity? (e) At what time is it 16,000 ft. 
above the ground? Explain the meaning of the double sign m (e). 
Use ff = 32. 

(8) With what velocity must a ball be thrown vertically upwards to 
reach a he^ht of 100 ft.? 

(9) A body is dropped from a point B at a height AB = k above 
the ground; at the same time another body is thrown vertically up- 
ward from the point A, with an initial velocity i^. (o) When and 
(6) where will they collide? (c) If they are to meet at the height ih, 
what must be the initial velocity? 

(10) The barrel of a rifle is 30 in. long; the muazle velocity is 1300 ft./ 
sec; if the motion in the barrel be uniformly accelerated, what is the 
acceleration and what the time? 

(11) If a stone dropped from a balloon while ascending at the rate 
of 25 ft./sec. reaches the ground in 6 seconds, what was the height of 
the balloon when the stone was dropped? 

(12) If the speed of a train increases uniformly after starting for 8 
minutes while the train travels 2 miles, what is the velocity acquired? 

(13) Two particles fall from rest from the same point, at a shoit 
interval of time t; find how far they will be apart when the first par- 
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tide has fallen througli a height k. Take e. g., k = 000 It., r = :^l-^ 
second. 

20. Acceleration inversely proportional to the square of 
the distance, *. e. j = /</s^ where ju is a constant (viz. the 
acceleration at the distance s = 1) and s is the distance of 
the moving point from a fixed point in the Unc of motion. 

The differential equation (1) becomes in thiH case 

the first integration is readily performed by multiplymg both 
members by ds/dt so as to make the left-hand member the 
exact derivative of ^{ds/dty or ^v^. Thus we find 

where the constant of integration, C, must be determined 
from the so-called initial conditions of the problem. For 
instance, if « = Wo when s - so, we have ifo^ = — i^jst, + C; 
hence, eliminating C between this relation and (6), 

(7) 



--a-i) 



To perform the second integration solve this equation for 
V and substitute ds/dt for v. 



jr^4" 



r putting Jig* + 2[i!sa = 2/i/(i', 



^Jf-# 



Here the variables s and ( can be separated, and we find if 
s = So for ; = 
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'-^^if.'.^,-,--"- c' 

To integrate put s — /x' = x^. The result will be different 
according to the signs of i^, /, and v, which must be deter- 
mined from the nature of the particular problem. 

It is easily seen that the methods of integration used m 
this problem apply whenever j is given as a function of ^ alont 

21. Whenever in nature we observe a motion not to rcniain uni- 
form, we try to account for the change in the character of the motion 
by imagining a special cause for such change. In tectihnear motion, 
the only change that can occur in the motion b a change in the velocity, 
i. e., an acceleration {or retardation). It ia often convenient (o have 
aspecia] name for thissupposed cause producing acceleration or retarda- 
tion; we call it force (attraction, repulsion, pressure, tension, friction, 
resistance of a medium, elasticity, cohesion, et<:.)i a"d assume it to 
be proportional to the acceleration A fuller disoussion of the nature 
of force and its relation to mass will be found in Arts. 171-lbS The 
present remark is only intended to make more intelligible the phjaial 
meaning and appUcation of the problems to be discussed in the follow- 
ing articles. 

22. It is an empirical fact that the acceleration of bodies falling ra 
vafluo on the earth's surface is constant only for distances from the 
surface that are very small in comparison with the radius of the earth. 
For lai^er distances the acceleration is found inversely proportional to 
the square of the dietiuice from the earth's center. 

By a bold generalization Newton assumed this law to hold generally 
between any two particles of matter, and this assumption hjs been 
verified by subsequent observations. It can therefore be regarded 
as a general law of nature that any particle of matter produces in every 
other such particle, each particle being regarded as concentrated at a 
point, an acceleration inversely proportional to the square of the distance 
between these points. This is known as Newlon's law of universal gravi- 
tation, the acceleration being regarded as caused by a force of attraction 
inherent in each particle of matter. 

It is shown in the theory of attraction (Art. 253) that the attraction 
of a spherical mass, sucli as the earth, on any particle outside the sphere 
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IZi. 



13 the same aa if the maas of thu sphere were cootientratcd at its center. 
The acceleration produced by the earth on any particle outside it ia 
therefore inversely proportional to the square of the distance of tJie 
particle from the center of the earth. 

23. Let us now apply the general equations of Art. 20 to 



the particular < 




of a body falling from a great height 
towards the center of the earth, the 
r^^istance of the air being neglected. 
Let be the center of the earth 
(Fig. 3), Pi a point on its surface, Po 
the initial position of the moving 
point at the time ( = 0, P its posi- 
tion at the time (; let OPi = R, OPo 
= So, OP = s; and let g be the accel- 
eration at Pi, j the acceleration at P, 
both in absolute value. Then, ac- 
cording to Newton's law, j:g = R^: s". 
This relation serves to determine the 
value of the constant fi in (5) ; for since 
the acceleration is to have the value g 
when s = E we have 






^ m= -S, 



the minus sign being taken because the acceleration is 
directed toward th(i origin 0. We have therefore 



so that (5) becomes in o 
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the minus sign indicating that the acceleration tends to 
diminish the distances counted from as origin. 

The integration can now be performed as in Art. 20. 
Multiplying by dsjdt and integrating, we find h'^ = gR^/s 
+ C. If the initial velocity be zero, we have v == for s = Si,; 
hence C = — (jR^jsa, and 



--«^^JR=-«>ll>i^ 



(U) 



Here again the minus sign before the radical is selected 
since the velocity v is directed in the sense opposite to that 
of the distance s. 

Substituting dsjdi for v and separating the variables t and 
s we have _^ 

hence, integrating as indicated at the end of Art. 20: 

nt of integration being zero since s = so J 
;enn can be slightly simplified by obser' 

sin~' Vl — w^ = coe~^u, 
lally: 

24. Exercises. 

(1) Find the velocity with which the body arrives at the surfai^e of 
the eaith if it be dropped from a height equal to the earth's radius, and 
determine the time of falling through this hdght. Take R = 4000 
miles, g = 32. 



the constant of integration being zero since s = so for ( = 0. 
The last tenn can be slightly simplified by observing that 
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(2) Show that formula (11) reducing to w = V2yh (Art. IS) with 
s = Bifso — 8 = /iis small in comparison with B. 

(3) Show that when So is large in comparison with B while s differs 
but slightly from iJ, the formulse (11) and (12) reduce approximately 
to 

Hence find the final velocity and time of fall of a body falling to the 
earth's surface (a) from an infinite distance; (6) from the moon (so = 
60 B). 

(4) Derive the expressions for v and t corresponding to (11) and 
(12) when the initial velocity is wo (toward the center). 

(5) A particle is projected vertically upwards from the earth's sur- 
face with an initial velocity Va. How far and how long will it rise? 

(6) If, in (5), the initial velocity be vo = VgB, how high and how 
long will the particle rise? How !ong will it take the particle to rise 
and fall back to the earth's surface? 

25. Acceleration directly proportional to the distance, )'. e 
j = KS, where « is a constant. 
The equation of motion 



(13) 



can be integrated by the method used in Art. 20. The result 
of the second integration will again be different according to 
the sign of k. We shall study here only a special ease, re- 
serving the general discussion of this law of acceleration until 
later. 

26. It is shown in the theory of attraction (Art. 251) that 
the attraction of a spherical mass such as the earth on any 
point 'within the mass produces an acceleration directed to 
the center of the sphere and proportional to the distance 
from this center. Thus, if we imagine a particle moving 
along a diameter of the earth, say in a straight narrow tube 
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passing through the center, we should have a case of the 
motion represented by equation (13). 

To determine the value of k for our problem we notice 
that at the earth's surface, that is, at the distance OPi = H 
from the center (Fig. 4), the 
acceleration must be g. If, there- 
fore, j denote the numerical 
value of the acceleration at any 
distance OP = «(< R), we have 
j : g = s : R, or j = gs/R. But 
the acceleration tends to dimin- 
ish the distance s, hence dh/dt^ 
= — {gjR)s. Denoting the posi- 
tive constant g/iJ by fi,^, the 
equation of motion is 




Rg. 4. 



■, where 



'-& 



(14) 



Integrating as in Arts. 20 and 23, we find 
^= = - i^'s^ + C. 

If the paHicIe starts from rest at the surface, we have jj = 
when s — R; hence = — iiJ.'^R'^ + C; and subtracting 
this from the preceding equation, we find 

v=~ti<m^^\. (15) 

where the minus sign of the square root is selected because s 
and V have opposite sense. 
Writing dsldl for t' and separating the variables, we iiave 

1 ds 
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( = - cos-' -73 + C". 
As s = E when ( = 0, we have = — cos"' 1 + C, or 
C = 0. Solving for s, we find 

s ^ R cosfit. (16) 

Differentiating, we obtain v in terms of t: 

V ^ -- liR ampi. (17) 

27. The motion represented by equations (16) and (17) 
belongs to the important class of simple harmonic motions 
(see Arts. 71 sq.). The particle reaches the center when 
s = 0, i. e. when id = 7r/2, or at the time ( = 7r/2;«. At this 
time the velocity has its maximum value. After passing 
through the center the point moves on to the other end, Pj, 
of the diameter, reaches this point when s = — R, i. e. when 
fd = ir,ox at the time ( = t/;i. As the velocity then vanishes, 
the moving point begins the same motion in the opposite 
sense. 

The time of performing one complete oscillation (back and 
forth) is called the period of the simple harmonic motion; 
it is evidently 

28. Exercises. 

(1) Equation (14) is a differential equation whose general integral 
is known to be of the form 

s = Ci siwf + Ci oos^ti; 
determine the constants C,, Cj and deduce equations (16) and (17). 

(2) Find the velocity at the center and the period, taking g = 32 
and R = 4000 miles. 

(3) A point whose acceleration is proportional to its distance from 
a fixed point starts at the distance sg from with a velocity w> directed 
away from 0; how far will it go before returning? 
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CHAPTER II. 
TRANSLATION" AND ROTATION. 

29. Ill kinematics, the term rigid body is used to denote a 
figure of invariable size and shape, or an ablegate of points 
whose distances from each other remain unchanged. 

The position of a rigid body is given if the positions of any 
three of its points, not in a straight line, are given; when 
three such points are fixed the body is fixed. 

The kinematics of rigid bodies will be discussed more fully 
later on (Arts. 114-150); it will here suffice to mention two 
particular types of motion of a rigid body: translation, and 
rotation about a fixed axis. 

30. The motion of a rigid body is called a translation when 
all points of the body describe equal and parallel curves. 
This will be the ease if any three points of the body, not in a 
straight line, describe equal and parallel curves. Owing to 
the rigidity of the body, i. e. the invariability of the mutual 
distances of its points, the velocities and accelerations of all 
points at any given instant must then be equal; thus, in 
translation, the motion of the whole body is given by the motion 
of any one of its points. 

31. When a rigid body has two of its points fixed, the only 
motion it can have is a rotation about the line joining the 
fixed points as axis. Thus, in rotation about a fixed axis, all 
points of the body excepting those on the axis describe arcs of . 
circles whose centers lie on the axis and whose planes are 
perpendicular to the axis; all points on the axis are at rest. 

The position of a rigid body with a fixed axis I is given by 
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assumed a 



the position of any one of its points P, not on the axis. This 
position is most conveniently assigned by the dihedral angle 
B, made by the plane (I, P) of the body with a fixed plane 
through (. If a definite sense of rotation about the axis is 
positive, say the counter-clockwise sense as seen 
from a marked end of the axis (Fig. 5), 
th(i angle d, expressed m radians, is a real 
number and serv^ as co-ordinate to de- 
termine the position of the body. 

32. As the body turns about the axis 
I in any way, the angle 8 varies with the 
time; the co-ordinate d can be regarded 
as a function of the time, just as in the 
case of the rectilinear motion of a point 
(and hence (Art, 30) also in the rectili- 
near translation of a rigid body) the co- 
a function of the time. 
The rotation is called uniform if equal angles are always 
described in equal times. In this case the quotient 8/t of 
the ai^le 8 described in any time t, divided by this time, is 
called the angular velocity, w, of the uniform rotation: 



ordinate i 



If, in particular, the time of a complete revolution be 
denoted by T, we have for uniform rotation: 

- ?5 
" 'f 

In the applications, angular velocity is often measured by 
the number of complete revolutions per unit of time. Thus, 
if n be the number of revolutions per second, N that per 
minute, wc have- 
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33. When the rotation is not uniform, the quotient ob- 
tained by dividing the angle of rotation by the time in wliich 
it is described, gives the mean, or average, angular velocity for 
that time. 

The rate of change of the angle of rotation with the time 
at any particular moment is called the angular velocity at 
that moment: 

_ de 

'^ ~ dt' 

The rate at wliich the angular velocity changes with the 
time is called the angtilar acceleration; denoting it by a, 
we have 

^ ~ dt ~ dt^ 

34. The most important special case of variable angular 
velocity is that of uniformly accelerated (or retardiMi) rota^ 
tion when the angular acceleration is constant. The formulae 
for this ease have precisely the same form as those given in 
Arts. 14-16 for uniformly accelerated rectilinear motion. 
Denoting the constant linear acceleration by j, we have, 
when the initial velocity is 0, 



" ™™»"™": 


Ton rotation; 


= j; a constant; 


,2 = a, a constant; 


-A 


w - at, 


= ». 


» - Ut', 


- i'-, 


W - ««; 
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and when the initial velocities arc va and wo, respectively; 



FOR tkanslation; 
V = Va+ jt, w = 630 + at, 

35. Let a point P, whose perpendicular distance from the 
axis of rotation is OP = r, rotate about the axis with the 
angular velocity o) = dO/di. In the element of time, dt, it 
will describe an element of arc ds = rdd = ruidt. Its velocity 
V = dsjdt (frequently caUed its linear velocity to distinguish 
it from the angular velocity) is therefore related to the 
angular velocity of rotation by the equation 



The close analogy between rectilinear translation and 
rotation about a fixed axis, which is not confined to uniform 
or uniformly accelerated motion and arises from the fact 
that in each of the two cases the position of the body is 
determined hy a single co-ordinate, can be illustrated by 
laying off on the axis of rotation a length measuring the 
angle of rotation. The rectilinear motion of the extremity 
of this vector along the axis gives an exact representation 
of the rotation. 

36. Exercises. 

(1) If a fly-whcci of 10 ft. diameter makes 30 revolutions per minute, 
what is its aiigulaJ' velocity, and what is the linear velocity of a point 
on ita rim? 

(2) Find the constant acceleration (such as the retardation caused 
by a Prony brake) that would bring the fly-wheel in Ex. (1) to rest in 
yi minute. How many revolutions does the fly-wheel make during its 
retarded motion before it comes to reat7 

(3) A wheel is running at a uniform speed of 32 turns a second when 
a resistance begins to retard its motion uniformly at a rate of 8 radians 
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per second, (o) How many turns will it make before stoppmgf {b) In 
what time is it brought to rest? 

{4) A wheel ot 6 ft. (Jiameter is malting 50 rev,/mm when thrown 
out of gear. If it comes to rest in 4 minutes, find (o) the angular 
retardation; ib) the linear velocity of a point on the nm it the be- 
ginning of the retarded motion; (c) the same after two mmutes 
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CHAPTER III. 

CURVILINEAR MOTION OF A POINT. 

1. Relative velocity; composition and resolution 
of velocities, 

37. It is often convenient to thinli of the velocity of a 

point not as a mere number, but as a vector, i. e. a segment 

PQ of a stnught line (Fig. 6), drawn from the point P in the 

direction of motion and repre- 

' p *^ senting by its length the mag- 

y. g nitude of the velocity, by its 

direction the direction of mo- 
tion of P tind b\ an arrD\\head the sense of the motion. 

38 Consider a pomt P (Fig. 7) moving along a straight 
Ime I with constant \ elocity Vr, while the line I moves in a 
fixed plane with a ccn pi i< 

stant \ elocity u m a di- 
rection making an an„le 
a. with the Imp I Then 
the \ectDr PQ = i is 
called the relative veloc 

ity of P with rt,sipt,ct to 

I the vector PS = i% ^ ">■ Q ^.^ ^ 

may be called tl e iodj 

leloaty cr the vi-bcit^ of the body of reference (here the 

Imo 

With respect to the fixed plane, the point P has not only 
the velocity v„ but it participates in the motion of /. Its 
absolute velocity s, i. e. its velocity with respect to the fixed 
plane, is thereforti represented in magnitude, direction, and 
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sense by the vector PR, i. e. by the diagonal of the parallelo- 
gram constructed on the vectors Vt and Vb- This vector 
PR = y is called the resultant, or geometric sum, of the vectors 
PQ = Vr and PS = Vb. 

It is easy to see that this result will hold even when the 
motions are not uniform, provided we mean by Vr the instan- 
taneous relative velocity of P and by vi, the simultaneous 
velocity of that point of the body of reference with which P 
happens to coincide at the instant. 

We have thus the general proposition that the absolute 
velocity V of a point P is the resultant, or geometric sum, of its 
relative velocity Vt and the body velocity vt. 

39- The term " geometric sum," of the vectors Vr = PQ and 
Vb = PS may be justified by observing that (Fig. 7) QR = 
PS; hence the resultant Pffi = u is obtained simply by adding 
the vectors Vr and Vi geometrically, ■*'. e. by drawing first the 
vector PQ = Vr and then from its extremity Q the vector 
QR = Vb. 

Conversely, the relative velocity PQ = w, is found by geo- 
metrically subtracting the body velocity Vb from the absolute 
velocity v; i. e. by drawing the vector PR = fraud from its 
extremity R the vector RQ equal and opposite to the vector 
PS = Hb- This result can be interpreted as follows: In the 
example of Art. 38 of a point moving with velocity Vr along 
the line I while I moves with velocity Vb in a fixed plane, let us' 
superimpose the velocity — Vb, %■ e. a velocity equal and 
opposite to the body velocity, on the whole system, formed 
by the line and the point; the line is thereby brought to rest 
while the point will have the velocities v and — Vb whose 
resultant is the relative velocity Vr- Hence the relative 
velocity is found as the resultant of the absolute velocity and 
the body velocity reversed. 



y Google 



28 



KINEMATICS 



40. It is this idea of relative motion ttiat leads to the so- 
called parallelogram of velocities, i. e. to the proposition that 
a point whose velocity is v = PR 
(Fig. 8) can be regarded as pos- 
sessing simultaneously any two 
velocities, such as t^i = PQ, v^ 
= PS = QR, whose geometric 
sum is v = PR. For we can 
always regard vi as the relative 
velocity of the point along the 
the body velocity, i. e. as the velocity of 




Fig. 8. 



line PQ and jjs 
the line PQ. 

41. Finally, if in the example of Art. 38 we suppose the 
plane x in which the line I moves to have itself a velocity !)„, 




Pig. 9. 

it is clear that the absolute velocity v of the point will be 
the resultant, or geometric sum, of the three velocities w,., Vb, 
v„; i. e. it will be represented by ihe diagonal of the paral- 
lelepiped that has the vectors Vr, vi,, v, as adjacent edges. It 
then follows that the velocity v = PR of a point (Fig. 9) 
can be regarded as equivalent to any three simultaneous 
velocities Vi = PQi, fa = PQj, Vi = PQs, whose geometric 
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sum is !) = PR. This proposition is known as the paral- 
lekpiped of velocities; vi, Vi, vt are called the components of v. 
The corresponding propositions for forces in statics will 
be familiar to the student from elementary physics. But it 
will be seen later that these propositions in statics are really 
based on the more elementary propositions for velocities. 

42. Exercises. 

(1) The components of the veJocity of a point are 5 and 3 ft. /set. 
and enclose an angle of 135"; find tJie resultant in iiiagnitude and 
direction. Check the result by graphical construction. 

(2) Find the components of a velocity of 10 ft./sec, along two 
lines inclined to it at 30° and 90°. 

(3) A man jumps from a car at an angle of 60°, with a velocity of 
S ft./aec. (relatively to the car). If the car is running 10 M./h,, with 
what velocity and in what direction docs the man strike the ground? 

(4) Two men, A and B, walking at the rate of 3 and 4 M./h., respec- 
tively, cross each other at a rectangular street comer. Find the relative 
velocity of A with respect to B in magnitude and direction. 

(5) How must a man throw a stone from a train running 15 M./h, 
to make it move 10 ft./sec. at right angles to the track? 

(6) The velocity of light being 300,000 km./sec, the velocity of 
the earth in its orbit 30 km./sec., determine approximately the con- 
stant of the aberration of the fixed stars. 

(7) A man on a wheel, riding along the railroad track at the rate 
of 9 M./h., observes that a tram meeting him takes 3 sec. to pass him, 
while a train of equal length takes 5 sec. to overtake him. If the trains 
have the same speed, what is it? What is the length of the train? 

(8) A swimmer starting from a point A on one bank of a river 
wishes to reach a certain point B on the opposite bank. The velocity 
Hi of the current and the angle e( < J^t) made by AB with the current 
being given, determine the least relative velocity !v of the swimmer in 
magnitude and direction, 

(9) A straight line in a plane turns with constant angular velocity 
« about one of its points O, while a point P, starting from 0, moves 
along the line with constant velocity w>. Determine the absolute path 
of P and its absolute velocity v. 
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(10) Stow how to PODBtruct the taogent and normal to the sphai 
of Archimedes, r - aS, where B = ul. 

2. Velocity in curvilinear motion. 
43. If on the curve described by the moving point we 
select an origin Pq, and take a definite sense of progression 
along the curve as positive, 
the position P of the point 
at any time t is given by the 
arc pQp = s, which might 
be regarded as the co-ordi- 
nate of P (Fig. 10). 
'■" _ As s is a function of the 

time t, its time-derivative 

*' di 
gives the magnitude of the velocity of the point at P, or at 
the instant t, in its curvilinear motion (comp. Art. 5). 

To incorporate in the definition of velocity the idea of 
the varying direction of the motion, which at any instant ( is 
that of the tangent to the path, we lay off from P, on this 
tangent, a segment PT of length i; = dsfdt, in the sense of 
the motion, and define the vector PT as tiie velocity of the 
point in its curvilinear motion (comp. Art. 37). 

44. When the motion of the point P- is referred to fixed 
rectangular axes Ox, Oy, Oz, the co-ordinates x, y,soi P 
(Fig. 11) are functions of the time; 

x = x{t),y = y{t),z = z{t). 

Now the a:-(;o-ordinate of P is at the same time the co- 
ordinate of the projection Pj of P on the axis Ox on this axis. 
As the point P moves in space, its projection P^ moves 
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along the axis Ox, and tiie velocity of P^ in its rectilinear 
motion is 

dx 



Similarly the velocities of the projc^ctions P^, P, of P on Oy, 
Oz are 



■ dt' 



' dt' 



The rectilinear motions of P^, P-y, P^ along the axes Ox, 
Oy, Oz, respectively, fully determine the curvilinear motion 
of P{x, y, z) in spMe. 

45. On the other hand, the velocity-vector PT = v can, 
by Art, 41, be resolved into its three components along the 




xes; if the tangent to the path at P makes the angles c 
', 7 with Ox, Oy, Oz, respectively, these components are 



It is easy to show that these, components of v are equal, 
respectively, to the velocities dx/dt, dy/dt, dzjdt of the 'projections 
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Pi, Pi,, P^ of P on the axes. For we have, if As is the arc 
described by P in the time M: 

dx ,. Ax ,. Ax As ds 

-r- = lim —- = urn -— ~ ^ coSa^T = V cosw, 

dt A!=o A( Afeo As At dt 

since at any ordinary point of the curve {i. e. at any point 
at which the curve possess<;s a definite tangent) we have 

,. Ax 

lim -,— = cos«. 
As 

Similarly for dy/dt, dzldt. 

We shall therefore henceforth denote by d, y„, Vs not only 
(as in Art. 44) the velocities of Pi, Py, Pi, but also the 
components of the velocity v along the axes Ox, Oy, Oz. 
Thus we have: 

dx „ dy dz 

Vi = V COS« = "TT , ^H = y COSfl = - „- ,V^~V COST = "T" , 

at dt ' dt' 

.... + ......(-)V(J)-.(|)-.(§)'. 

In the language of infinitesimals we may say that the 
ve locity is found by dividing the element of arc ds = 
Vdx^ + dy^ + dz^ by dt. 

4S. In -polar co-ordinates OP = r, xOP = 6, yOQ = (Fig. 
12), the rectangular components v,., Vg, Vj, of the velocity v 
along OP, at right angles to OP in the plane xOP, and at 
right angles to this plane are readily found from the last 
remark in Art. 45, by observing that 

tfo= = dr^ + (rdey + (r sin0 rf^)^ 
whence 

dr de ■ r,d<l> 
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47. If the path of P is a plane curve we have in rectangular 
cartesian co-ordinates 



',/drY fWy 

-i[v) +'-[dt)- 



and in polar co-ordinates 

* de 



As the point P moves in the plane curve its radius vec- 
tor OP sweeps out the polar area S of the curve, i. e. the 
area bounded by any two radii vectores and the arc of the 
curve between their ends. If AS be the increment of this 
area in the time Af, the limit of the ratio AS/A(, as M ap- 
proaches zero, is called the sectorial velocity dS/dt of the 
point P {about the origin 0): 

dS ,. ^S 
d7 = i^SAr 

It follows from the well-known expression for the element 
of polar area that in polar co-ordinates 
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and in rectangular cartesian co-ordinates 



^dt "dtr 

48. Ssercises. 

(1) If the point P describes a circle at radiua a ^out the origin 0, 
with angular velocity «, the linear velocity of Pis » = a« (Art. 35); its 
components along rectangular axes through the origin are (Fig. 13): 



y 


~4 


--. 






D^U- 


''A 






,■''5 


\ 


a 





. 


J 





V.J = ctL, an(^ir + fl) = ou eosS = ui. 
Obtain these results by differentiating the equations of tte circle 
E = a cosS, y ^ a sinS with respect to the time. 

(2) Show that the velocity of a point describing a cycloid passes 
through the highest point of the generating circle. 

(3) The ellipse being defined as the locus of a point such that the 
sum of its distances from two fixed points is constant, show that the 
normal bisects the angle between the focal radii n, n. 

In bilinear co-ordinates the equation of the ellipse is simply 
r, +n = 2a- 



y Google 



49.! CURVILINEAR MOTION OF A POINT 35 

Differentiating with respect to ( aad dcnotiag time-derivatives by dots, 
we find 

h + h = 0; 

i. e. the rate of increase of one focal radius la equal to the rate of de- 
crease of the otiier. Notice, however, tliat 'i and rj are not the com- 
ponents of the velocity of the describing point P along the fooal radii, 
but the ■projeclions of this velocity on these radii. For, the velocity 
11 of P can be resolved : (a) into f , along n and a component perpendicular 
to n; (6) into h along ri and a component perpendicular to rj. Both 
resolutions arise from the same vector u; hence perpendiculars erected 
at the extremities of h and h ilsAA off from P along r,, n in the proper 
sense) must meet at the extremity of v. As rj = — fi, v bisects the 
angle between ri (produced) and ri, 

(4) Find a construction for the tangent to any ctinio given by 
directrix, focus, and eccentricity. 

(5) Derive the expressions tor wr and vg in Art. 46 by the method 

3. Acceleration in curvilinear motion. 
49. As the moving point describes its path the velocity 
vector V = PT (Art. 43) will in general vary both in mag- 
nitude and in direction. To compare the velocities v = PT 
at the time ( and v' = P'T' at the time t + At (Fig. 14) 



we must draw these vectors from the same origin, say from 
the point P. iVIaking PT" = P'T' == v', it appears that 
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the vector v' can be obtained from tlie vector v by adding 
to it geometrically the vector TT" which represents the 
geometrical increment of the velocity in the time interval 
At. 

This vector TT", divided by At, is the average accelera- 
tion in the time At. As At approaches zero, the vector 
TT" approaches zero; but its direction will in general ap- 
proach a definite direction as a limit, and the ratio of its 
length to At wiU approach a definite number as limit. A 
vector (generally drawn from Lhc point P) Ifeving this 
limiting direction as its direction and a length 
,. TT" 

is defined as the acceleration of the moving point at P, or 
at the time (. 

It follows from this definition that the acceleration vector 
lies in the osculating plane of the path at P, this plane 
being the limiting position of the plane determined by 
the tangent at P and any near point P' of the curve as 
P' approaches P along the curve. 

50. Acceleration being defined as a vector can be resolved 
into components by the parallelogram or parallelepiped 
rules (Arts. 40, 41). 

Thus, in particular, the acceleration j, since it lies in the 
osculating plane, can be resolved into a tangential component 
ji along the tangent, and a normal component j„ along the 
principal normal at P, the principal normal being the inter- 
section of the norma! plane with the osculating plane. 
If if (Fig- 14) is the angle between the velocity and the 
acceleration these components are 

jt = j cosif , j„ = i sini/-. 
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51. If from any fixed point we draw vectors OQ equal 
and parallel to the velocity vectors PT of the moving point 
P, the extremities Q lie on a curve called the hodograph 
of the path of P; and it follo-«^ from Art. 49 that the acceU 
eraiion vector of P is equal and parallel to the velocity vector 
in the motion ofQ along the hodograph. Hence the tangential 
and normal components of the acceleration of P are equal, 
respectively, to the components of the velocity of Q along 
the radius vector OQ and at right angles to it, Observing 
that the acceleration lies in the osculating plane wc have 
therefore by Art, 47 

. _ di) . _ de 
■" '^ dt' ^"""dt' 
where 6 is the angle made by OQ, i. e. by the velocity vec- 
tor at P, with any fixed direction in the osculating plane. 
Now if ds be the clement of arc of the path of P we have 
(comp, below, Art. 54) 

de 1 



where p is the ra<Uus of (first) curvature of the path at P ; hence 

deds v'^ 
^" = 'd.di = -p- 

Thus we have for the tangential acceleration j, and the 

normal acceleration j„ of a moving point 

. _dv ■ _v^ 

^' ~^ It' •'" " p" 

52. When the rectangular cartesian co-ordinates of the 

moving point arc given as fiinctioiis of the time, 

X = x{t), y = yit), z = z{t), 
their first derivatives with respect to the time are on the 
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one hand the velocities of the projections Pr, P„, P^ of P 
on the axes in their rectilinear motions, on the other the 
components Vx, Vy, v, of the velocity v = dsjdi of P in its 
curvihnear motion (Art. 44). Thus, using dots to denote 
time-derivatives, we have 



It v/ili now be shown that the second time-derivatives £, y, z 
of X, y, z, which are the accelerations of P,, P,, P, in their 
rectilinear motions, are at the same time the components j^, jy, 
jz of the acceleration vector along the axes of co-ordinates. 
53. We have 

. _ dx _dxds _ dx 
dt dsdt ds' 

whence, differentiating with respect to (, 



. d'x 


d / dx\ 

= di [' s) 


dv dx 
~ Hds^ 


d'xds . 
"dt'dt ° 


ds 


,iFx 
ds'' 


Writing 


down the corresponding 


expressions 


for y, 


i by 


cyclic permutation of x. 


, y, i3 weiind: 








1 


= '5 + » 


^d'x 
A" 








y 




ds" 
d'z 







Now if a, 8, 7 are the direction cosines of the velocity 
vector we have 

_ dx , _ (% _ '^^ . 
ds ' ds ' ds ' 

hence the first terms in the expressions found for x, ij, z are 
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the components along the axes of a vector, parallel to the 
velocity and of length v, i. e. of, the tangential acceleration 
j, (Art. 51). 

To see that the second terms are the components of the 
normal acceleration j„ = v^/p (Art. 51) we have only to 
remember that the direction cosines \, /i, v of the principal 
normal of any curve are 

(Px d'^y dH 

da'- ds^' ds^ 

a proof of this fact is supplied in Art. 54 

Thus it appears that x, y, s are the components along the 
axes of the total acceleration j of the moving point. 

54. To determine the (first) curvature l/p and the du-ection cosines 
\, li, V of the principal normal of any curve imagine tlie curve described 
by a moving point P with constant velocity 1. The hodt^raph con- 
structed at the origin of co-ordinates, is then a spherical curve, called 
the spherical indicatrix, and the co-ordinates of the point Q of this 
indicatrix, corresponding U> the point P of the ^ven curve are a, 8, f- 
Hence, if ds' is the element of arc QQ' of the indicatrix corresponding 
to the arc PP' = ife of the given curve, we have 

, _ rfo _ d dx _^ fpx dg 
ds' ds' ds ds' ds' ' 

But aa the radii vectores of the indicatris arc parallel to the tangents 
of the given curve we have (Art. 51) 



and »inilai expressions for /i, v. 

55. When the path of /* is a plane carve we have as com- 
ponents of the acceleration j along rectangular cartesian axes 
in the plane of motion: 
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J': = 






3y = 



d'^y _ 
df 



When polar co-ordinates r, 8 are used we may resolve the 
acceleration j into a component jV along the radius vector 
OP = r and a component Jb at right angles to r (Fig, 15). 




They are found by projecting ji = x and j„ = ^ on these 
directions. Differentiating the relations x = r cosS, y = 
r sin0 twice with respect to t we find 

X = f cosS — rd sinfl, 

if = f sinfl + rd cosS, 

^ = {f - rh cose - {2ril + re) sinf, 

y = (f - rS^) sinfl + (2re + ri) cos8. 
These expressions show directly that 



;r = ' 



= 2re ■ 



''J'rdt 



1 d „ ■ 
- 37 r^d. 



56 Exercises 

(1) Stow that the ■velo it\ of i moMng point is increasing, con- 
stant or dimiaishrag a^'cording to the value of the angle V' between v 
and J (Fig 14) 

(2) Show that in plane motion the sectonal velocity (Art. 47) is 
constant if j'^ ^ 0, and vice versa. 
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(3) Skow tliat the normal component of the acceleration is the 
product of the radius of curvature into the square of the angular velocity 
about the center of curvature. 

(i) If the acceleration of a point P be always directed to a fixed 
point 0, show that the radius ver'tor OP describes equal areas in equal 

(5) Show that in uniform circular motion the acceleration is directed 
to the center and proportional to the radius. 

(6) For motion in the circle x = a cosfl, y = a sine find j^ and jV, jV 
and je,j, and >. 

(7) A wheel rolls on a straight track; find the acceleration of any 
point on its rim, and in particular that of its lowest and highest points. 

(8) What is the hodograph (a) for any rectilinear motion? (6) for 
any uniform motion? (c) for uniform circular motion? (li) What can 
be said about the acceleration of any uniform motioQ? 

(9) The spherical, or polar, co-ordinales of a point are the radius 
vector T =0P (Fig. 16), the polar distance or colatitude $ = xOP, and 




Fig. 16. 



the lon^tude <l> = yOQ. The cylindrical co-ordinated of the same point 
are r' - RP = r sinfl, <t> = yOQ, x = QP = r cosfl. Find the cylindrical 
components of the acceleration (along RP, normal to xOP, and along 
QP), and hence show that the spherical components (along OP, per- 
pendicular to OP in the plane xOP, and normal to xOP) are j, = f — 
r¥ — T^' sui'9, ja = re + 2rS + j-^ sinfl eosS, j 4 = r(ji anfl + 2f^ mad 
+ 2re4 cose. 
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57. The fundamental problem of the kinematics of the 
point consists in deternaimng the motion of the point when 
the acceleration is given. In cartesian co-ordinates this 
requires the solution of the simultaneous differential equa^ 
tiong 

d^x __ . d^y _ . d^z _ . 
dp ^^" dp" •''" d^ ^ •'^' 

J'l 3vi 3' being given functions of t, x, y, z, dx/dt, dyfdt, dzjdt. 
■A first integration would give the components of the velocity; 
a second integration should give the co-ordinates x, y, z 
as functions of the time, and hence also the path of the 
moving point. 

It may often be more convenient to use polar co-ordinates; 
in the case of plane motion, we have then the equations at 
the end of Art. 55, with jV and j« as given functions of t, r, 9 
and their first time-derivatives. 

If the tangential and normal components of the accelerar 
tion are given we can use the equations (Art. 51) : 



A number of simple illustrations will be found in the 
following articles. 

4. Examples of curvilinear motion. 
(a) Constant acceleration, 
58. Motion on a straight line under gravity. Let a point 
P move along a hue inclined at the angle 9 to the horizon, 
under the acceleration g of gravity. The motion is rectilinear ; 
the component of the acceleration along the line is g sinfl; 
hence the motion is uniformly accelerated. The equations 
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are the same as those for fallii^ bodies (Arts. 14, 15) except 
that g is replaced by g smO. 

A particle placed on a smooth inclined plane will have this 
motion if its initial velocity is zero or directed along the 
greatest slope of the plane. 

59. Exercises. 

(1) Show that the final velocity is independent of the inclination; 
in other words, in sliding down a smooth inclined plane a body acquires 
the same velocity as in falling vertically through the "height" of the 
plane. 

(2) Show that it takes a body twice as long to slide down a, plane 
of 30° inclination as it would take it to fall through the height of the 
plane. 

(3) At what angle fl should the raftera of a roof of given epan 26 be 
inclined to make the water run off in the shortest time? 

(4) Prove that the times of sliding from rest down the chords issuing 
from the highest (or lowest) point of a vertical circle are equal. 

(6) Show how to construct geometrically the line of quickest {or 
slowest) descent from a given point: (a) to a given straight line, (b) to a 
given encle situated ia the same vertical plane. 

(6) Analytwally, the line of quickest or slowest descent from a given 
pomt to a curve in the same vertical plane is found by taking the 
equation of the curve in polar co-ordinates, r = f(e), with the given 
pomt as ongin and the axis horizontal. The time of sliding down the 
radiui vector r IS ( = v'2rl{gau^. Show that this becomes a maximum 
or minimum when tan9 =/(fl)/'/'(fl), according as /(9) +/"(fl) is negative 
or positive. 

(7) Show that the line of quickest descent to a parabola from its 
focus, the axis of the parabola being horizontal and its plane vertical, 
is inclined at 60° to the horizon. 

60. Free motion under gravity. The motion of a point, 
when subject only to the constant acceleration of gravity is 
necessarily in the vertical plane determined by the initial 
velocity and the direction of gravity. Taking the hori- 
zontal line in this plane through the initial position of the 
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point as axis of x, and the vertical upwards as positive 
axis of 2/ (Fig, 17), the components of acceleration along 




- g, so that the equations of 



these axes are evidently and 
motion (Arts. 55, 67) are 

* = 0, y = - g. 
The first integration gives 

X = ci, y = — ffi + Cj. 
To determine the constants ci, ca we must know the initial 
velocity in magnitude and direction. If the point starts 
at the time from with a velocity vo, inclined to the horizon 
at an angle e, the anyle of elevation, we have for ( = 0; 
X — Vo cost, y = !fo sin*. Substituting these values we find 
Ci = Vo cose, Cz ~ Vo sint, so that the velocity components 
at any time t are : 

X = Va cost, y ^ Vo sine — gt. 
Integrating again we find 

X = Vo cosfi, y = smt-t — igt^, 

the constants of integration being since a: = and y = 
for t = 0. 
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These equations show that the horizontal projection of 
the motion is umfomi, while the vertical projection is uni- 
formly accelerated, as is otherwise apparent from the nature 
of the problem. 

Eliminating ( between the last two equations we find the 
equation of the path 

y = tane-a; — x— s — -r- -x^, 

which represents a parabola passing through the origin. To 
find its vertex and latus rectum, divide by the coefficient of 
x^ and rearrai^e : 

„ 2vb^ . 2va^ , 

x^ — ■ — sine cose -a; = — ■ — cos^t-y; 
3 3 

completing the square in x, the equation can be written in 

the form 

The co-ordinates of the vertex are therefore a ~ {vij^/2g)^n2(, 
(3 = (i'oV26')sin*e; the latus rectum 4a = {2va'/g)cos^f; the 
axis is vertical, and the directrix is a horizontal line at the 
di'itance a = (v(,^/2g) cos^e above the vertex. 
61. Exercises. 

(1) Show that the velocity at any time is k = /rf — 2gy. 

(2) Prove that the velocity of the projectile is equal in magnitude 
to the velocity that it would acquire by falling from the directrix: (a) 
at the starting point, (6) at any point of the path (see Art. IS). 

(3) Show that a body projected vertically upwards with the initial 
velocity ko would just reach the common directrix of all the parabolas 
described by bodies projected at different elevations t with the same 
mitial velocity vo. 

(4) The range of a projectile is the distance from the starting point 
to the point where it strikes the ground. Show that on a horizontal 
plane the range m R ~ 2a ~ (wo'/p) sin2*, 
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2,.J,(,^.) ^^^j g.,j .i„(,-.)c,.. ^ 

g cosfl g COS'S 

(7) What elevation gives the greatest range on a horiaontal plane? 

(8) Show that on a plane rising at an angle 9 to the horizon, to 
obtain the greatest range, the direction of the initial velocity Bhould 
bisect the angle between the plane and the vertical. 

(9) A stone is dropped from a balloon which., at a height of 625 ft., 
is carried along by a horizontal air-current at the rate of 15 miles aa 
hour, (a) Where, (6) when, and (c) with what velocity will it reach 
the ground? 

(10) What must be the initial velocity ko of a projectile if, with an 
elevation of 30°, it is to atrite an object 100 ft. above the horizontal 
plane of the starling point at a horizontal distance from the latter of 
1200 ft ? 

(11) What must be the elevation t to strike an object 100 ft. above 
the horizontal plane of the starting point and 5000 ft. distant, if the 
initial velocity be 1200 ft. per second? 

(12) Show that to strike an object situated in the horizontal plane 
of the starting point at a distance x from the latter, the elevation must 
be e or 90° — *, where s = J sin-' (gxjvu^). 

(13) The initial velocity wo being given in magnitude and direction, 
show how to construct the path graphically. 

(l-i) The solution of E\ (11) shows that a point that can be reached 
with a given imtia! \ elocitj can in general be reached by two different 
elevations Find the locus of the points that can be reached by only 
one ele'iation and show that it is the envelope of all the parabolas 
that can be descnbed with the same initial velocity (in one vertical 
plane) 

(I'll If it be known that the path of a point is a parabola and that 
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the acceleration is parallel to its axis, show that the acceleration is 
constant. 

(16) Prove that a projectile whose elevation is 60° rises three times 
as high aa when its elevation is 30°, the magnitude of the initial velocity 
being the same in each ease, 

(17) Construct llic hodograph for the motion of Art. 60, taking the 
focus as pole and drawing the radii vectores at right angles to the 
velocities. 

(18) A stone slides down a roof sloping 30° to the horizon, through 
a distance of 12 ft. If the lower edge of the roof be 50 ft, above the 
ground, (a) when, (6) where, (e) with what velocity does the stone 
strike the ground? 

. (19) If a golf ball be driven from the tee horizontally with initial 
speed = 300 ft./sec,, where and when would it land on ground 16 ft, 
below the tee if resistance of air and rotation of ball could be neglected? 
(20) A man standing 16 ft. from a pole 150 ft. high aims at tie top 
of the pole. If the bullet just misses the top where will it strike the 
ground ilva= 1000 ft./sec? 

62. While the type of motion discussed in Art. 60 is commonly spoken 
of as projectile motion, it should be kept in mind that it takes no account 
of the reMstance of the air; it gives the motion of a projectile in vacuo. 
Owing to the very high initial velocities of modern rifle bullets, the 
range may be only about one tenth of what it would be according to 
the formula! given above. 

The study of the actual motion of a projectile in a resisting medium, 
such as air, forms the subject of the science of ballistics. See for 
instance C. Cranz, Lehrbuch der Ballistik, Vol. I, 2te Auflage, Leipzig, 
Teubner, 1910. 

(b) The peadulum. 

63. The mathematical pendulum is a point constrained to 
move in a vertical circle under the acceleration of gravity. 

Let be the center (Fig. 18), A the lowest, and B the 
highest point of the circle. The radius OA = I of the circle 
is called the length of the pendulum. Any position P of 
the moving point is determined by the angle AOP = 9 
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counted from the vertical radius OA in tlie positive (counter- 
clockwise) sense of rotation. 

If Po be the initial position of the moving point at the 
time ( = 0, and if AOPa = 60, then the arc PgP = s de- 
scribed in the time ( is s = 
liBo - 0); hence v = ds/dt= 
- ldeldt,B.nd dvjdt = - Id^ldf', 
the negative sign indicating 
that 6 diminishes as s and ( 
increase. 

Resolving the Eicceleration 
of gravity, g, into its normal 
and tangential components 
g cosfl, g sinS, and considering 
that the former is without 
effect owing to the condition 
that the point is constrained 
to move in a circle, we obtain the equation of motion in 
the form dvjdi — g sin0, or 




h,-2 + 9 suie = 0, 



(1) 



<54. The fii^t integration is readily performed by multiply- 
ing the equation by dd/dt whieh makes the left-hand member 
an exact derivative, 

hence integrating, we obtain 



-r - J co8» = e, 



or considering that v = - 
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^^ — gl cosfl = CI. 

To determine the constant C, the initial velocity vo at the 
time ( = niust be given. We then have ive^ — gl coa9o = 
CI; hence 

■|f= = ^va^ — gl cosen + gl eosfl 

^ 9 {'n — ^ ''°s^o + ^ '^°^^ ) ■ 

The right-hand member can readily be interpreted geo- 
metrically; W0V23 is the height by falling through which the 
point would acquire the initial velocity vo (see Art. IS); 
I cosfl - I cos9d = OQ - OQo = Q<Q, if Q, Qo are the pro- 
jections of P, Po on the vertical AB. If we draw a hori- 
zontal line MN at the height Vo^/2g above Po and if this 
line intersect the vertical AB at R, we have for the velocity 
V the expression: 

h^ = g-RQ. 

If the initial velocity be zero, the equation would be 

V = g-QdQ- 

At the points M, N where the horizontal line MN inter- 
sects the circle the velocitj becomes zero The point can 
therefore never rise above these pomts 

Now, according to the value of the initial velocity vo, the 
line MN may intersect the circle m two real points M, N, 
or touch it at B, or not meet it at all. In the first case the 
point P performs oscillations, passing from its initial position 
Pa through A up to M, then falling back to A and rising to 
N, etc. In the third case P makes complete revolutions. 

65. The second integration of the equation of motion 
cannot be effected in finite terms, without introducing elliptic 
functions. But for the case of most practical importance, 
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viz. for very small values of 6, it is oasy to obtain an ap- 
proximate solution. In this case 6 can be substituted for 
sine, and the equation becomes: 



or, putting gjl — yi^: 



"+f»-. 






(3) 

This is a well known differential equation (compare Art. 

26, eq. (14), and Art. 28, Ex. 1), whose general integral is 

9 = Ci cos//i + Ci sinfii. 

The constants Ci, Cs can be determined from the initial 
conditions for which we shall now take = So and y = 
when ( = 0; this gives d — do, Ci = 0; hence 

= da COSfit, t — cos~'^. 

The last equation gives with 8 — — 61, the time h of one 
swing or beat, that is, half the period : 



(1 



'r^4^ » 



The time of a small oscillation or swing is thus seen to be 
independent of the arc through which the pendulum swings; 
in other words, for all small ares the times of swing of the 
same pendulum are very nearly the same; such oscillations 
are therefore called isochronous. 

6ii. The formula (4) shows that for a pendulum of given length Ii 
the time of one swing (1 varies for different plajjea owing to the variation 
of g. As ii and (i can be measured very accurately, the pendulum can 
be uaed to determine g, the acceleration of gravity at any place; (4) 
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Now let h be the length of a pendulum which beats seconds, i. e., 
makes just one swii^ per eecoad; by (4) and (5) we find for the length 
k of such a seconds pendulum: 

-'•-s-i- <•) 

The lei^th k of the seconds pendulum is therefore found by measuring 
the leJ^th h and the time of swing (i of any pendulum. This length k 
is very nearly a meter; it varies shghtly with g; thus, for points at the 
sea level it varies from U = 99.103 cm. at the equator ta lo = 99.610 
at the poles. 

If ga be the value of g at sea level, i. e., at the distance R from the 
center of the earth, gi the value of p at an elevation h above sea level 
in the same latitude, it is known that 

Hence, if go be known, pendulum experiments might serve to find the 
altitude of a place above sea level; but the observations would have 
to be of very great accuracy. 

67. Let n be the number of swings made by a pendulum of length 
I in any time T so that h = T/n. Then, by (4), 



rg 



(7) 



If T and one of the three quantities n, I, g in this equation be re- 
garded as constant, the small variations of the two others can be found 
approximately by differentiation. For instance, if the d^ly number 
of oscillations of a pendulum of constant length be observed at two 
different places, T and I keep the same values while n and g vary by 
small amounts, say Are and Ag. Now the differentiation of (7) gives 
T. Ti/Tdg 

or, dividing by (7)r 

dn _ ,dg 



e have therefore approximately, for small variations A 
An _ , A3 
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68. Exercises. 

(1) Find the number of swings made in a second and in a day by 
a pendulum 1 meter long, at a place wliere g — 9S0.5. 

(3) Find the lengtli of tlie seconds pendulum at a place where g = 
32.17. 

(3) Ftad the value of g at a place where a pendulum of length 
3.249 ft. ia found to make 8f)522 swings in 24 hours. 

(4) A chandelier suspended from the ceiling is seen to make 20 
Bwii^H a minute; find ita distance from the ceiling. 

(6) A pendulum of length 1 meter is carried from the equator 
where g = 978.1 to another latitude; if it gains 100 swings a day 
find the value of g there. 

(6) Investigate whether the approximate formula (8) is sufficiently 
accurate for Ex. (5). 

(7) If the length of a pendulum be increased by a small amount 
M, show that the daily number of swings, n, will be diminished by 
An, BO that approximately 

(8) A clock beating seconds ia gaining 5 minutes a day; how much 
should the pendulum bob be screwed up or down? 

(9) A clock beating seconds at a place where g = 32.20 is carried 
to a place where g — 32.15; how much will it gain or lose per day if 
the length of the pendulum be not changed? 

(10) A pendulum of length 100.18 cm. is found to beat 3585 tunes 
per hour; find the elevation of the place if in the same latitude g = 
981.02 at sea level. 

69. When the oscillations of a pendulum are not so small 
that the angle ean be substituted for its sine, as was done in 
Art, 65, an expression for the time (i of one swing ean be 
obtained as follows. 

We have by (2), Art, 64. 

h>^ — 1*0° — glicosd — cosSo). 

Let the time be counted from the instant when the moving 

point has its highest position {N in Fig. 18), so that Do = 0. 
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Substituting f = — Idd/dt and applying the formula cos0 = 
1-2 sin=je we find: 



whence 



* = *4v 



V g v'sin*4-So - siTi'ie ' 
Integrating from S = to fl = So and multiplying by 2 
we find for the time h of one swing: 

, . ft f ijj 

\gji, -Vsin'i0o — sin4-S 
As d eamnot become greater than flo we may put sin^5 = 
ain-J-flp sin^, thus introducing a new variable <f> for which the 
limits are and x/2. Differentiating the equation of substi- 
tution, we have 

i cosiC dd = ain^flo coa^ d<l>, 
or, as cos^P = -Vl — sin^-^o sin''^, 

, _ 2 sin^flo Gosij) dif) 
■V 1 - sin^f^o sinV * 
Substituting these values and putting for the sake of brevity 

siniflo = «, 
we find for the time ti of one swing: 



(i = 



'^r- 



vn 



The integral in this expression is called the complete clhptic 
integral of the first species and is usually denoted by K. Its 
value can be found from tables of elliptic integrals or by 
expanding the argument into an infinite series by the binomial 
theorem (since k sim/i is less than 1), and then performing the 
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integration. We have 

(1 - k' sinV)~* = 1 + Ik' sinV + 04'^* '^'"^'^ + ■ ■ ■ ; 
hence 



41 



i + U "=+0:7 "*+■■■ 



\2-47 

If H be tho height of the initial point N{6 — do) above the 
lowest point A of the circle, we have 

so that the expression for d can bo written in the form 

-'4hari+(^i)-(s)'-]- 

70. Exercises. 

(1) Show that /, = I- Vily(l + tV + nfji + rfA? + ■ ■ ) if tte 
angle 28» of the swing is 120°. 

(2) Show that aa second approximation to the time of a small swing 
we have f, = Wijgil + ASo")- 

(3) Find the time of oscillation of a pendulum whose length is 1 
meter at a place where g = 980.8, to four decimal places, the amplitude 
00 of the swing brang 6°. 

(4) Denoting by k the first approximation, vVllg, to the time h 
of one swii^, tie quotient (d — (o)/*) is called the coneclion for amplilude. 
Show that its value is 0.0005 for flt, = 5°. 

(5) A pendulum hanging at rest is given an iniiaal velocity vi. Find 
to what height hi it will rise. 

(6) Discuss the pendulum problem in the particular case when MN 
(Fig. 18) touches the circle at B, that is when the initial velocity is 
due to tailing from the iiighest point of the circle. 

(c) Simple harmonic motion. 

71. Simple harmonic motion is that kind of rectilinear 
motion in which the acceleration is proportional to the dis- 
tance of the moving point P from a fixed point in the 
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line of motion and is always directed toward this fixed point 
(Fig. 19). 

An example of simple harmonic motion was discussed in 
Arts. 26, 27, We now resume its study from a more general 
point of view, owing to its great importance. It naturally 



Fig. 19. 

leads to the study of certain important motions known as 
compound harmonic, which may be curvilinear. 

By definition, the differential equationof simple harmonic 
motion is 

X = ~ tiH, 

where ju is a constant, jn' being evidently the absolute value 
of the acceleration at the distance x = 1 from the origin 0. 
The equation has the form of the pendulum equation (3), 
Art. 65, except that S is replaced by x. Its general integral 
is therefore 

X = Ci cosfit + Ca sin^t 

Differentiating, wc find the velocity 

V = — Cin siniit -\- dti cosfd. 

li X = xo and y = wo for ( = we find Ci = xu, Cs = vv/ij; 
hence 

X = Xo eo^iit + — sin/ii, i* = — x^ii sin,ui + vo cosjxi. 

72. The expression found for x can be given a more con- 
venient form by observing that if we construct a right-angled 
triangle (Fig. 20) with Xa and !>o/)U as sides and call a its 
hypotenuse, e its angle adjacent to xq, we have 
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Zo = a cost, —= a sm*; 
Bubstituting these values we find 



a/coss coa^( + sine sinjuf I 
'= a co8(id — «), ^ 



Hence, in simple liannonjc motion we have 

X = a cos(jit — €), V = — aii sin(^( - 
where 



«->+f. 



e = tan • . 

UXo 



The motion is clearly ■periodic since both position and velocity 
regain the same values when the angle /it — e is increased by 
any integral multiple n of 27r, i. e. if the time i is increased by 
n times 2Tr/fi. The time 

between any two successive equal stages of the motion is 
called the period; the length a, which is evidently the 
greatest distance on either side of the origin reached by the 
point, is called the amplitude of the simple harmonic motion. 

The angle /it — t is called the phase-angle, e the epoch- 
angle of the motion. 

The point oscillates between the positions Pi and Fa (Fig. 
19) whose abscissas are ^a. It is at Pi (at elongation) at the 
time ta = f/ii (and also at the times (<, + «■ 2tIh = (e + 2mr) jfi) ; 
it reach^ the position at the time d = (e +ix)/f», so that 
the time of passing from Pi to is 

2,1. 
from to the other 
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easily shown to be equal to this; so that the time of one 
swing (from Pi to Pa) is 



The backward motion from Pa to Pi takes place in the same 
time so that the period, that is the time of a double (forward 
and backward) swing, is, as shown above, 



73. An instructive illustration is obtained by observing that any 
simple hamiomc motum can lit regardi-il as the ■projection of a uniform 
circular motion im a diamelfr of the cin^ In other words, it la the 
apjwuen/ motion of a point desenbing a circle uniformly, as eten from 
a point in the plane of the circle (it in infinite dihtance) For let a 
point Q l.Fig 31j de--Liibe a circle of ridius a with constant ingulir 




\'eIocity w, say in the counterclockwise sense. K Qo ia the position of 
the iwint at the time I = 0, we have Qi0Q = <d, so that the projection 
of Q on the diameter OQt, has, for the center as origin, the abscissa 
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a cosm/. And if F be the projection of Q on a diameter OA making 
with OQis tlie angle e, the abscissa of F will be 

Hence the motion of f is a simple Imrmonic motion tor which the 
acceleration at unit distance from O is ,u^ = uj^. 

74. Notice that the linear velocity w = au of Q has alonR OA the 
component 

which is the velocity of P; and the acceleration of Q,j = aa' along QO, 
has along OA the component 

> = ^ = - <,=.2 C03(«; ^ .) = - J'X, 

which is the acceleration of P. 

The projection of the uniform circular motion of Q on the diameter 
OB, perpendicular to OA, gives also a simple harmonic motion, viz. 

y = asm.{U - *) = acosM - (* + Wl, 
which merely differs by \it in phase from the motion along OA. 

The period of the simple harmonic motion of P along OA is (Art. 72) i 
T = 2ir/a., 
I. e., it is equal to the time in which Q makes one revolution on the 
circle. The fact that this period depends only on the angular velocity 
and not on the radius a, i. e. on the amplitude, is expressed by saying 
that simple harmonic motions of the same ,u or « are isochronous. 

It Q describes the circle p times per second so that P makes p com- 
plete (forth and back) oscillations per second, we have a = 2!rj), so that 

T = Up; 
i. e. the number of oscillations per second, the so-called frequency, is Ike 
redproctd of the period. 

75. Exercises. 

(1) Integrate the equation x ^ — u^x, by multiplying it by x, and 
determine the constants of integration :i x = xo, n ^ iia for I = 0. 

(2) Show that the period IT can be expressed in the form 2^-/— x/x; 
also find the velocity in terms of x. 
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(d) Compound harmonic motion. 

76. Apart from the initial conditions, a simple harmonic 
motion is fully determined by its line I, its center 0, and its 
period (or frequency), which determines the constant ^, The 
ampUtude a and the phase e depend on the initial conditions 
(see Art. 72). 

Let a point P have a simple harmonic motion of period 
T = 2Tr/ix along a line I, about the center 0; and let the 
line I have a motion of rectilinear translation in a fixed plane 
X (comp. Art, 38). If the motion of I is likewise a simple 
harmonic motion, about as center, in a direction I', the 
absolute motion of P in the plane x is called a compound 
harmonic motion. This is in general a curvihnear motion; 
but it becomes rectilinear when the direction I' is parallel to I. 

We proceed to examine in some detail the most important 
cases of this composition of two or more simple harmonic 
motions, beginnir^ with those cases in which the resultant 
motion is rectilinear. 

As, according to Hooke's law, the particles of clastic 
bodies, after release from strain within the elastic limits, 
perform small oscillations for which the acceleration is pro- 
portional to the displacement from a middle position, the 
motions under discussion find a wide appUcation in the 
theories of elasticity, sound, light, and electricity, and form 
the basis of the general theory of wave motion in an elastic 
medium. 

77. Two simple harmonic motions in the same line, of e(iual 
period T, but differing in amplitvde and phase, compound into 
a single simple harmonic motion in the same line and of the 
same period. 

For, by Art. 72, the component displacements can be 
written 
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Xi = Oi COS{oit + ii), Xj = Oa COS{cat + ea); 

and being in the same line they can be added a^ebraically, 
giving the resultant displacement 

X = Xi + Xi = ai cos(u( + ti) + ch cos{oit -f es) 

= {«! costi + On cosei) coswi — (ai sinti + (I3 sines) sinoit. 
Putting (comp. Art. 72) 

Hi cosei + Oj costa = a cos«, ai sinei + "s sinea = a sine, 
we have 

)Se coSu;( — sine slmui = a eos(a3( + e), 



where 



- (fli costi + Oa coses)* + (oi sinei + 02 sinta)^ 
" ai' + ia^ + Sttids cos(e2 — ti) 
_ Oi sinej + a^ sinej 



78. A geometrical illustration of the precedif^ proposition is ofc 
tMned by considering the uniform circular motions corresponding t 
the two simple harmonic motions (Fig. 22). 




Fig. 22. 



Drawing the radii OPi = oi, OPi = a so is to mclude an angle 
equal to the difference of phase ei ~ ti and rompletmg the piralldo 
gram 0P,Pp2, it appears from the figure thit the dlibonil OP )f this 
parallelogram represents the resulting amphtude o 
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As PiP is equal and parallel to OPi, we have for the projections on 
any axis Ox the relation 0P^\ + OP^ = 0^, or Xi_ + Xi = x. If now 
tie axis Ox be drawn so as to make the angle iOPi equal to the epoch- 
angle d, and hence xOPi = n, the ai^le xOP represents the epoch t 
of the resulting motion. 

We thus have a simple geometrical construction for the elements a, 
t of the resulting motion from the elements oi, fi and Oa, e of the com- 
ponent motions. As the period is the same for the two component 
motjons, the points Pi and Pa describe fheu respective circles with 
equal angular velocity so that the parallelogram OPiPPi does not 
change its form, in the course of the motion. 

79. The construction ^ven in tte preceding article can be de- 
scribed briefly by saying that two simple harmonic motions of equal 
period in the same line are compounded by geometricaUy adding their 
amplitudes, it being understood that the phase-angles determine the 
directions in which the amplitudes are to be drawn. Analytically, 
this appeara of course directly from the formulte of Art. 77. 

Tt follows at once that not only two, but any numher of simple har- 
monic motions, of equal period in the same line, can tie compounded by 
geometric addition of their amplitudes into a single simj^ harmonic mo- 
lion in the same line and of tM same period. 

Conversely, any given simple harmonic motion can be resolved into 
two or more components in the same line and of the same period. 

SO. Exercises. 

(1) Find the resultant of three simple harmonic motions in the 
same line, aud all of period T — \2 seconds, the amphtudes being 5, 
3, and 4 cm., and the phase differences 30° and 60°, respectively, 
between the first and second, and the first and third motions 

(2) If in the proposition of Art. 77 the amplitudes are equal, oi = oj 
= a, while the phase-angles differ by e — ti = 5, show that the re- 
sulting motion has the amplitude 2o cosja and the phase-angle ^S: 
(a) directly, (6) from the formuhe of Art. 77, (c) by the geometric 
method of Art. 78. 

(3) Find the resultant of two ample harmonic motions in the same 
line and of equal period when' tie amplitudes are equal and the phases 
differ; (a) by an even multiple of sr, (6) by an odd multiple of s-. 

(4) Resolve x ^ IQ cos{at -\- 45°) into two components in the same 
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line with a, phase difference of 30", one of the components having the 
epoch 0. 

(5) Trace the curvea representing the component motions as well as 
the resultant motion in Ex. (1), taking the time as abscissa and the 
displacement as ordina,te. 

(6) Show that the resultant of n simple harmonic motions of e;]ual 
period T in the same line, via. 

is the isochronous simple harmonic motion 






where " 

81. The composition of two or more simple harmonic mo- 
tions in the same line can readily be effected, even when the 
components differ in period. But the resultant motion is in 
genial not simple harmonic. 

Thus, with two components 

Xi = Ui eOS(coi( + ei), Xt = O^ C0s(a)2i + ^), 

puttir^ wji + «2 = wii + (w2 ~ wi)i + es = wif + ti + 5, say, 
where S = (otj — wi)( + ea — ti is the difference of phasQ at 
the time t, we have for the resulting motion 

X = Xi -\- Xi ^ a-i cos(ui( + £i) + aa cos(<ui( + f i + 5) ; 
= («i + «2 eos3) cos(&Jii + ei) — a^ siiiS sin((<jii + fi), 
or putting ai + Oa cosfi = a cose, a^ sin3 = a sine: 

a; = « eoa(tDi( + ti + e), 

where 

, , o . f. . , '^'■i sin5 

a' = a^' + ff-/ + iai(7-i coao, tane — ; -, 

0,1 + a~ cosi 
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It can be shown that this represents a simple harmonic 
motion only when wa = ^ wi. 

The formulae can be interpreted geometrically by Fig, 22 
as in Art. 78. But as in the present case the angle S, and 
consequently the quantities a and t in the expression for x, 
vary with the time, the parallelogram OP1PP2 while having 
constant sides has variable angles and changes its form in the 
course of the motion. 

(e) Wave motion. 

82. To show the connection of the present subject with 

the theory of wave motion, imagine; a flexible cord AB of 

which one end B is fixed, while the other A is given a sudden 




Fig. 23. 



jerk or transverse motion from A to C and back through A 
to D, etc. (Fig. 23). The displacement given to A will, so 
to speak, run along the cord, travellmg from A to B and 
producing a wave, while any particular point of the cord 
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has approximately a rectilinear motion at right angles to AB. 
The figure exhibits the successive stages of the motion up to 
the time when a complete wave A'K has been produced. 
The distance A'K = A is called the length of the wave. 
Let T be the time in which the motion spreads from A' to 
K, that is, the time of a complete vibration of the point A, 
from A to C, back to D, and back again to A; then 

T ^ 
is called the velocity of propagation of the wave. 

83, Suppose now that th(! vibration of A is a simple har- 
monic motion, say y = a sintuf. As the time of vibration 
of A is T we must have w = iw/T, and hence 



If we assume that the vibrations of tlio successive points of 
the cord differ from the motion of A only in phase, the dis- 
placements of all points of the cord at any time t can be 
represented by 

y = a sin(aj( — c), 

where e varies from to 2;r as we pass from A' to K. 

If wo further assume that the phase-angle t of any point 
of the cord is proportional to the distance x of the point from 
A' we have « = fcr, or since e = 2x for a: = X: 

2x 

Substituting the values of m and c we find 

y = asin[y(Fi-^) j. (9) 

The assumptions here made can be regarded as roughly 
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suggested by the experiment of Art. 82 or similar observa- 
tions. Tlie motion represented by the final equation (9) may 
be called simple harmonic wave motion. 

84. To understand the full meaning of the equation (9) it 
should be observed that, as (in accordance with the assump- 
tions of Art, 83) the quantities <x, \, Y are regarded as 
constant, the displacement j/ is a function of the two variables 
t and X. 

If i be given a particular value ti, equation (9) represents 
the displacements of all points of the cord at the time t\. 
The substitution for :r of a; + nX, ■where n is any positive or 
negative integer, changes the angle (2x/X) {Vi — x) by 2jm 
and hence leaves y unchanged. This means that the dis- 
placements of aJi points whose distances from A differ by 
whole wave-lengths are the same; in other words, the state 
of motion at any instant is given by a series of equal waves. 

If, on the other hand, we assign a particular value X\ to x 
and let ( vary, the equation represents the rectilinear vibra^ 
tion of the point whose abscissa is X\. By substituting for i 
the value t^-nT = t-\- n\/V, the angle (2'^/\)(Vt - x) is 
ag£un changed by 2im, so that y remains unchanged. This 
shows the periodicity of the motion of any point, 

85. It may be well to state once more, and as briefly as possible, 
the fundajnental assumptions that underlie the important formula (9). 

The idea of simple harmonic wave motion implies that the dis- 
placement 2/ should be a periodic function of x and t such as to fulfil 
the following conditions: y must assume the same value (a) when x 
is changed to x + n\, (b) when ( is changed to t + nT, (e) when both 
changes are made simultaneously; the constants X and T being con- 
nected by the lelation X = VT. 

The condition (c) requires j; to be of the form j/ = f(Vl - x); for 
Vt -X remains unchanged when x is replaced by i + nX and at the 
same time i by ( + nT. 
6 
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A partituiar '■ase of suet a funtfion is i/ = a siiic(7( — x). As 
J/ should remain unchanged when / ns replaced by i + T, we must 
have c = 2ir/FT = 25r/\. Thiw Uie function 



fulfils tho three conditi 
Putting IttxIK = - 



.s (*), {!>), (c). 






The importance of this particular solution of our problem lies in 
the fact that, according to Fourier's theorem,, any singld-valued periodic 
function of period T can be expanded, between definite limits of the 
variable, in a series of the form! 



m = 



,„ + .,sm(2;.. + .)+^sin(f .2f + .) 



-;;- ■ 3f -t 



As applied to the theory of wave motion this moans that any wave 
motion, however complex, can be regarded as made up of a series of 
superposed simple harmonic wave motions of periods T, \T, ^T, . . ., 
or since T = X/V, of wave-lengths X, l\, JX, . . , . For, if the point 
A (Fig. 23) be subjected simultaneously to more than one simple 
harmonic motion, the displacements resulting from each can be added 
algebrMcally, thus forming a compound wave which can readily be 
traced by first tracmg the component waves and then adding their 
ordinat«s. 

The motion due to the superposition of two or more simple harmonic 
waves may be called comp v id ha n on'-c av notioi 



(1) Trace tie wave produ ed bj the -uperpos t on of two smiple 
harmonic wave motions n the same I ne of equal amphtudes the 
periods being as -2 : 1, («) wl en thej do not 1 ffer m phase (&) when 
their epochs differ by 7/16 of tl e pe od 

(2) In the problem of Art 81 determ ne tl e maxim m and n 
mum of the resulting amj 1 1 I a 1 1 ow tl t th n n 1 of 
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per second is equal to the differeoce of the number of vibrations per 
second. 

(f) Curvilinear compound harmonic motion. 

87. An important and typical case is the motion of a point 

P whose acceleration j is directed toward a fixed center 




and proportional to the distance OP = r from this center 
(Fig. 24). 

If the initial velocity is + and does not happen to pass 
through the center 0, the motion is curvilinear. But it is 
confined to the plane determined by the center and the 
initial velocity since the accelerationj = f^V lies in this plane. 

Taking the center as origin and any rectai^ular axes 
Ox, Oy in this plane, we have for the direction cosines of OP: 
xjr, y/r, for those of the acceleration: — x/r, — yjr, so that 
the equations of motion are 



li^x, y = 



- f^% 



Tiiese equations show that the projections Pi, P^ of P on 
the axes have each a simple harmonic motion, of the same 
center and period. The motion of P is the absolute motion 
of a point having a simple harmonic motion of period 27r/(ii 
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along the axis Ox, about 0, while this axis itself has a simple 
harmonic motion of the same period about along the axis 
Ou. 

Each of the two equations is readily integrated, and by 
eliminating ( it is found that the path is an ellipse, with 
as center. See Arts. 298-302. 

88. To compound any number of simple harmonic motions not in the 
same line observe that the projection of a simple harmonic motion on 
any hne is again a simple harmonic motion of the same period and 
phase and witt an amplitude equal to the projection of the original 
amplitude. 

For the sake of simplicity we confine ourselves to the case of motions 
in the same plane and with the same center 0. Projecting all the 
simple harmonic motions on two rectangular axes Ox, Oy, we can, by 
Arts. 77, 79, compound the components in each axis; it then only re- 
mains to find tte resultant of the two motions along Ox and Oy. 

89. Just as in Arts. 77, 81, we must distinguish two eases: (a) When 
the given motion.^! have all the same period, aud (6) when they have not. 

In the former case, by Art. 77, the two components along Ox and 
Oy will have equal periods, i. e. they will be of the form 

The path of tte r^ultjng motion is obtained by eliminating / be- 
tween these equations, Wc have 

y- = coBiu( cos^ — sinwi slnS 

= - cos5 — V I — — sin5 . 

Writing this equation in the form 

(!-f»')'^('-|)-. 

,, , ., , ,,. , . 11 oos^a / sins \= 

we see that it represents an ellipse (since -i - ;; — —„-r = 1 .1 

'^ ' ^ a^ ¥ d-b' \ ah / 
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is positive) whoso (lenter is at the origin. The resultant motion is 
therefore called elliptic harmonic motion. 

We have thus the general result that any number of simple hamumic 
motions of the same period and in the same plane, whatever may be their 
direclMns, amplit-udes, and phases, compound into a single elliptic: hca-- 



90. A few particular cases may be noticed. The equation (10) will 
represent a (double) straight line, and hence the elliptic vibration will 
degenerate into a simple harmonic vibration, whenever sin's = 0, i. e. 
when S — n-w, where n is a poative or negative integer. In this case 
cosS is + 1 or —1, and (10) reduces to 



- = 0, if S 






^ + 1 = 0, if S = {2m + 1)^. 

Thus two rectangular vibrations of the same period compound into 
a simple harmonic vibration when they differ in phase by an integral 
multiple of ir, that is when one lags beiiind the otter by half a wav 
length. 

Again, the ellipse (10) reduces to a circle only when cosS = 0, i. 
3 = (2m + l)ir/2, and in addition a = b, the co-ordinates being a 
sumed orthogona,l. 

Thus two rectangular vibrations of equal period and amplitude com- 
pound into a circular vibration if they differ in phase by jr/2, i. 
one lags behind the other by a quarter of a wave-length. 

This circular harmonic motion is evidently nothing but uniform 
motion in a circle; and we have seen in Art. 73 that, conversely, uniform 
circular motion can be resolved into two rectangular simple harmonic 
vibrations of equal period and amplitude, but differing in phase by i-/2. 

91. It remains to conader the case when the given simple harmonic 
motions do not all have the same period. It follows from Art. 81 
that in this case, if we agwn project the given motions on two rec- 
tangular axes Ox, Oy, the resulting motions along Ox, Oy are in general 
not simple harmonic. 

The elimination of ( between the expresaons tor x and y may present 
difficulties. But, of course, the curve can always be traeed by points, 
graphically. 
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Wo shall here consider only the case when the motions along Ox 
and Oy are aimple harmonic. 

92. // Iwo simple harmonic motions alimg the rectangular directions 
Ox,Oy,viz.: 

X ^ ai C03((Uli + E,), 2/ = OS C03(U!( + fi), 

of differerU amplitudes, phases, and periods are to be compounded, the 
resulting motion will be confined within a rectangle whose aides are 
2ai, 2(ii, since these are the maximum values of 2x and 2y. 

The path of the moving point will be a closed curve only when the 
quotient Wwi = Ti/T^ is & rational number, say = m/n, where m 
is prime to n. The x co-ordinate of the curve will have m maxima, the 
y co-ordinate n, and the whole curve will be traversed after m vibrations ' 
along Ox and n along Oy. 

The formation of the resulting curve will best be understood from 
the following example. 

93. Let a, = Oj = o, fi = 0, *j = S, and let the ratio of the periods 
be TilTi = 2/1. The equations of the component ample harmonic 
vibrations are 

X = a coaail, y = a cos(2ai( + S). 

Here it is easy to eliminate t. We have 

y ^ a i;os2b! cos6 — a sin2u( sinS 



»(=::-) 



cosS — 2a--\;l — „sin3. 



Hence the equation of the path is; 

ay = (2a^ — a') cos3 — 2s /a' — a^ sm3. 
If there be no difference of phase between the components, i. e. if 
S = 0, this reduces to the equation of a parabolar 
^ = My + a)- 
For S = jr/2, the equation also assumes a simple form: 

aV = 4s'(a' - ^). 
94. It is instructive to trace the resulting curves for a given ratio 
of periods and for a series of successive differences of phase (Lissajous's 
Curves). 

Thus in Fig. 25, the curve for T,/Ti = ^4, and for a phase differ- 
ence S = is the heavily drawn curve, while the dotted curve repre- 
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sents the path for the same ratio of the periods when the phase 
is one-twelfth of the smaller period. The equations of the c( 
arc for the heavy curve 



■ difference 
imponents 



and for the dotted cj 



I), !,-5« 



In tracing these curves, imagjne the simple harmonic motions re- 
placed by the oorreBponihng uniform circular motions (Fig. 25). 




Fig. 25. 

With the amphtudea 6 5 as radu des nbe the semi ircies ADB, 
AEC, so that BC is the rectangle within whi h the curies are con- 
fined; the intersection of the diagonals of this rectangle la the ongin 
0, AB is parallel to (he utis of t AC to the axis of y Next divide 
the circles on iB iC mto paits correspondmp; to equal ntenala 
of time. In the prpsent case the periods for 4B 4C being as 3 to 
4, the larcle on AB must be livided into 3n equal pirts that on AC 
into 47i. In ihe fiRure it is taken, as 4 the circlts being liMdeil mto 
12 and 16 cquil i irti reapert ^ely 
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[as. 



Thf; first point of the heaYily drawn curve correspoadB to I — 0, 
that is j: = 0, y = 5] this gives the upper right-hand torner of the 
rectangle. Tlie next point ia the intersection of the vertical line through 
D and the horizontal line through E, the arcs BD — 1/12 of the circle 
over AB, and CE = 1/16 of that over AC being described in the same 
time, so that the co-ordinates of the corresponding point are 



12; 



-S~ T-,^ 



.(-51). 



.6»(2,.|), ,.5c«(2,.i5) 



is found from the next two points of division o 

To construct the dotted curve, it is only n 
circle over AB with D as first point of divi^on, 

05. Exercises. 

(1) With the data of Art. &4 conatrutit the curves for phase 
ences of 2/12, 3/12, . . . 11/12 of the smaller period. 

(2) Construct the curves (Art. 93) 

X - a cosat, y = a co3(2<ui + S) 
for 3 = 0, !r/4, 7f,'2, 37r/4, jr, 57r/4, 3ir/2, 7b-/4, 3>-. 

(3) Trace the path of a point subjected to two circular vib: 
of the same amphtude, but differing in period : (a) when tlie e 
the same; (6) when it is opposite. 

(g) Central motion. 

96. The motion of a point P is called central if the d 

of the acceleration always passes through a fixed point 0. 

It will here be assumed, in addition, that the magnitude of 

the acceleration is a function of the distance OP = r alone, say 

3=m. 

The fixed point is in this ease usually regarded as the 
seat of an attractive or repulsive force producing the accelera- 
tion, and is therefore called the center of force. 
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Harmonic motion as discussed in Art. 71 sq. is a special 
case of central motion, viz. the case in which the acceleration 
j is directly proportional to the distance from the fixed center 
0, i.e. Sir) = la-; see Art. 87. 

Another very important particular case is that of Newton's 
law, i. e. f{r) = ulr"; this wilj be discussed below, Arts. 
100-112. 

97. Any central motion is fully determined if in addition 
to the form of the function f{r) we know the " initial condi- 
tions," say the initial distance OPa — ra (Fig. 26) and the 




initial velocity uo of the point at the time ( = 0. As vd must 
be given both in magmtude and direction, the angle ipo be- 
tween To and vo muit be known. 

It is evident, geometrically, that the motion is confined 
to the plane determined by and Vq since the acceleration 
always lies in this plane. Hence, any central motion, what- 
ever may be the law of acceleration, is a plane motion. 

98. Another fundamental property is that in any centTol 
motion, whatever the law of acceleration, the sectorial velocity 
is constant. This is most readily proved by taking the center 
as origin for polar co-ordinates r, 8. As by the definition 
of central motion (Art. 96) the acceleration j is directed 
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along the radius vector OP = r drawn from the center to 
the moving point P, the component j^ of the acceleration, 
at right angles to the radius vector, is always zero. We have 
therefore by the last of the equations of Art, 55: 

^'^VdtV dt) =^' 
whence 

where c is the constant of integration. By Art- 47 this 
equation means that the sectorial velocity is constant and 
equal to \c. 

99. Let S be the sector PbOP described by the radius 
vector r in the time t, so that dS = ir'^dd is the elementary 
sector described in the element of time dt. Then (11) can 
be written 

dS_ ^ 
dt ^'^' 

whence integrating, since iS^ = for ( = 0: 

S = i-ct. 
This shows that the sector is -proportional to the time in which 
it is described, which is merely another way of stating that the 
sectorial velocity is constant. 

It can be shown conversely, by reversing the steps of the 
above argument, that if in a plane motion the areas swept 
out by the radius vector drawn from a fixed point of the plane 
are proportional to the time, the acceleration must constantly 
pass through that point 

It is well known that Kepler had found by a careful exami- 
nation of the observations available to him that the orbits 
described by the planets are plane curves, and the sector described 
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by the radius vector drawn from the sun to any planet is pro- 
portional to the time in which it is described. This constitutes 
Kepler's fii^t law of planettu-y motion. 

He concluded from it that the acceleration must constantly 
pass through the sun. 

100. To express the value of the constant of integration c 
in terms of the given initial conditions (Art. 97), i. e. by 
means of re, vo, ^pi, observe that at any time t 

^de_ 

^~'' dt" 
hence at the time i = we have 

c = f oJ'o sin^O' 
Denoting by pt, and p thtr perpendiculars let fall from 
on wuand v we have r^ sin^o = Po, r sin^ = p; hence 

c = pot^o = P", 
i. e. the velocity at any time is inversely proportional to its 
distance from the center. 

101. Let us now a^ume that the acceleration j of a central 
motion is a given function, f{r), of the radius vector OP = r 
drawn from the center to the movmg point P. With 
as origin, let x, y be the rectangular cartesian co-ordinates 
of the moving point P, and r, its polar coKtrdinates, at any 
time t. Then cosO — xjr, sin9 = yjr are the direction cosines 
of OP = r, and, therefore, those of the acceleration j, pro- 
vided the sense of j be away from the center, i. e. provided the 
force causing the acceleration be repulsive. In the case of 
aHracft'oji, the direction cosines of J are of course — xjr, — yjr. 

Thus the equations of motion are in the case of attraction: 

i =-/(,) J, j.-zmK. (12) 
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For repulsion, it would only bo necessary to change the 
sign of/(r). 

To integrate the equations (12) we cannot, in general, treat 
each equation by itself; for, as r = V^^ + V^, each equation 
contains three variables x, y, t. We must therefore try to 
combine the equations so as to form integrable combinations. 

102. Let us first multiply the equations (12) by y, x and 
subtract; the right-hand member of the resulting equation is 
zero, while the left-hand member is an exact derivative: 

xij - yx = -^ {xy - yx) = 0. 

Integrating we find xy — yx = c, or in poiar co-ordinates 



which is the equation (11) of Art, 98. 

103. Next multiply the equations (12) by x, y and add; 
the left-hand member of the resulting equation ia 

:K^ + yj/ = ^;-(b^ + V)=^V; 



the right-hand member becomes 




-M(^ + «, = -&)>. + », 


- 


The resulting equation 


- i{r)t. 


dhi' - ~ /M* 


(13) 


¥' - ill.' - - jT/W*; 


(14) 



',. e. it determines the velocity as a function of r. 
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104. The two methods of combining the differential equa- 
tions of motion (12) used in Arts. 102 and 103 are known, 
respectively, as the principle of areas and the -principle of 
kinetic energy and work. The former name explains itself 
(see Arts. 98, 99). The latter is due to the fact (to be more 
fully explained in kinetics) that if equation (14) be multiplied 
by the mass of the moving body, the left-hand member will 
represent the increase in kinetic energy while the right-hand 
member is the work of the central force. 

Each of these methods of preparing the equations of motion 
for integration consists merely in combining the equations so 
as to obtain an exact derivative in the left-hand member of 
the resulting equation. If by this combination the right- 
hand member happens to vanish or to become likewise an 
exact derivative, an integration can at once be performed. 
This is the case in our problem. 

105, The two equations (11) and (14), each of which was 
found by a first integration, are called first integrals of the 
equations of motion. By combining them and integrating 
again, the equation of the path is found. 

We have, by the last equation of Art. 46, for any curvilinear 
motion 

eliminating dO/dt by means of (11) we find for any central 
motion : 

Substituting this expression of f^ in (14) we have the dif- 
ferential equation of the path in which the variables are 
separable. Shorter methods may occasionally suggest them- 
selves in particular cases; see, for ir^tance, Art. 110. 
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106. To solve the converse problem, viz. to find the law of 
acceleration when the path is known, we have only to sub- 
stitute the expreaaion (15) of v^ in the equation (13). 

In doing this it is found convenient to introduco instead 
of r its reciprocal u = \jr, so that 

and to change the r-derivative of ^v^ to a 0-derivative since 
r, and hence w, is now a given function of P. As dufdr = 
— l/r^ = ~ w^ we find 



f(')--irJ''- 



d^v^ d& _ d^ dS a 
d8 dr dff du a 



iv^ — cV J 



du do 
hence 

fir)-cv{^ + u). (16) 

This important relation can also be obtained directly from 
the equations of motion in polar co-ordinates which are 
(see Art. 55) 

For, with r = \/u we have since the second equation gives 
(11): 

^~de^~r^dd~ '^'dd' '' " '^de^^^ '^^ de^' 

substituting these values in the first equation we find (16). 
107. Kepler in his second law had established the empirical 
fact that the orbits of the planets are elMpses, with the sun oi 
one of the foci. 
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From this Newton concluded thiit the law of acceleration 
must be that of the inverse square of the distance from the 
sun. Our equation (16) enables us to draw this conclusion. 
The polar equation of an ellipse referred to focus and major 



where I — b^/a = a(I — e^); a, b being the semi-axes, I the 
semi-latus rectum, and e the eccentricity. Hence 
d^u e „ dhi , 1 . 

so that we find 

108. The third law of Kepler, found by him likewise as an 
empirical fact, asserts that the squares of the periodic times of 
different planets are as the cubes of the major axes of Iheir orbits. 

Prom this fact Newton drew the conclusion that in the 
law of acceleration, 

the constant jj, has the same value for all the planets. 

Our formulse show this as follows. Let T be the periodic 
tim£ of any planet, i. e. the time of describing an ellipse whose 
semi-axes are a, b. Then, since the sector described in the 
time T is the area izab of the whole ellipse, we have by Art. 99 
Trab = icT". 
Substituting in (17) the value of c found from this equation 
we have 

, , _ A.fa%^ 1 _ 47r%= 1 
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Hence 



is constant by Kepler's third law. 

109. Planetary motion in its simplest form is that particular case 
of central motion in which the acceleration is inversely proportional 
to the (jquare of tie distance from the center so that 

j-/fr)-f,. 

where ^ is a constant, via., the acceleration at the distance r = 1 
The equations of motion (12) are in this case, with as origin, 



Combining these by the principle of energy (Arts. 103, KM), v, 

jj!"'- -„(" + !») - -^.^, «»" + «-- ;ijr- 

Integrating the differential equation rfjw' = — ljilT')dT we find 



110. To find the equation of the path, or orbit, write the equations 
(18) in the form 

X = — '^^ cose, J/ = — - J sine 

and eliminate j* by means of (11): 

j = — - cosfl • e, y = — ~ sine ■ fl. 

Each of these equations can be integrated by itself: 

i _ „i = - f sine, y - vi ^Hi (cose - 1), (20) 

where i!\, Vi arc the components of the velocity when = 0. 
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Multiplying by y, x, subtracting, and integrating, wc find by Art. 
102: 

(^^ - v,y + v,i/ + c ^ ^ (x cosO + y ifjno) = ^ y'^^if. (21) 

111. The geometrical meaning of this equation is that the radius 
vector r = i/x^ + i^ drawn from the fixed point to the moving 
point P is proportional to the distance of P from the fixed straight line 

(22) 

It represents, therefore, a conic section having for a focus and the 
line (22) for the corresponding directrix. 

The character ot the conic depends on the absolute value of tie 
ratio of the radius vector to the distance from the directrix; according 



(-^--^)a^ + "!!/ + 1 = 0. 



v(-'.yH 



is < 1, = 1, or > 1, the conic will be an ellpise, a pM'abola, or a hyper- 
bola. This criterion can be simplified. Multiplying by /i/c and 
squarii^, we have 





-?f+^+« 


'=0 


,' + t-i^ = 


fo^ and c ^ TM< sin\to 


= ™. 



112. If polar co-ordinates be introduced in (21), the equation of 
the orbit assumes the form 

" = "a + ( - " ^ ) '^^^ - "' ^'"^1 

or putting (ci-i - ^.)/c5 - C i^osa, ui/c = C sina, 

l = ^^ + Ccos(fl+<')- (24) 

This equation la^ht have been obtained directly by integrating 
(16), which in our case, with/(r) = ii/r\ reduces to 
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the general iiiLegral of this diffcreiitial equation is of the form (24), 
C and a being the constants of integration. 

Equation (24) represents a conic section referred to the focus as 
origin and a line mailing an angle a with the focal axis as polar axis. 

113. Exercises. 

(1) A point moves in a circle; if the acceleration be constant in direc- 
tion, what ia its ni^nitude? 

(2) A point describes a circle; if the acceleration be constantly 
directed towards the center, what is its magnitude? 

(3) A point has a central acceleration proportional to the distance 
from the center and directed away from the center; find the equation 
of the path. 

(4) A point P is subject to two accelerations, m^ ■ OiP directed 
toward the fixed point Oi, and n' OiP directed away from the fixed 
point Oi. Show that its path is a parabola. 

(5) A point P describes an ellipse owing to a central acceleration 
f{j-) = fi/r^ directed toward the focus S. Its initial velocity Vd makes 
an angle •po with the' initial radius vector To. Determine the semi-axes 
a, b of the ellipse in magnitude and position. 

(6) Find the law of acceleration when the equation of the orbit is 
/" = g'/(l 4- e eosTiS), e being positive, and investigate the particular 

(7) Find the law of the central acceleration directed to the origin 
under whose action s, point will desciibe the following curves: (a) the 
spiral of Archimedes t = a6, (6) the hjperboUc spiral Sr = a; (c) the 
loganthmic or equiangulai spiral t = ae'*, (d) the curve r = o coanfl. 

(S) A point moves m a circle and has it-s acceleration directed 
towards a point on the circumftreace Fmd the law of acceleration. 

(9) The acceler ition of a point is perpendicular to a given plane and 
inversely propoitional to the cube of the distance from the plane. 
Determine its motion, 

(10) A point moves in a semi-elhpse with an acceleration perpen- 
dicular to the axis joining the ends of the semi-elhpse. Determine 
the law of acceleration and the velocity. 
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CHAPTER IV. 

VELOCITIES IN THE RIGID BODY. 

1. Geometrical discussioa. 

114. The velocities of the various points of a rigid body, 
at any instant, are in genera! different, both in magnitude 
and direction; i. e. they are different vectors; but they are 
not independent of each other 

In particular, it is clearly possible {i. e. compatible with 
the rigidity of the body) that the velocities of all points, at 
the given instant, are equal vectors. The instantaneous 
state of motion of the body is then called a translation; it is 
fully determined by the velocity vector of any one point of 
the body, and this is called the velocity of translation, or 
linear velocity, of the body. Comp. Art. 30. 

The ideas of absolute and relative velocity and of composi- 
tion and resolution of velocities apply to the velocity of trans- 
lation of a rigid body just as they apply to the linear velocity 
of a point (comp. Arts. 38, 40, 41). 

115. As the position of a rigid body is fully determined by 
the positions of any three of its points, 0\, O2, O3, not in a 
straight line, it is clear that if any three such points have 
zero velocity at anyjnstant, all points of the body must have 
zero velocity at that instant. The body is then said to be 
instantaneously at rest. 

It may also be regarded as geometrically obvious that if 
any two points 0,, O2 of a rigid body have zero velocity, all 
points of the line I joining Oi and.Oa must have zero velocity 
and hence (unless all points of th(i body have f.ero velocity) 
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the velocity of every point P of the body is normal to the 
plane {I, P) and proportional to the distance of P from I 
(eomp. Art. 31). The instantaneous state of motion of the 
body is then called a rotation; the line I is called the instant 
taneous axis of rotation; and the common factor of propor- 
tionality w of the velocities is called the angular velocity. 

It is convenient to think of the rotation as represented 
geometrically by a vector of length to, laid off on the axis 
of rotation !!, in a sense such that the rotation appears counter- 
clockwise as seen from the arrowhead of the vector {Fig. 5, 
Art. 31), Such a vector confined to a definite straight Ime is 
called a localized vedor, or rotor. The rotor w fuUy char- 
acterizes the instantaneous state of motion of the body since 
the velocity of every point of the body can be found from it 
as we shall see in Art. 118. 

116. Tfi£ inMantaneous stale of motion of a rigid body one 
of whose points is fixed, if not a state of rest, is a rotation. 
For, it can be shown that if one point of the body has 
zero velocity there exists a line I through all of whose points 
have zero velocity. An analytical proof is given in Art. 128. 
Geometrically the proposition can be proved as follows. 

Observe first that in any motion of a rigid line the velocities 
of ati points of the line must have equal projections on the line; 
this follows directly from the rigidity of the line. Hence 
if the velocity of any point of the line is normal to the line 
or zero the velocities of all points of the line must be either 
normal to the line or zero. 

Now consider a rigid body of which one point has zero 
velocity, and let Pi, Ps be any two points of the body, not 
in line with 0. The velocities of Pi, Pa must be normal to 
OPi, OP2, respectively. If the velocity of either of these 
points were zero, the line joining this point to would be 
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the recjuirtid axis of rotation. We assume therefore that 
these velocities are both different from zero. We can also 
assume that these velocities are not parallel; tor if they 
happened to be so we could replace one of the two points 
by a point whose velocity is not parallel to those of Pi and Pa; 
otherwise the motion would be a translation which is im- 
possible for a body with a fixed point. 

It follows that the planes through Pi, Pj, normal respec- 
tively to the velocities of Pi, Pa, must intersect in a hjie I 
which of course passes through 0; this line I is the axis of 
rotation. For, any point P of I must have a velocity normal 
to PO, and at the same time normal to both PPi and PP^; 
this means that the velocity of P is zero. 

117. CompositJon of intersecting rotors. A rigid body C 
may have, at a given instant, an angular velocity cu^ ^bout 
an axis h, while the body of reference B to winch li belongs 
rotates at the same instant with angular velocity cdj about 
an axis k belongii^ to a fixed body A. We then say that, 
with respect to A, the body C has the simuUaneou'' ang\dai 
velocities o>i about li and 1D2 about /a- 

// the axes li, h intersect, say at 0, the instantaneous motion 
of C with inspect to A is a rotation about an axis I passing 
through such that 

iArdJ, _ sini/a _ sinii^a 
with an angular velocity 



This proposition, known as the parallelogram of angular 
velocities, means simply that two simultaneous angular 
velocities uji, (Ua, about intersecting axes ly, k, are together 
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equivalent to a single angular velocity oi about I, whose rotor 
CO is the geometric sum of thi: rotors ojj, tua (Fig. 27). The 
proof is as follows. 

The linesr velocity of any point P of the body iias two 

components, wiri and onr^, where ri, r^ are the perpendiculars 

let fall from P on the axes li, 

W ^/ I2. These components lie in 

/ y' the same line only for the 

i ^f\ points of the plane {h, h) ; and 

/ y^ I they are equal and opposite 

7 y^ I only for the points on the di- 

qI/ I , agonal of the parallelogram 

A «] " constructed on wi, wa as sid^. 

/ All the points of this diagonal 

^' ■ liaving the velocity zero, this 

line is the axis of rotation. The above equations follow 

at once from the parallelogram construction. 

The proposition is readily extended to the composition of 
three or more angular velocities about axes passing through 
the same point. Conversely, the proposition is used to 
resolve a rotor ta along lines through any point of its line I. 
The resolution of cj along three rectangular lines through such 
a point into the components wr, ii)„, (j^, so that to' = ui^ + 
Qi^ + lA^, is used very often. 

118. In the case of rotation, of angular velocity w, about an 
axis I, if the motion be referred to rectangular axes, with the 
origin on I, we can find the components Vx, Vy, v, of the velocity 
V of any point P{x, y, z) of the body, by replacing oi by its com- 
ponents coi, ujb, 10; (Art. 117). It then follows from Art. 48, 
Ex. 1, that wj produces at P a velocity whose components 
are 0, — tOiZ, w^y; similarly, Wy ^ves the components a^, 
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0, — Wux; and 63, gives — <o^y,w^, 0, Adding the components 
having the same direction, wo find 

Vx = u^z — in^i, Vy — WjX — w^, Vi = lo^y — oj^. 
119. By Art. 115, the velocity y of P (Fig. 28) is normal to 
the plane {I, P) and equal to ca-CP, where C is tlie foot of 
the perpendicular let fall from P on 
I Putting OP = r,-4 COP = 4>, so 
that CP = r siiKj), we find 

V — c^ siruj). 

This is numerically equal to the area 
of the parallelogram constructed on 
the vectors w and r. 

In vector ajialysis the area of the 
parallelogram of any two vectors a, 
b is represented by a vector c, of 
magnitude c = ab sirup (0 being the 
angle between a and b), drawn at 
right angles to both a and b, in such 
a sense that a, b, c form a right-handed set. This vector 
c is ealled the cross-product (vector product, external pro- 
duct) of a and b and is denoted hy aXb (read a cross b). 

It then appears that the linear velocity o of P in our case 
(Art. 118) is the cross-product of the angular velocity w into 
the radius vector r of P: 

V = mXr. 

If the components of a, b, c with respect to rectangular 
axes are denoted by subscripts x, y, z, it is shown in vector 
analysis that 




Fig. 28. 






- Oi6j, Cj = aj)y 
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Thia means that the vector equation v — m X rh equivalent 
to the last three equations of Art. 118, 

120. The most general inslantanemis state of motion of a 
rigid body consists of a simuUaneotis rotation and translation. 
For, whatever the state of motion, if we impose on the whole 
body a velocity of translation — u equal and opposite to the 
linear velocity u of any one of its points 0, so as to reduce 
the velocity of to zero, we have a body in a state of rotation 
(Art. 116). Hence the state of motion of a rigid body can 
always be regarded as consisting of a velocity of translation 
u equal to the velocity of any one of its points 0, together 
with an angular velocity w about an axis I through 0. 

121. The composition of parallel rotors can be regarded 
as a limiting case of that of intersecting rotors (Art. 117); 

but it is best to prove 
the corresponding form- 
ulse directly. Angular ve- 
locities about parallel 
occur, in particular, 
in the case of plane mo- 
tion of a rigid body (sec Art, 132). 

Consider a body tummg with angular velocity wi about 
an axis (1 {passing through the point Li, Fig. 29, at right 
angles to the plane of this figure) and at the same time with 
ai^ular velocity co;, about an axis k (through L2) parallel to U. 
Any point P of the body receives from wi a linear velocity 
wiri perpendicular to LiP and from w^ a Unear velocity oi^Ti 
perpendicular to L^P; the resultant of these two is the total 
velocity of P. The two components unn and 032T2 fall into 
the same straight line only for points in the plane (kk), and 
their resultant will be zero only for those points of this plane 
which divide the distance between (1 and k in the inverse 
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ratio of n>i and coj. In other words, the points of zero velocity 
he on a straight line I, parallel to (i and k, in the plane {hh), 
so situated that if L be its intersection with L1L2, we have 

To find the Migular velocity ca of the rotation about I 
consider a particular point, for instance La ; its linear velocity 
beir^ due entirely to wi about li is = (^i-LiL^, but it can 
also be regarded as due to tu about I; hence 

wi-LiLii = i^-LU. 
These two relations give 

Li^L ^LU^LiU 

and as L\h + LL^ — LiL^, we also have 

W = 0)1 + OJj. 

Thus, the resultant of two angular velocities wi, im about 
parallel axes h, U is an angular velocity la equal to their algebraic 
sum, to = wi + «2, about a parallel axis I that divides the 
disia,nce between li, h i""- the inverse ratio of u^ andu^. The only 
exceptional case, viz. when toj + U3 = 0, Ls discussed in Art. 
122. 

Conversely, an angular velocity w about an axis I can always 
be replaced by two angular velocities wi, oh whose sum is equal 
to tij and whose axes h, Za are parallel to I and so selected that I 
divides the distance between li, k inversely as t^i is to tiij. 

122. The resulting axis lies between Li and La when the 
components wi, wa have the same sense; when they are of 
opposite sense, it lies without, on the side of the greater one 
of these components. 

If ui and t-h are equal and opposite, say cji — m, ni; = -co, 
the resulting axis would lie at infinity. Two such equal and 
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opposite angular velocities about parallel axes arc said to 
form a rotor-couple; its effect on the rigid body h that of a 
velocity of translation v = LiLj ■ u = j? - u at right angles to 
the plane of the axes. The distance of the rotors, L1L2 
= p, is called the arm of the couple, and the product pw = v 
its moment. 

A velocity of translation v can therefore always be re- 
placed by a rotor-couple of moment pw = v, whose axes 
have the distance p and lie in a plane at right angles to v. 

Again, an angular velocity w about an axis I can be re- 
placed by an equal angular velocity w about a parallel 
axis V at the distance p from (, in combination with a velocity 
of translation v ^ up at right angles to the plane deter- 
mined by I and I'. 

It easily follows from these propositions that the resul- 
tant of any number of velocities of translation v, v', ■ ■ ■ , par- 
allel to the same plane, and any number of anguUtr velocities 
w, cj', ■ ■ ■ oJotii axes perp&ndicular to this plane is always a 
single angular velocity about an axis perpendicular to Ike plane 
or a single velocity of translation parallel to the plane. 

123. We are now prepared to represent in the most 
simple form the most general state of motion of a rigid body. 
We saw in Art. 120 that it can be represented by the hnear 
velocity u of any point of the body, together with an 
angular velocity <a about an axis I through 0. 

Let us resolve u into Mo along I and ui at right angles to 
I (Fig. 30). In the plane through I, perpendicular to Mi, we 
can always (if 1*1 =# 0) find a line io parallel to I at a distance p 
from I such that pw = - u,; this line (o is called the central 
axis. 

If we apply to the body equal and opposite angular veloci- 
ties 01, - w about la, the body can ho regarded as having 
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the angular velocity w about Ig and the linear velocity Uo 
along lo; for, the rotor couple formed by oi about I and — w 
about lo is, by Art, 122, equivalent to a velocity of trans- 
lation pii} equal and opposite to Ui 
(eomp. Art. 225). 

The combination of an angular ve- 
locity with a linear velocity alo7ig the 
asns of rotation is called a twist, or in- 
itantaneouii screw motion Thus, the 
state of motion of a iigid body at any 
instant is a twist about the central avj^, 
it may, in particular, reduce to a meie ' 
rotation, or to a translation, or to a 
state of instantaneous rest. 

If, as in Art, 120, we select an ar- 
bitrary point of the body as origin 
of reduction, we obtain a rotor la 
through and a vector u inclined to 
w at a certain angle. The rotors for different points are 
always of the same magnitude, direction, and sense; but the 
vectors u differ in general from point to point, or rather from 
axin to axis. If the origin is taken on the central a-xis lo, 
V is parallel to In and has it'^ least value, viz. wo, the projec- 
tion of H on lo- 

2. Analjrtical discussion. 
124. In studyii^ the motion of a rigid body analytically 
it is convenient to use two rectangular co-ordinate systems 
{Fig. 31), one Oxyz fixed in space, the other OiXiyiSi fixed 
in the body and moving with it. The co-ordinates Xi, yi, 
Si of any point P of the body with respect to the moving 
trihedral are then constant with respect to time, while the 
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eo-ordinatea x, y, z of the same point P with respect to the 
fixed trihedral are functions of the time. It is assumed 
throughout that these functions possess first and second 
derivatives with respect to t. 

The position of the movir^ trihedral at any instant is 
given by the co-ordinate xo, yo, 3o of the origin Oi and by- 




Fig. 31. 

the nine direction cosines of the axes OiXi, Oif/i, 0\Z\ with 
respect to tlie fixed trihedral; 
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These 12 quantities are functions of the time. 

125. The ordinary formulEe for the transformation of 
rectangular co-ordinates give 

X = Xo + aiXi + Oaj/i + «s2i, 

?/ = yo + &I^l + %i + ('sZl, (1) 

Z = £o + CiXi + CeJ/i + C^i. 
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It is well known that the 9 direction cosines are connected 
by 6 independent relations which can be written in either 
one of the equivalent forms 

ai^ + ii^ + Cx^ = 1, a^as + bj)s + acs = 0, 

a/ + 62^ + 03^ =1, aitti + hbi + C3C1 = 0, (2) 

«3^ + bs'^ + cj^ == 1, aiOi + bibs + cic^ — 0, 



()i^ + V + W = 1, cidi + Ca(is + 
Ci^ + C2^ + Cj 



+ b,c, = 0, 
= 0, 



(2') 



^ = 1, a)bi + (hh + aib} 



-- 



The meaning of these equations readily appears from the 
meaning of the angles involved. Thus, the first equation 
expresses the fact that ai, b,, d are the direction cosines of a 
line, viz. the axis OiXi] the last equation expresses the per- 
pendicufarity of the axes Ox, Oy; and similarly for the others. 

In mechanics, the two trihedrals are generally taken as 
both right-handed (or both left-handed) so that they can 
be brought to coincidence. It is known that then the deter- 
minant of the direction cosines is = -I- 1 (and not — 1) 

126. Difterentiatir^ the fundamental equations (1) with 
respect to the time (, we find for the components of the velocity 
of any point P of the rigid body along the fixed axes: 

X = Xa-{- diXi + flaj/i + dizi, 

y ^ yo + biXi + %i + b^i, (3) 

a = 3o + cixi + hVi + CjJi. 

Notice in particular that if the motion of the body is a 
translation, the direction cosines of the moving axes are con- 
stant so that Ai, ■ - ■ Ca are zero; all points of the body have 
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then the same velocity (xo, yn, iuj- Again if the point d 
of the body is fixed, *o, ya, ^o are zero, and the velocity com- 
ponents are linear homogeneous functions of Xi, j/i, zi- 

127. The velocity of any point P of the body relative to 
the point Oi has along the fixed axes the components: 

X — xo = diXi ■+■ d^yi + diSi, 

y — yi, = fiixi -f- hajx + Uzi, 

i - 2o = ciXi + caj/i + wi. 
To find the components along the moving axes of this same 
relative velocity of P we have only to project the components 
along the fixed axes on the moving axes, which is readily done 
by means of the scheme of direction cosines in Art. 124. The 



(a,di + b,bi + CiC,)x, + {aids + bib^ + cibi}yi 

+ {a^di -f- ?>it*a + cic^z-i, 
{fladi + bj)i + CaC 1)3:1 + (a^da + ^}'i>'i + c^c^y^ 

+ (tiauj + bthi + e^c^Zi, 
(ajdi + hSi + CiCi)Xi + (flada + ^3^2 + cA)yi 

+ (asdj + bjh + C3C:a)Ei 
can be simplified very much by means of the identities (2) 
which give upon differentiation with respect to t: 
diOi + hihi + CiCi = 0, 
daOa -}- hihi + ^aCa = 0, 

djas + Ma + C3C3 = 0, ,^ 

dsOa + h^s + biCi — — {aidz + hSi + C2C3), 

dsUl + hihi + CaCi = — (fladi + bj>i + CaC,), 

diOa + ^A + C1C2 = — {ai<h + &i^ + CiCa)- 
Denoting, for the sake of brevity, the left-hand members of 
the last three equations by w,, wj, 013 (wc shall find very soon 
that these are precisely the components along the moving 



y Google 



129.1 VELOCITIES IN THE RIGID BODY 95 

axes of the rotor uj) wc find for the components along the 
moving axes of the velocity of P relative to Oi, the simple ex- 



which agree (considering our present notation) with tho 
values found in Art, 118. 

128. The locus of those points of the body whose velocity 
relative to Oi is zero is ^ven by 

"^i — waj/i = 0, waa^i — t>;i£j = 0, nnyy — onxi — 0, 
i.s.b. 



This is a straight hne I through Oi whose direction cosines are 
proportional to oji, ws, uj- Hence the motion of the body 
relative to Oiis a rotation about the line I. 

To see that wj, oJa, nn are the angular velocities about the 
axes OiXi, Oiyi, OiSi, respectively, take Oi as origin and the 
line I as axis OiZi; then the velocity of any point in the Xiyi- 
plane has the components — ojjj/i, w^i, 0; i. e. {Art. 48, 
Ex. 1) wa is the angular velocity about OiZi; similarly for cii, 
uh. Comp. Art, 118, By Art. 1 17, the three angular velocities 
wi, un, Wi about OiXi, Oiyi, OiZi are together equivalent to the 
single angular velocity w = Vui^ + uj* + cus^ about the hne 
through Oi whose direction cosines are proportional to tui, 

129, If, as in Art. 120, we denote by u the velocity of the 
point Oi and by Wi, wa, "a its components along the moving 
axes, we have for the components Wj, v^, Vz of the absoMe 
velocity of any point P (xi, yi, Sj) of the body along the moving 
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= u, + waSi - . 


= W.+ 


WiXl - i 


= Ms + 


WlJJ/- I 



I'l = Wi + wa^i — "Jayi, 

(5) 
- W2X1; 
or in vector notation 

f) - w + a> X r. 

On the other hand, referring the motion to the fixed axes 

Ox, Oy, Oz, let xo, yo, Za be {as in Arts. 125, 126} the eo- 

ordinates with respect to these axes of any point 0, of the 

body, and let Wi, «b, w, be the components of to along the 

fixed axes; then the components of the obsolvtc velocity of any 

point P(x, y, z) of the body along the fixed axes are 

X = in + (^y(z - za) - ujy - yo), 

y ^ ya + i^,(x - Xg) ~ b>Jz - Zo), 

Z ^ Za + i>iA.y - ye) - (^A^ - Xa). 

If in these formula; we put x = 0, y = 0, s = we obtain 

the components Ui, Uy, u, (along the fixed axes) of the velocity 

of the origin 0, regarded as a point of the moving body, viz. 

11^ = Xo- «:^o + '".yo, 

11^ = yo — f>^Xo + w^So, 

u, = za— iii^yt, + WyXi,. 

By introducing these components in the preceding formulae 

we obtain for the components of the velocity v of any point P 

{x, y, z) of the body along the fixed axes the simple expressions 

v^ = X = u^ + 03^z - 03^y, 

v^ = y = Uj + <a^ — WiS, (6) 

ji; = i = Uj + ia^y — o>yX. 

Thus the velocity v is the resultant of the velocity u of 

{i. e, of that point of the rigid body which at the instant 

considered happens to coincide with the fixed origin 0) and 

of the linear velocity arising from the rotation of angular 
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velocity w about the line through parallel to the instan- 
taneous axis. 

The equations (5) and (6) are of exactly the same form; 
ea<;h of these sets of equations is equivalent to the vector 
relation 

D = M + wXr; 

(5) arises by projecting on the moving axes, (6) by projecting 
on the fixed axes. 

130. We have seen (Art. 123) that the instantaneous state 
of not on of a rigid body is in general a twist about the 
central ax s (in the exceptional case of translation this hne 
1 es at mfimty). In the course of the motion the central 
ax s cl angea its position both in space (i. e. relatively to the 
fixe I tr 1 e Iral Oxyz) and in the body (relatively to the moving 
trihedral OiXiyiZi). If the motion is continuous, the succes- 
sive positions of the central axis in space will be the generators 
of a ruled surface S fixed in space; and the successive posi- 
tions of the central axis in the body, t. e. the various lines 
of the body which in the course of time become central axes, 
will be the generators of a ruled surface Si, fixed in the 
body and moving with it. 

At any given instant these surfaces S and Si have the 
central axis corresponding to this instant in common; it can 
be shown that they are in contact along this common gen- 
erator, so that the motion consists in a rotation about, and 
a sliding along, this generator. Two particular cases, that 
of the body with a fixed point and that of plane motion, 
deserve special mention. 

131. Body with a fixed point. As the fixed point has 
zero velocity the central axis is the instantaneous axis at 0, 
and the velocity of translation is zero. The surfaces S, Si 
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are eones with as coiiimon vertex; and the motion can be 
shown to consist in the rolhng of Si over S. This motion 
will be studied more fully in Chapter XVIII, 

3. Plane motion. 

132. If the velocities of all points of a rigid body remain 
paralld to a iixed plane, the motion of the body is fully 
determiuBd by the motion of the cross-section made by 
the body in this plane. This case might be regarded as 
the limiting case of the motion of a body with a fixed point 
as this point is removed to infinity. But it is more in- 
structive to study it directly. 

Taking in the plane of the motion a set of fixed axes 
Ox, Oy (Fig. 32) and a set of moving axes OiXi, Oij/i we have 
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if Xa, yn are the co-ordinates of Oi and 6 is the angle between 
Ox and OiXi; 

X = Xq + Xi cosfl — J/i sine, 

y = yo + ^1 sine + yi cose. 

133- Differentiating with respect to ( we find for the 
s ahng the fixed axes of the velocity v of P(xi, yi) 
X = ia — (xi Bmd + yi cosS)9 = ±a — <"(?/ — Vo), 
y = yo+ (x, corS - yi sinS)^ = ?/o + oi{x ~ xo), 



(7) 



(8) 
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where <•> = 6. The velocity of Oi has the components io, 
ye; the velocity of P relative to Ol has the components 
— u)(j/ — yn), bi{x — xo), i- e. it can be regarded as due to a 
rotation of angular velocity w about Oi {Art. 48, Ex. 1). 
The inatantEuieous motion of the plane section of the body 
consists therefore of a translation of velocity w(ii)i ^o), equal 
to the velocity of Oi, and a rotation about Oi of angular 
velocity a = 6. 

Now, excluding the case of pure translation when 
cj = 0, we can find in the plane, at any instant, a point C 
of zero velocity, i. e., such that 

X = Xo~ w(y - ye) =0, y ^ yB + w(x - Xo) = 0. 
This point C, the intersection of the central axis with the 
plane, is called the instantaneous center; its co-ordinates 
X, y are evidently 

X = Xo - — , y = yn -\ ■ (9) 

Hence, the instantaneous state of motion, in the case of plane 
motion, is either a ■pure translation or a pure rotation about 
the instantaneous center. 

It follows that (excepting the case of translation), at 
any instant, the velocity of every point P is normal to 
the radius vector CP and equal to u; times CP. Conversely, 
if the directions of motion of any two points Pi, Pa are known, 
the instantaneous center C can in general be found as the 
intersection of the perpendiculars through Pi, Pa to those 
directions. 

134. In plane motion the ruled surfaces S, Si (Art. 130) 
are cylinders. Inst-ead of these cylinders it suffices to 
consider their curves of intersection, s, Sj with the plane. 
The curve s is called the fixed, or space, centrode (path of 
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the center); the curve Si wliich, as will be proved in Art. 
135, rolls over s is called the moving, or body, centrode. 

Thus any -plane motion consists in the rolling of the body 
centrode si over the space cenirode s (except in the case of 
translation). It is fully determined if, in addition to any 
particular position of these centrodes, the angular velocity 
w is given as a function of the time. 

The equation of the space centrode, referred to the fixed 
axes, is found by eliminating t between the equations (9). 

That of the hody centrode, i. e. of the locus of those points 
of the moving figure which in the course of the motion 
become instantaneous centers, must be referred to the 
moving axes OiXi, Oij/i- Substituting in (7) for x, y the 
values (9) and solving for xi, yi we find the co-ordinates 
Xi, yi of the in.stantaneous center with respect to the moving 
axes: 

xi = — (iosinS — yo cosS), 

" (10) 

y-i = -{xo cosO + iji, sine); 

the elimination of t gives the body centrode. 

135. To prove that, as stated in Art. 134, the body cen- 
trode S; roils over the space centrode s it suffices to show that 
these curves have at the instantaneous center C not only a 
common point but a common tar^ent; in other words, that 
the slopes m, mi of s, Si at C are equal. These slopes can 
be found from the equations (9) and (10), From (9) we find 
by differentiating with respect to t: 

_ $ _ mxa -\- w^o — oixg 
X - ojyo 4- w^io + wyo ' 
Without loss of generality we may, at the instant (lon^idered, 
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let the moving axes coincide with the fixed axes and take the 
origin at the instantaneous center so that xo, yo, in, yo are 
zero ; we then find : 

m — — — . 

From (10) we find similarly 

«(Sa coafl + §9 sine) + u^(— xo sin5 + yo cosfl) 

^ ^ ^ 3^ . -tbfacosg + yosine) . 

' ^1 i^(xa sinfl — yo cos9) + ii)=(io cosfl + ija sinfl) ' 

— tij(*o sine — yo cosfl) 

and, taking the axes as above, since io, yo, 9 are zero: 

Xa 
m, — . 

yo 

Hence m = mi, i. e. the curves s, si have a common tangent 
at the instantaneous center. 

It appears, moreover, that this tangent is Jtormal to the 
acceleration of the inslardaneous center. Thus, in the case 
of a circle rolling over a straight line, where s is the line, Si 
the circle, the acceleration of the point of contact is normal 
to the line. 

It should be observed that the equations (9) are the 
parameter equations of the fixed centrode, the parameter 
beii^ t; hence the (-derivatives x, y, used above in forihing 
m, are not the components of the velocity of the instantaneous 
center as a point of the moving figure (these velocities are zero), 
but those of the velocity, say w, wUh which the instantaneous 
center proceeds along the curve s. Similarly the quantities 
li, |?i, used in forming mi, are the components, along the 
.moving axes, of the same velocity w. 

130. This velocity w with which the instantaneous center 
C chains its position along the centrodes s, Si is connected 
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by a simple relation with the angular velocity w and the 
radii of curvature p, pi of s, .si at C, viz. 



To prove this let C (Fig. 33) be the position of the instan- 
taneous center at the time t, C its position in the fixed plane 
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Fig. 33. 

and Cj' its position in the moving figure at the time t + Ai. 
Then, denoting by As, Asi the equal arcs CC , CC\ , we have 
as definition of w. 

Asi 



'] — lira "7 



= lim 



.0 Ai ■ 



On the other hand, if Afl is the angle through which any line 
of the figure turns in the time A( we have 



The motion that takes place in the interval A( ( 
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point d' to the position C and brings the normal to Si at Ci' 
to coincidence with the normal to s at C"; these normals 
include therefore the angle Afl. Hence if A^, A^^i are the 
angles that these normals make with the common normal 
at C we have AS = Aip ~ Aipi] dividing by As = Asi and 
5 to the limit we find for the left-hand member 



w=o At As 

provided lim As/At = wj ia 4= 0. In the right-hand member, 
the limits of AipjAs and Ai^i/Asi are clearly the curvatures 
of s and si at C; hence 

It is easily scon that this formula holds even when the 
centers of curvature lie on opposite sides of the tangent, 
provided we take pi then negative. The counterclockwise 
sense of w is taken as positive, and w is taken positive if the 
normal at C turns counterclockwise in passing to its new 
position through C 

137. Exercises. 

(1) A plane figure moves in its plane so that two of its points A, B 
(Fig. 34) move along two perpendtcuktr straight lines Ox, Oy. 

By Art. 133, the instfuitaneous center C is found as the intersection 
of the perpendiculars at A to Ox and at B to Oy. As AB is of constant 
length it follows readily that the space centrode is a circle of radius 
AB = 2a about 0, As OC = AB it follows that the body centrode is a 
circle of diameter OC = 2a. Hence the motion can also be brought 
about by the rolling of a circle of radius a within a circle of twice this 
radius. Taking the midpoint Oi of AB as origin and OiA as axis Oixi 
of the set of moving axes, and denoting by ij> the angle BAO, we have 
for the co-ordinates of any point P(x,, j/i) of the moving figure: 
X = (,a + Xi) cosij + y, sin^, 
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path of P, referred to the 






\(a - x^y + z/iV - 



\- [{a + ^lY + yiV ^ W + y,' 



This is an ellipse referred to its center. Show that 0, describes a eircle, 
and that every point on the circle about AB as diameter describes a 




Fig. 34. 

straight line through 0. Show that the velocity of P is y = [o' + xi^ 
4- ^i' — 2a(si ccis2^ + y, ain2*)]4ii; hence find the velocities of B and 
Oi when A moves uniformly. 

(2) A point A of the figure moves along a fixed straiglil line I whiie a 
line of the figure, h, containing the point A, always posses through a fixed 
■point B (Kg. 35). 

The fixed point B may be regarded as the limit of a circle which the 
line h is to touch. The instantaneouB center is therefore the inter- 
section C of the perpendiculars erected at j1 to I and at B to h. 

The fixed centrode is a parabola whose vertex is B. To prove this 
take the fixed hne I as axis Oy, the perpendicular OB to it drawn through 
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the fixed point B aa axis Ox. Then, putting OB A = * and OB = a, 
wc have for C: 

a = o + 2/ tan-j, ^ = o tan*, 

whence x — a = ■'/ja, or, with B as origin and parallel axes, 1/ = oa:. 
The proportion ylx = ajy also follows directly from the similar triangles 
BDC and AOB. 

The equation of the body eentrode, for A as oripn, AB as polar 
jixis, is r cos^ = o, or in cartesian co-ordinates a'(ai' + Ui') = Xi'. 



^ 


y 




A 

t 


""^v/ 


3i 





. ^c^ 


^ 



Fig. 35. 

The points of li are readily seen to describe conchoids; hence show 
how to construct the normal at any point of a conchoid. 

(3) A wheel rolls on a straight track; find the direction of motion of 
any point on its rim. What are the centrodes? 

(4) Find tte equations of the centrodes when a line h of a plane 
figure always touches a fixed circle while a point A of J| moves along 
a fixed line I. 

(5) Show that, in Ex. (4), the centrodes are parabolas when the 
fixed circle touches the fixed line. 

(B) Two straight lines ii, Jj of a plane figure constantly pass each 
through a fixed point Oi, Oi', investigate the motion. 

(7) Four straight rods are jointed so as to form a plane quadri- 
lateral ABCD with invariable sides and variable angles. One side 
AB being fixed, investigate the motion of the opposite side ; construct 
the centrodes graphically, 

(8) A right angle moves so that one ade always passes through a 
fixed point A, while a point B on the other side, at the distance a from 
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the vertex, moves along a fixed line from whieli the fixed poiut A has 
the distance a; determine the centrodes. 

(9) It the quadrilateral of Ex. (7) be a parallelogram show that any 
point rigidly connected with the side opposite the fixed side describes 

(10) One point j1 of a plane figure describes a circle while another 
point B moves on a straight line passing through the center of the 
circle. Find the centrodes and the path of the midpoint of AB. Show 
how to construct the velocity of B when that of .A ia known. 

(11) Two points Pi, Ps of a plane figure move on two fixed circles 
described with radii n, ri about Oi, Os; show that the angular velocities 
101, Ml of OiPi, OsPi about Oi, Os are inversely proportional to OiM, OiM, 
M being the point of intersection of 0,0s with PiPj. 

(12) Given the magnitudes v,, Vs of the velocities of two points Pi, 
Pi of a plane figure, and the angle (fi, Vi) formed by their directions; 
find the instantaneous center C and the angular velocity u about C. 
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CHAPTER V. 

ACCET,ERATIONS IN THE RIGID BODY. 

138. The c(ym/ponents, along the fixed axes, of the occeleraHon 
j of any point P(x, y, s) of a rigid body are found by dif- 
ferentiating with respect to t the equations (3) of Art. 126; 
this gives: . 

i = »o + '^la^i + &^Vi + d^u 

y = i/a + hxi. + %i + hiZi, (1) 

S = &a + Sia:i + CsJ/i + CaSi. 

But we obtain expressions that are more easily interpretable 
by differentiating the equations (G) of Art, 129. The first 
of these equations gives 

« = iV^ + u>^ — w^y + u^ —^y, 
or, replacing y, z by their values from (6), Art. 129, 
^ = Wi + WjWs — iOsUy + w^i2/ ~ '^j/^x ~ '^'^^. + WjWi^ 

+ (h,z- <^,y. 

Adding and subtracting w^^x, observing that oix^ + u/ + u,^ 
= w^, and writing down the expressions for y and x by cyclic 
permutation we find : 



1 - », + 1 


)^U, - 


a.u, + a. 


.(»^ + 4 




>^2 


»-», + . 


o,u^ — 


WiMs + Wj 


.(M + 




'l,X 


2 - IJ. + . 


JiWa — 


i^^U^ + CO; 


,(».! + c 


- «;'2 + i 


hV 
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[130. 



The meaning of the various terms will best appear by con- 
sidering some particular cases, 

139. In the ease of translation, the direction eosines of the 
moving axes are constant, and hence (Art. 127) ui, oiy, o>:, w 
are and remain zero. Hence the equations (2), as well as 
(1), reduce to 



! is otherwise obvious from the definition of translatioi 



-- — "i^ I 



140. In the case of rotation about a fixed axis (Fig. 36) 
wo can take this axis as Oz and let Oi coineide with 0, OiZi 
with Oz. We then have 



, = 0, 



- 0, Xa^ 0, u^ = 0, 



, = 0, 

y= 0, 

■■. = 0; 



hence the etjuations (2) reduce to 

X = — o>^x — iiy, ij — — (J^y + war, z ~ co^z - 



= 0. (3) 
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The acceleration j of P is therefore parallel to the icy-plane 
and can be regarded as consisting of two components. De- 
noting by r the distance Va:^ -\- y^ of P from the fixed axis, 
we have for one of these which is called the normal, or 
centripetal, acceleration j„ the components — cj^a;, — «'y, 
along the fixed axes; it has therefore the magnitude 

Jt. = wV 
and the direction at right angles to the fixed axis, toward it. 
The other acceleration, called the tai^ential acceleration ji, 
has the components — uy, wx, 0; it is tangent to the circle 
described by P, in the sense in which oi increases, and of 
magnitude 

j, = ^r. 

These results agree of course with what is known (Art. 56, 
Ex. 6) about the acceleration of a point moving in a circle. 

141. Let us now consider the important ease of a rigid 

body with a fixed point. Taking the fixed point as fixed 

origin and letting the point Oi coincide with we have 

Xa = 0, u^ = 0, li^ = 0, 

yO =0, Uy^ 0, Uy = 0, 

Zo = 0, Wj = 0, w, = 0, 
50 that the formulse (2) of Art. 138 reduce to 

X = W:,(«:^ + la^y + (a^) - w^x + w„3 — C>,y, 
y = bi^{o3,x + inyy + (0^) - w^ -f- W;X - ij^, (4) 
z = w=(w:^ + i^yy + 6j^) - oj=£ + u>^y - 6i^. 
The total acceleration j of P can here be regarded as con- 
sisting of three partial accelerations. Denoting by r the 
radius vector OP = Vx^ + ?/* + s" of P and by <p the angle 
between r and the rotor o>, we have 

W:,^ + uiyij + w,; = wr cost;. 
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In vector analysis, the product ab cos^ of any two vectors 
a, b into the cosine of the angle between them is called the 
dotr^odud {scalar or internal product) of the vectors a and 
6 and is written briefly o ■ b (read : a dot h). If the rectangular 
components of a vector are denoted by subscripts (as in 
Art. 119) we have 

a-b = aj)^ + ayh^ + a.b.. 
Hence in our case 

ui^ + 03^y + oi,z = i^-T. 

Thus the first of the three partial accelerations, y„, has 
along the fixed axes the components (ii^reos(p, oi^ coii<p, 
Q>iii3r cosp; it is therefore represented by a vector of length 
ja = oiV cos*' whose direction is that of cu, i- e. of the instan^ 
taneous axis. 

The second partial acceleration ji has along the fixed axes 
the components — co^x, — tii^y, — laH; it is therefore repre- 
sented by a vector of length % = ojV, along r, toward 0. 

The third partial acceleration j^ has along the fixed axes 
the components w^ — w,j/, tijX — tiiZ, Wj^ — iJiyX. It is there- 
fore, by Art. 119, the cross-product of the vectors « and r; i. e 
it has the magnitude j^ = wr sin^, ^ being the angle beween 
w and r, and it is perpendicular to both ti and r, in a sense 
such that «, J jc form a right-handed set 

It should be noted that each of the three partial accelera- 
tions j„, jb, ]c !s a vector independent of the co-ordinate 
system, and such is of course the total acceleration j. It 
follows that the compmients nf j along the momng axes, if those 
of w are denoted b-v t^i w ws will be 

^ = u/wia-i + (^lyl + (jjSi) — (1. X -f w 3i — tosy,, 

/i = u3(co,3;i -!- wsj/i -I- wjg,) - <j>-yi + '^^Xi - ojisi, (4') 
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-0^,+ d 



In vector notation we have 

j = i« + jb + jc = (wrpw - wT, i- w A n.. 

142. It IB often convenient to combine the first two partial 
accelerations j'a and jb into a single acceleration / which is 
then called the centripetal acceleration. ] 
Now tho vectors j„, jb both lie in the 
plane {I, P) determined by the instanta- 
neous axis I (through 0) and the point 
P (Fig. 37) : ja = t'J^J' cosip along the par- 
allel to ( through P, jb = wV along PO; 
I malies with OP = r the angle <p and j„ = 
w*rco8if! = jbcosip; hence the resultant/ 
of ia and jb is 

/ = ja tan^? = jb sin^ = wV siino 
along the perpendicular PQ = r sinip = ?■' 
let fall from P on the instantaneous axis 
I. Ilence finally 

f = <^^r'. 

This centripetal acceleration always exists Fig. 37. 

(since a body with a fixed point cannot 
have a motion of translation for which cii — 0) except for the 
points on the instantaneous axis for which r' — 0. 

143. The remaining partial acceleration j^ exists only 
when the rotor m varies, in magnitude or in direction or in 
both. 

Using the language of infinitesimals, suppose that the rotor 
ifl in the time-element dt receives the geometrical increment 
dco = tlirfi; the vector oi may be called the angular acceleror- 
tion of the body; its components along the fixed axes are 
(ij, u)j, tiij. The body has therefore the infinitesimal angular 
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velocities <j}^, Wydt, w^dt about the axes Ox, Oy, Oz, respec- 
tively. These produce at P(x, y, z) the infinitesimal linear 
velocities 0, — i^^^t, Wiydt; di^zdl, 0, — Uyxdt; — Ciiydt, 
Usxdi, 0; dividing by dt and collecting the terms we find the 
accelerations 

which are the components of jV 

144. Plane motion. Taking the plane of the motion as 
a;^-plane we have to put wi = 0, 10^ = 0, Wj = co, Wi = 0, 
uiy = 0, CJ3 = 63, Wj = 0, li, = in the equations (2) of Art. 
138 so that we find 



while .3 = 0. As Mit = io + i^^o, "h = ^0 — t^^o and hence 
iii = *o + '^0 + i^oi Uy = yo — (kcf, — atXo, we find as com- 
ponents of the acceleroiion of P{x, y) along the fixed axes: 

X = xq- ic%x - a;o) - Hy - Vi), 

(5) 

y = ya- i^Ky - ya) + '^{^ ~ ^o)- 

These equations are also obtmned directly by' differentiating 
the components of the velocity in plane motion, (8), Art, 133, 
which express that the instantaneous state of motion (unle^ 
a translation, id = 0) can be regarded as a rotation of angular 
velocity cc about the instantaneous center {xq — ^o/uj, yo 
+ x,h). 

The equations (5) show that (excepting the case of transla- 
tion when 01 = 0,01 = 0) there exists at every instant a point /, 
the center of acceleration, whose acceleration is zero; its 
co-ordinates are 



yGoosle 



ACCELERATIONS IN THE RIGID BODY 



145. If this point I of zero acceleration be taken as origin 
of the moving axes 0\Xi, Oij/i (Fig. 38), the components along 




the fixed a 
by (5) 



i of the acceleration of any point P(x, y) are 



■>^{x - Xa} - 



- ya) + u(_X - Xo). 



The form of these expressions shows that if we put IP — r, 
the acceleration of P can be resolved into a componeni uV along 
PI and a component wr at right angles to IP; and the total 
acceleration of P is 

j = r "Vtc^ + w^- 

Hence, at any instant, all points on a circle about / as 
center have accelerations of equal magnitude and are equally 
inclined to their radii vectoros r — IP; all points on a 
straight line through I have parallel accelerations, propor- 
tional to their radii vectores r = IP. 

146. If any point Oi different from I be taken as origin 
of the moving axes (Fig. 39) we have simply to superimpose 
its acceleration ja{£o, ya); and it appears from (5) that the 
acceleration of every point P can be regarded aa having the 
three components: 
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jo = the acceleration of Oi, 

ji — tuV along POi, 

j-i = Cir at right angles to OiP, 




147. If, in particular, we take as origin of the moving axes 
the instantaneous center C and as axis Oi3:i the common 
tangent of the centrodes (Fig. 40), the acceleration J of C 




is normal to this tangent (Art. 135), and as CP is the normal 
to the path of P (Art. 133), the normal and tangential com- 
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ponents of the acceleration of P are: 

J..»"r-J&, i,-<ir + ja, (7) 

where r = CP. Hence the loci of the points having only 
tangential and only normal acceleration aie the circles: 

'^''{x{' + Vi^) - hi = 0, wfe^ + J/i') + Ja:i = 0. (8) 

Finally, it can be ahowii that the acceleration of the instan- 
taneous center C is 

j — WW, 

where w is the velocity with which the instantaneous center 

travels along the centrodes (Art. 135). For, just as in Art. 

135, we find by differentiating the equation (9) of Art. 133 

and putting Xo = Q, ya = that the components of w 

along the fixed axes arc 

■ijo ^ Xa 
X = ---, y = -. 



The acceleration of C is therefore 

] = -Vxo^ + y>? = 01 4P + ^^ = CM). (9) 

148. Exercises. 

( i ) A wheel of radius a rolls on a straight track ; find the center of 
acceleration : (a) when the velocity v of the axis of the wheel is constant ; 
(6) when the axis is uniformly accelerated, as when the wheel rolls 
down an inclined plane. 

(2) Find the locus of the points of equal tangential acceleration. 

(3) Show that the components, along the axes Cxi, Cyi of Fig. 40, 
of the acceleration of any pomt are jj = — w'li — iiyi,js = — loVi + Mi + 
;■; and hence the co-ordinates of I are — uj7(u' + i^), i^jliw' + li"). 
Verify that these co-ordinates satisfy the equations (8) ; this shows that 
the center of acceleration is the intersection (different from C) of the 
circles (8). 
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(4) Show that the resultant of j and »r m Fig. 40 ia an acceleration 
ut', perpendicular to ?■' = HP, -whcTeH, the cenlero^ angular acceleralion, 
13 the intersection of tlie circle of no tangential acceleration (second ot 
the equations (8)) witt the common tangent of the centrodes at C; it 
lies at the distance CH = j/ui from C. It follows that the acceleration 
of any point P can be resolved into two components, ofr along PC 
and wt' normal to HP = r'. 

(5) The flrat of the circles (8) is called the cirde of infieciiona; why? 

(6) Show that the diameter of the circle of inflections is the recip- 
rocal of the difference of the curvatures of the centrodes at their point 
of contact. 

(7) Determine the locus of the points whose acceleration at any 
instant ia parallel: (a) to the common normal, (6) to tie common tan- 
gent, of the centrodea. 






iy> a«.'/!^ 
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CHAPTER VI. 
RELATIVE MOTION. 

149. In studying the motion of a point P relatively to a 
rigid body of reference B which is itself in motion we use, 
just as in Art. 124, two rectangular trihedrals, one Oxyz 
fixed in space, the other OiXiijiZi fixed in the body B and 
moving with it. The absolute co-ordinates x, y, z of P are 
connected with its relative co-ordinates Xi, yi, Zi by the 
relations (1), Art. 125; but now not only the absolute co- 
ordinates X, y, z but also the relative co-ordinates a^i, yi, Si 
of P are functions of the time. 

Hence, differentiating the equations (1), Art. 125, we find 
for the components, along the fixed axes, of the absolute velocity 
,ofP: 

X = Xa + diXi + daJ/i + daSi + fliii + a^yi + naii, 

y ^ yo + biXi + hyi + biZ, + b,xi + hy^ + 63^1, (1) 

2 = 2o + CiXi + ciyi + c^x -H CiXi -I- csyi -H cji,. 

If the point P were rigidly connected with the body B 
the last three terms would be zero; hence the first four terms 
represent the components along the fixed axes of the so-called 
body^elodty vi,, i- e. the velocity of that point of the rigid 
body with which the point P happens to coincide at the 
instant considered. This also follows from the equations 
{3) of Art. 126. 

Aa xi, ^1, ii are the components along the moving axes of 
the relative velocity Vr of P with respect to B, the last three 
terms of (1) are the components along the fixed axes of this 



y Google 



118 KINEMATICS (150. 

same velocity Vr (comp. tlie scheme of direction cosines in 
Art. 124). 

Thus the equations (1) are merely the analytical expression 
of the vector equation 

i. e. the absolute velocity v of a point P is the geometric sum, 
or resultant, of the body^elocity vi, and the relative velocity Vr', 
comp. Art. 38. 

150. Differentiating the equations (1) again with respect 
to t we find the components, along the fixed axes, of the absolute 
acceleration j of P. 
« = xo + d,x, + a-^i + d^i + 2((ti*i + da^i + d^,) 

+ aiXi -\- Oa^i 4- 03S,, 
y = yo + bixi + kyi + hzj + 2{hi±i + hyi + iy^i) m) 

+ 61*1 + 62^1 + h^,, 
z = z„ + cixi + %i + t'sSi + 2(ci*i + ca^i + hii) 

+ CiAi + C2!/i + CsSi- 

The first four terms on the right represent, by (1), Art. 138, 
what we may call for the sake of brevity the body-acceleration 
jb, i. e. the acceleration of that point of the body of reference 
B with which the point P happens to coincide at the instant 
considered. The last three terms are the components along 
the fixed axes of the relative acceleration jV of P whose com- 
ponents aloi^ the moving axes are *i, gi, Si, i. e. of the 
acceleration of P relatively to the moving body B. 

To interpret the middle terms, those with the factor 2, 
observe that by comparing Arts. 119 and 127 it appears that 
the velocity v of any point P of a rigid body with a fixed 
point 0, which is a vector of length v = u>r sm<p, perpendicular 
to the rotor w and the radius vector r = OP, has along the 
fixed axes the components 
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diXi + Oi^yi + CjJi, hiXi + hyi + b^i, c,xi + cjj/i + Cs^i- 
The vector that we wish to interpret haa along the fixed 
axes the components 
di-2xi + 02-2^1 + d3-2z,, b,-2xi + ih-2y, + 6a-2i,, 

Ci-2xi + C2-2yi + C)-2zi; 
it differs from tlie preceding vector merely in having Xi, yi, Zj 
replaced by 2*1, 2yi, 2zi. It represents therefore a vector 
of length Q>-2vr siii(w, j^r), at right angles to the rotor co and 
the relative velocity v,{ti, Ji, ii), drawn in a sense such 
that u, Vr, and this vector form a right-handed set. More 
briefly wo may say (Art. 119) that this acceleration Jc, which 
is called variously compound centripetal, complementary, or 
acceleration of Coriolis, is twice the eross-product of the 
angular velocity w of the body B and the relative velocity 
Vr of P: 

jc = 2cc X Vr. 

Thus, the absolute acceleration j of a point P whose motion 
is referred to a moving body of reference B, is the geometric 
mm of three acceleraiions, the body-acceUration ji,, the com- 
plementary acceleration jc, and the relative acceleration >; 

(3) j=j,+jc+jr. 

Tliis proposition is known as the theorem of Coriolis. Appli- 
cations will b(i given in Chap. XIX. 
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CHAPTER VII. 
MASS; DENSITY. 

ISl. Physica] bodies are distii^uished from geometrical 
configurations by the property of possessing mass; and the 
way in which this property affects their motions is studied 
in that part of mechanics which is called dynamics. 

We may think of the mass, or quantity of matter, in a 
physical body as a certain indestructible content in the 
portion of space occupied by the body. By the methods of 
weighing explained in physics we can compare theBe con- 
tents of different bodies; and, taking the mass content of 
some particular body as the standard unit we can express 
the mass of every body by a single real number. We here 
confine ourselves to so-called gravitational masses; the num- 
ber that expresses such a mass is always positive, and it 
remains constant in whatever way the body may move. 

The student must be warned not to confound mass with 
weight. The weight of a body, as we shall see later, is the 
force with which the body is attracted by the earth; it varies, 
therefore, with the distance of the body from the earth's 
center, and would vanish completely if the earth were sud- 
denly annihilated; while the indestrticiibility of mass is the 
first fundamental principle of chemistry and physics. 

The modern developments in the theory of electricity 
may, and probably will, lead to a better understanding of 
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the intimate nature of mass or matter. But this would 
hardly affect ordinary mechanics which wUl always retain 
a wide range of applicabihty. 

152. The unit of mass in the C.G.S. system (Art. 6) is 
the gram, in the F.P.S. system the pound. The American 
pound is defined (by act of Congress, 1866) as -^.-^xits of a 
kilogram; 

1 !b. = 453.597 gm., 
1 gm. = 0.002 204 6 lb. 

The three units of space, time, and mass are called the 
fundamental units of mechanics, because with the aid of these 
three, the units of all other quantities occurring in mechanics 
can be expressed. Thus we have seen how the units of 
velocity and acceleration are based on those of space and 
time, and we shall have many more illustrations in what 
follows. Any unit that can be expressed mathematically 
by means of one or more of the fundamental units is called 
a derived unit. 

153-. A continuous mass of one, two, or three dimensions 
is said to be homogeneous if the masses contained in any two 
equal lengths, areas, or volumes (as the case may be) are 
equal. The mass is then said to be distributed uniformly. 
In all other eases the mass is said to be heterogeneous. 

The whole mass M of a homogeneous body divided by 
the space V it fills is called the density of the mass or body; 
denoting density by p we have therefore 

M 



for homoffeneouB bodies. It follows from the definition of 
homogeneity that the density of a homogeneous mass can 
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also be found by dividing any portion AM of the wliolu mass 
M by the space Al^ occupied by AM. 

In a heterogeneous body, the quotient AM/AV is called 
the average, or mean, density of the portion AM. The limit 
of this average density as the space AV approaches zero 
while always containing a certain point P is called ike density 
oj the mass M at the point P: 

,. AM dM 



154 The umt of de isUy is the deosity of a aubitanee such that 
the unit of volume containb the unit of ma. '; If the units of volume 
and mass are selected arbitririlj there nee I not of course nece'jsarilj 
exist anj phjsw.^1 aubntance having unit dcositj exirtly Thus in 
the F P S ivstem unit density is the denaitj of an ideal substanre 
one pound of which would just fill a cubic foot As a cubic foot of 
water has a maas of about 62J^ pounds oi 1000 ounces the denaitj 
of witer IS about 62^2 tunes the unit densitj 

The apectfic density or specific gravity of % Rubstince is the ratio 
of its density to that of witer it 4 C Let pie the densitj p the 
specific density M the mass t the \ iiwae I i hon >gei eoui ii as. 
then in British units 

M = pi- = 62 5o 1 

In the C G "^ Bvatem the unit of mass has been so selected is to 
make the dens ty ot water equal to 1 ^ery netrly in othei words 
the ur it miM (1 gram) of water at the ten pcratuie of 4° C fills 
one cubic centimeter 

In the meinc -i^stem then there is no difference botn een density 
and specifi density or specific gravity 

155. We speak in mechanics not only of three-dimensional 
materiai bodies, or volume masses, but also of material 
surfaces, or surface masses, and of material lines, or linear 
masses, one or two of the spatial dimensions being made to 
approach zero while the mass content remains finite. Thus, 
in a surface mass, sometimes called a shell, lamina, or mem- 
brane, a finite ma^ content is assigned to every finite portion 
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of a surface; in a lineai mass, often designated as a rod, wire, 
or ciiain, a finite mass content is assigned to every finite arc 
of a curve. 

If da- is the area element of the surface a, ds the length 
element of the curve s, the surface density p and the linear 
density p" are defined (comp. Art. 153) by 
, dM „ dM 



156. Finally, letting all three dimensions of a physical 
body approEich zero, while the mass content may remain 
finite, we arrive at the idea of the mass-point, or particle, viz. 
a geometrical point to which a definite mass is assigned. 

As a finite physical mass is always thought of as occupying 
a finite spsice, the particle, or geometrical point endowed 
with a finite mass, is a pure abstraction. The importance 
of this conception lies not so much in its relation to the idea 
that physical matter is ultimately an f^gregation of such 
points or centers possessing mass (molecules, atoms), but in 
the fact that for certain purposes (viz. as far as translation 
only is concerned) the motion of a physical solid is fully 
determined by the motion of a certain point in it, called the 
cent^ of mass or centroid, the whole mass of the body being 
i as concentrated at this point. 
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CHAPTER VIII. 
MOMENTS ANB CENTERS OF MASS. 

157. The product of a mass m, concentrated at a point P, 
into the distance of the point P from any given point, line, 
or plane is called the moment of this mass with respect to the 
point, line, or plane. 

Thus, denoting by r, q, p the distance of the point P from 
the point 0, the line I, and the plane tt, respectively, we have 
for the moments of m with respect to 0, I, x the expressions 
mr, mq, mp. 

158. Let a system of n points, or particles, Pi, Pa, ■ ■ - P„ 
be ^ven; let mi, m^, ■ ■ ■ m„ be their masses, and pi, p-., ■ - ■ p„ 
their distances from a given plane jr. Then we call moment 
of the system with respect to the plane t the algebraic sum 

miVi + ^n^Vi + ■ ■ ■ + in„pn = Smp, 
the distances pi, Pi, ■ ■ ■ pn being taken with the same sign or 
opposite signs according as they lie on the same side or on 
opposite sides of the plane x. 

It is always possible to determine one and only one distance 
p such that Zmp = Mf, where M — 2m = mi + ma + • • • 
+ m^ is the total mass of the system. If this distance p 
should happen to be equal to zero, the moment of the system 
would evidently vanish with respect to the plane x. 

159. Let us now refer the points P to a rectangular set of 
axes and let x, y, z be their co-ordinates. Then we have for 
the moments of the system with respect to the co-ordinate 
planes ;/^, tx, xy, respectively: 
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miXi + ma^Ca + ■ ■ ■ + mnX„ = 2mx = Mx, 
miVi + mays + ■ ■ " + m^.V'^ = 2my = My, 
m\Zi + m^ + ■ ■ • + wi„2„ = Sma = Mz. 

The point G whose co-ordinates are 

_ _ "Lmx _ _ ^my _ _ Xmz 
X - -jf, y - j^, z- j^ 

is called the center of mass, or the .centroid, of the system. 
The cenJroid is, therefore, defined as a point such that if 
the whole mass M of the system be concentrated at this point, its 
momerd with respect to any one of the co-ordinate planes is equal 
to the moment of the system. 

160, It is easy to see that this holds not only for the co- 
ordinate planes but for any plane whatever. Let 

ctx -{- 0y -\- yz — po =" Q 

be the equation of any plane in the nonnal form; p, p^. 
Pi, ■ ■ ■ pn, the distances of the points G, Pi, P^, ■ ■ ■ P„ from 
this plane. Then we wish to prove that 2mp = Mp. 

Now 
p — ax + ^ -i- yz — po, pi — f*^! + ^!/i + 7^1 — Po, ■ ■ ■ ', 
hence 

2mp — aZmx -\- 0Smy + yXmz — poSm 
= M(aX + 0y + yz — pa) = Mp. 

The centroid can therefore be defined as a point such that its 
moment with resped to any plane is equal to that of the whole 
system, xoiih respect to the same plane. 

It follows that the moment of the system vanishes for any 
plane passing through the c&ntroid. 

161. In the case of a continuous mass, whether it be of 
one, two, or three dimensions, the same reasoning will apply 
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if we imagine the mass dividpJ up into elementh dM of one, 
two, or three infinitesimal dimensions, respectively. The 
summations indieated al)ove by S will then become Integra^ 
tions, so that the centroid of a continuou's mass has the 
co-ordinates 

fxdM CydM i'zdM 

^ JdM' y JdM' ^ JdM- ^^^ 

According as the mass is of one, two, or three dimensions, 
a single, double, or triple integration over the whole mass will 
in general be required for the determination of the moments 
JxdM, CydM, fzdM of the mass with respect to the co- 
ordinate planes, as well as of the total mass CdM = M. 

Thus, for a mass distributed along a line or a curve we 
have, if ds be the line-element, 

dM = p"ds, 

whore p" is the H-near denfdty (Art. 155); for a mass dis- 
tributed over a surface-area we have, with da as a surface- 
element, 

dM = p'd(j, 

where p' is the surface (or areal) density; finally, for a mass 
distributed throughout a volume whose element is dr, 

dM = pdT, 
where p is the volume density. 

If the mass be distributed along a straight line, the centroid 
lies of course on this line, and one co-ordinate is sufficient to 
determine the position of the centroid. In the case of a 
plane area, the centroid lies in the plane and two co-ordinates 
determine its position; we then speak of moments with re- 
spect to lines, instead of planes. 
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162. If the mass be homogeneous (Art. 153), i. e. if the density 
p be constant, it will be noticed that p cancek from the numerator 
and denominator in the equations (2), and does not enter into the 
problem. Inistcad of speaking of a center of mass, we may then speak 
of a center of arc, of area, of volume. The term cenlroid is, however, 
to be preferred to center, the latter term having a recognized geometrical 
meaning different from that of the former. 

The geometrical center of a curve or surface is a point such, that any 
chord through it ia bisected by the point; there are but few curves 
and surfaces possessing a center. 

The centroid (Art. 160) is a point such that, for any plane paBsing 
through it, the moment of the system is equal to aero. Such a point 
exists for every mass, volume, area, or arc. The centroid coincides, 
of course, with the center, when such a center exists and the distri- 
bution of mass is uniform. 

163. As soon as p ia given either as a constant or as a function 
of the co-ordinat«s, the problem of determining the centroid of a con- 
tinuous mass is merely a problem in integration. To simplify the 
integrations, it is of importance to select the element in a convenient 
way conformably to the nature of the particular problem. 

Considerations of symmetry and other geometrical properties will 
frequently make it possible to determine the centroid without resorting 
lo integration. Thus, in a homf^eneous mass, any plane of symmetry, 
or any axis of symmetry, must contain the eentioid, ance tor such 
a plane or line the sum of the moments is evidently zero. 

It is to be observed that the whole diseusaon is entirely inde- 
pendent of the physical nature of the masses m which appear here 
simply as numerical coefficients, or "weights," attached to the points. 
Some of the masses might even be negative provided the total mass is 

It will be shown later that the cerder of graviiy, as well as the center 
of inertia, of a body coincides with its centroid. 

164. In determining the centroid of a given system it will 
often be found convenient to break the system up into a num- 
ber of partial systems whose centroids are either known or 
can be found more readily. The moment of the whole system 
is obviously equal to the sum of the moments of the partial 
systems. 
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Thus let the given mass M be divided into k partial masses 

ilf 1, ■ ■ ■ Af* so that K = Ml + ■ • • + M,; let G, Gi, ■ ■ ■ G* 

be the centroids of M, Mi, ■ ■ ■ M^ and p, ^i, ■ ■ ■ fk their 

distances from some fixed plane. Then we have 

Mp = Mi'pi + ■ ■ - + Mkpk. 

165. The particular ease of two partial systems occurs most 
frequently. We then have with reference to any plane 

Mp = Mipi + Mip2> M = Mi-\- Mi. 
Letting the plane coincide successively with each of the 
three co-ordinate planes it will be seen that G must lie on 
the line joining Gi, Gj. Now taking the plane at right angles 
to GiGa through Gi we have 

M-GiG = Ma-GA; 
similarly for a plane through Gi 

M-GG^ = MvGiG^; 
whence 

GiG ^Gft ^GA 
M^ Ml M ' 

i. e. iJie cenlrmd of the whole system divides the distance of the 
centroids of the two partial systems in the inverse ratio of 
their masses. 

166, Exercises. 

(1) Show that the centroid of two particles mji, mje divides their 
distance in the inverse ratio of the masses by taking moments about 
the centroid. 

Find the centroid: 

(2) Of three masses 5, 7, 23 on a line, the mass 7 lying midway 
between 5 and 23. 

(3) Of earth and moon, the moon's mass being 1/80 of that of the 
earth and the distance of their centers 240,000 miles. 

(4) Of three equal particles. 
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(5) Of a, circular arc, radius r, angle af. center 2^; in particular, of 
a eemicircle. 

(6) Of the arc o! a parabola, y^ = 4ax, from vertex to end of iatus 
rectum. 

(7) Of one arch of the cycloid x = a(_e - sinfl), y = a(_l - cos9). 

(8) Of half the cardioid r = a(l + cosfl). 

(9) Of an arc of the common helix a: = r cosfl, y = r siaO, z = Art, 
from ff = to 9 = fl. 

(10) Of a circular arc AB, of angle AOB — a, whose density varies 
as the length of the arc measm^ from A 

(il) Show that the centroid of a triangular area is the intersection 
of the medians. 

(12) From a square ABCD of side a one comer EAF is cut ofi so 
that AE = fa, AF = Jo; find the centroid of the remaining area. 

(13) An isosceles right-angled triangle of sides a being cut out of 
the area of its circumscribed circle, find the centroid of the remaining 

(14) Find the centroid of the surface area of a sphere between two 
parallel planes, by observing that this area is equal to the surface area 
of the circumscribed cylinder perpendicular to these planes. 

(15) Show that tor an area o, bounded by a curve y = f(x), the 
axis Ox and two onlinates, we have 



•x^ f^' xydx, g.y = lj^^ y'dx; 



and hence find the centroid: (o) of the area bounded by the parabola 
^ = iaa, the axis Ox and an ordinate; (6) of the area between the 
curve y = svax from 3; = to a; = ir and the axis Ox; (c) of a quadrant 
of an ellipse; (d) of the segment cut oft from an ellipse by the chord 
joining the extremities of the axes. 

(16) Show that for the area a, bounded by a curve r = /(9) and two 
of its radii vectorcs, we have 



r = J J %' coM9, "-y "= I jg' 



(17) Find the centroid of the sector of a circle, radius r, angle at 
center 2a. 

(18) A bowl in the form of a hemisphere is closed by a circular lid 
of a material whose density is three times that of the bowl. Find the 
centroid. 

10 
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(19) The eiasoid (2a — x)y^ = x' oan be represented by the equa- 
tions X = 2a ein'e, y - 2a sm?8li:oeS, where B is the polar angle, 2a 
the distance from cusp to asymptote. Show that the centroid of the 
area between the curve and its asymptote divides the distance between 
cusp and asymptote in the ratio 5:1. 

(20) The centroid of a rectilinear segment of length I whose linear 
density is proportional to the nth power of the distance from one end 
is at the distance (n + l)ll(n + 2) from that end. Hence show that- 
(o) the centroid of a triangular area lies on the median at ^ the distance 
from the vertex to the base; (b) the centroid of the surface area of a 
cone or pyramid lies on the line joining the vertex to the centroid of the 
base, at % the distance from the vertex to the base; (c) the centroid 
of the volume of a cone or pyramid Ues on the same line, at J^ the 
distance from the vertex to the base. 

(21) Poraaolid of revolution, generated by the revolution of the curve 
y = f(^) about the axis of x and bounded by planes perpendicular t<i 
the axis Ox, show that the centroids of the curved surface area o and 
of the volume i are given, by: 

iT-io = 2nJ'''xy v^ 1 + ;/'= dx, t-x, = n j ' xj/'dx. 

(22) Find the centroid of the segmont of a sphere between two 
parallel planes; and hence (a) that of a segment of height A, cut off by 
a plane; (b) that of a Hemisphere; (c) that of a spherical sector of ver- 
tical angle 2a. 

(23) Find the centroid of the paraboloid of revolution of hdght h, 
generated by the revolution of the parabola y' = 4aa; about its axis. 

(24) The area bounded by the parabola ifi = iax, the axis of x, and 
the ordinate y = yi revolves about the tangent at the vertex. Find the 
centroid of the solid of revolution so generated. 

(25) The same ajrea as in Ex. (6) revolves about the ordinate ^i. 
'Fva.A the centroid. 

(26) Knd the centroid of an octant of an ellipsoid 

xha' + y-iy + ^lc' = l. 

(27) The equations ot the common cycloid referred to a cusp as 
origin and the ba«e a^ axia of x \Te x = a(0 — sinS), y = a(l — cosfl). 
Find the centroid (t1 of the art of the semi-cycloid (i. e. from cusp 
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to vertex); (!>) of the plane area included between the semi-cycloid and 
the base; (c) of the surfa^ie generated by the revolution of the semi- 
cycloid about the base; (rf) of the volume generated in the same nase. 
(28) Find the centroid of a solid heroKphere whose density varies 
iiH the nth power of the diatan^e from the center. 
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CHAPTER IX. 
MOMENTUM ; FORCE ; ENERGY. 

167. Let us consider a point moving with constant accelera- 
tion from rest m a strtugtit line. We know from Kinematics 
(Art. 16) that its motion is determined by the eouations 

V = jt, s = Ijfi, ^^ = js, (1) 

where s is the distance passed over in the time t, v the velocity, 
and j the acceleration, at the time t. 

If, now, for the single point we substitute an m-tuple point, 
i. e. if we endow our point with the mass m, and thus make it 
a particle (see Art. 156), the equations (1) must be multiplied 
by m, and we obtain 

mv = mjt, ms = ■k'^ji^, hnv^ = mjs. (2) 

The quantities nw, mj, hnv^ occurring in these equations 
have received special names because they correspond to 
certain physical conceptions of great importance. 

168. The product mv of the mass m of a particle into its veloc- 
ity V is called the momentum, or the quantity of motion, of the 
particle. 

In observing the behavior of a physical body in motion, we notice 
that the effect it produces — for instance, when impinging on another 
body, or more generally, whenever its velocity is changed — depends 
not only on its velocity, but also on its mass. Familiar examples are 
the following: a loaded raihoad car is not so easily stopped as an empty 
one; the destructive effect of a cannon-ball depends both on its velocity 
and on its mass; the larger a Sy-wheel, the more difficult is it to give it 
a certain velocity; etc. 

It is from experiences ot this kind that the physical idea of mass is 
derived. 
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The fact tJiat any change of motioa in a physical body is affected by 
its mass is sometimes ascribed to the so-called "inerlia," or "force of 
inertia," of matter, which means, however, nothing else but the property 

16P. Momentum, being by definition (Art. 168) the product of 
mass and velocity, has tor its dhnensuma (Art. 6), 
MY = MLT-\ 

The unit of momentum is the momentum of the unit of mass having 
the unit of velocity. Thus in the C.G.S. system the unit of momentum 
is the momentum of a particle of 1 gram moving with a velocity of 1 
cm. per second. In the F.P.S. system, the unit is the momentum of a 
particle of 1 pound mass moving with a velocity ot 1 ft. per second. 

To find the relations between these two units, let there be x C.G.S. 
units in the F.P.S. unit; then 

gm. cm. ^ J lb. ft. . 

hence 

lb. ft. 



i. e. 1 F.P.S. unit of momentum = 13,825.7 C.G.S. units, and 1 C,G,8. 
unit = 0.00007233 F-P-S. units. 

170. Eiercisea. 

(1) What is the momentum of a cajinon-ball weighing 200 Iba, when 
moving with a velocity of 1500 ft. per second? 

(2) With what velocity must a railroad-truck weighing 3 tons move 
to have the same momentum as the cannon-ball in Es. (1)? 

(3) Determine the momentum of a one-ton ram aitet falling through 
4 feet. 

171. The product mj of the mass m of a particle into its 
acceleration j is calliid force. Denoting it by F, we may 
write our equations (2) in the form 



= Ft, s = i — (^ ^mv^ = Fs. (3) 
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As kiiiK js the velocity of a particle of constant mass 
remains constant, it« momentum remains unchanged. If the 
velocity changes unifoimly from the value v at the time ( 
to v' at the time (', the corresponding change of momentum is 

mv' — mv = mjt' — mjt — F{t' — t); (4) 

hence 

Hero the acceleration, and hence the force, was assumed 
constant. If F lie variable, we have in the limit as (' — i 
approaches zero: 

„ d(mv) dv .„. 



Instead of defining force as the product of mass and 
acceleration, we may therefore define it as the rate of change 
of momentum with the time. 

172. Integrating equation (6), we find 

f^'' FiM = mv' - mv. (7) 

The product F{t' — I) of a constant force into the time t' — t 
during which it acts, and in the case of a variable force, the 
tim&4ntegral J Fdt, is called the impulse of the force during 
this time. 

It appears from the equations (4) and (7) that the impulse 
of a force during a given time is equal to the change of momentum 
during thai time. 

173. The idea of force is no doubt pnmanh derived from the eensa- 
tjon produced in a person by the exertion of his "muscular force." 
Like the sensations of light, sound, heat etc the sensation of exerting 
force is capable, in a rough way, of me^urement But the physiolo^cal 
and psycho!<^cal phenomena attending the e^tertion of muscular force 
wlien analysed more rarcfully are very complicated. 
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In popular language the term "force" is applied in a great variety 
of meanings. For scientific purposes it is of course necessary to attach 
a single definite meaning to it. 

It is customary in physics to speak of force as producing or generating 
velaeity, and to define force as the cause 0/ acceleraiion. , Thus obser- 
vation shows that the velocity of a falling body increases during the 
fall; the cause of the observed change in the velocity, i. e. of the ac- 
celeration, is called the force of attraction, and is supposed to be exerted 
by the earth. Again, a body falling in the air, or in some other medium, 
is observed to increase its velocity less rapidly than a body fallii^ 
m vacua; a force of resistance is therefore ascribed to the medium as the 
cause of this change. In a similar way we speak of the expansive force 
of steam, of electric and magnetic forces, etc., because it is convenient 
to think of such agencies as producing changes of velocity. 

Now, any change in the velocity w of a body of given mass m implies 
a chaise in its momentum wx; and it is this change of momentum, or 
rather the rate at which the momentum changes with the time, which 
is of prime importance in all the applications of mechanics. It is there- 
fore convenient to have a special name for this rate of change of mo- 
mentum, and that is what is called /ores in mechanics. 

Thus; in using this term "force," it is not intended to assert any- 
thing as to the objective reality or actual nature of force and matter in 
the popular acceptation of these terms. With the ultimate causes 
science has notliing to do; it can observe only the phenomena them- 
selves. 

174. The definition of force (Art. 171) as the product of mass and 
acceleration gives tlie dimensions of force as 

F ^ MJ = MLT-\ 

The unit of force is therefore the force of a particle of unit mass 
moving with unit acceleration. 

Hence, in the C.G.S. system, it is the force of a particle of 1 gram 
moving with an acceleration of 1 cm. /sec,'. This unit force is called 

The definition is sometimes expressed in a slightly different form. 
We may say the dyne is the force which, acting on a gram uniformly 
for one second, would generate in it a velocity of 1 cm. /sec.; or would 
give it the C.G.S. unit of acceleration; or it is the force which, acting 
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on any mass uniformly for one second, would produce in it the C.G.S. 
unit of momentum. 

That these various statements mean tlie same thing foUowe from 
the fundamental forraulas F = mj, v ■^ jl, if F, m, t, t', j be expressed 
in C.G.S. units. 

In the F.P.S. system, the unit of force is the force of a maaa of 
1 lb. moving with an acceleration ot 1 [t./sec.>. It is called the poundal. 

175. To find the rplation between these two units, let x be the 
number of dynes in the pouniial; then we have 

gm, cm. ^ lb. ft , 

hence, juat as in Art. 169, x = 13,825.7; i. e. 1 poundal = 13,82.5.7 
dynes, and 1 dyne = 0.000 072 33 poundals. 

176. Another system of measuring force, the so-called gravitation 
(or engineering) system, is in very common use, and must be explained 

Among the forces of nature the most common is the force of gravity, 
or the Tvetghi, i. e. the force with which any physical body is attracted 
by the earth. As we have convenient and accurate appliances for 
comparing the weights ot different bodies at the same place, the idea 
su^este itself of selecting as unit force the weight of a certain standard 

In the metric gravitation system the weight of a kilogram has been 
selected as unit force; in the British gravitation system the weight 
of a pound is the unit force. 

177. The system in which the units of time, length, and mass are 
taken as fundamental, while the unit of force ( — mass times accelera- 
tion) is regarded as a derived unit (Art. 175), is called the absolute or 
acieniific system, to distinguish it from the gravitation system (Art. 
176) in which the units of time, length, and force are taken as funda^ 
mental, while the unit of mass (= force divided by acceleration) is a 
derived unit. 

As the weight of a body varies from place to place with the variation 
of the acceleration of gravity g, the unit of force as defined in Art. 176 
would not be constant. This difficulty can be avoided by defining the 
unit of force as the weight ot a kilogram or pound at some definite place, 
say at London, or in latitude 45° at sea level. With this modification, 
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the gravitation system deaerivea the name ot an absolute system as much 
as does the syat«m in which mass is the third fundamental unit. 

The general equations of mechanics are of course independent of 
the system of measurement adopted; they hold as well in the gravita- 
tion as in the scientific or absolute system. In the present work the 
language ot the latter system is generally used in the text (not alwa3^ 
in the exercises). This system, Mnce its introduction by Gauss and 
Weber, has found general acceptance in scientific work. 

In statics where we are mainly concerned with the ratios of forces 
and not with their absolute values it rarely makes any difference 
which system is used provided all forces are expressed in the same 
unit. And as elementary statics deals largely with the effects of gravity, 
the gravitation system is often used in. statical problems. 

178, The numerical relation between the scientific and gravitation 
•s of force is expressed by the equations 



1 kilogram (force) = 1000 g dynes, 
1 pound (force) = g poundals, 

where g is about 981 in metric units, and about 32.2 in British units. 
In most cases the more convenient values 980 and 32 may be used. 

179. Exercises. 

(1) What is the exact moaning of "a force of 10 Ions"? Express 
this force in poundals and in dynes. 

(2) Reduce 2,000,000 dynes to British gravitation measure. 

(3) Express a pressure of 2 lbs. per square inch in kilograms per 
square centimeter. 

(4) Show that a poundal is very nearly half an ounce, and a dyne 
a little over a milligram, in gravitation measure. 

180. The quaniity ^rrw^, i. e. half the product of the mass of 
a ■particle into the square of its velocity, is called the kinetic 
energy of the particle. 

Let us consider again a particle of constant mass m moving 
with a constant acceleration, and hence with a constant 
force; let jibe the velocity, s the space described, at the timet; 
v', s' the corresponding values at the time ('. Then the last 



y Google 



138 



STATICS 



[182. 



of the three fundamental equations (sec Arts. 167 and 171) 
gives 

hence 

(8) 



pnv ' 



-^mv^ = Fis' -s); 



(8) 



If F be variable, we have in the hmit 



ds' 



(10) 



Force can therefore be defined as the rate at which the 
kinetic energy changes with the space. (Compare the end of 
Art. 171.) 

181. Integrating the last equation (10), we find 



£'Fd3 = ^v'- 



- jmy*. 



(11) 



The product F(s' -- s) of a constant force F into the space 
s' — s described in the direction of the force, and in the case 
of a variable force, the space-integral J] Fds, is called the 
work of the force for this space. 

The equations (8) and (11) show that the work of a force is 
equal to the corresponding change of the kinetic energy. 

We have here assumed that the force acts in the direction 
of motion of the particle. A more general deiinition of work 
including the above as a special case will be given later (Art. 
261). 

The ideas of energy and work have attained the highest 
importance in mechanics and mathematical physics within 
comparatively recent times. Their full discussion belongs 
to Kinetics (see Part III). 

182. According to their definitions, both momentum (Art. 
168) and force (Art. 171) may be regarded mathematically 
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as mere numerical multiples of velocity and acceleration) 
respectively. They are therefore so-called vector-quantities; 
i. e. a momentum as well as a force can be represented geo- 
metrically by a segment of a strmght line of definite length, 
direction, and sense. Moreover, as they are referred to a 
particular point, viz., to the point whose mass is m, the Une 
representir^ a momentum or a force must be drawn through 
this point; the line has therefore not only direction, but also 
position; i. e. a momenium as weU as a force is represented 
geometrically by a rotor (compare Art. 115), 

It follows that concurrent forces, for instance, can be com- 
pounded by geometrical addition, as will be explained more 
fully in Chapter X. 

On the other hand, kinetic energy and work are not vector- 
quantities. 

183. The ideas of momentum, force, energy, work, with the funda- 
mental equations connecting them, as given in the preceding articles, 
form, the groundwork of the whole science of theoretical dynamics. 
The application of this science to the interpretation of natural phenom- 
ena gives results in close agreement with observation and experiment. 
It is therefore important to inquire what are the physical assumptions 
and experimental data on which this application of dynamics is based. 

These assumptions were formulated with remarkable cleameaa by 
Sir Isaac Newton m his PkUosopkite nafuralis prindpia mathmnaika, 
first published in 1687, and have since been known as Newton's laws 
of motion. As these three axiomata sive hges »m(us, as Newton terms 
them, are very often referred to and, at least by English writers on 
dynamics, are usually laid down as the foundation of the science, they 
are given here in a literal translation ; 

I. Every body perasts in its state of rest or of uniform motion along 
a straight line, except in so far as it is compelled by unpressed (i. e, 
external) forces to change that state. 

II. Change of motion is proportional to the impressed moving force 
and takes place along the straight line in which that force acts. 
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III. To every action there is an equal and contrary r 
the mutual actions of two bodies on one another are always equal and 
directed in contrary senses. 

184. Some explanation is necessary to understand correctly tte 
meaning of these laws. Indeed, Newton's laws should not be studied 
by themselves; they become intelligible only if taken in connection 
with the definitions preceding them in the Pnneipia, and with the ex- 
planations and corollaries that Newton himself has appended to them. 

The word ''body" must be taken to mean particle; the word "mo- 
tion" in the second law means what is now called momentum. 

All three laws imply the idea of force as the cause of any change of 
momentum in a particle. 

185. With this definition of force the first law, at least in the ordi- 
nary form of statement, for a angle particle, merely states that where 
there is no cause there is no effect. While this law may appear super- 
fluous to us, it was not so in the time of Newton. Kepler and Galileo, 
less than a century before Newton, were the first to insist more or less 
clearly on this so-called law of inertia, viz. that there is no intrinsic 
power or tendency in movii^ matter to come to rest or to change its 
motion in any way. 

186. The second law gives as the measure of a constant force the 
amount of momentum generated in a given time (see Art. 171); it 
can be called the law of force. If force be defined as the cause of any 
change of momentum, the second law follows naturally by assuming, as 
is uBuaEy done, that the effect is proportional to the cause. 

The first two laws may thus be regarded from the mathematical 
point of view as nothing but a definition of force; but they are certainly 
meant to empha^e the ph}%ical fact that the assumed definition of 
force b not arbitrary, but based on the characteristics of motion as 
observed in nature. 

In the corollaries to his laws Newton tries to show how the compo- 
sition and resolution of forces by the parallelogram rule follows from 
his definition. In deriving this result he tacitly assumes that the action 
of any force on a particle takes place independently of the action of 
any other forces that may be acting on the particle at the same time, 
a principle that would seem to deserve explicit statement. Some 
writers on mechanics prefer to replace Newton's second law by this 
principle of the independence of the action of forces. 
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187. The third law expresses the physical fact that in nature all 
forces occur in pairs of equal and opposite forces. Two such equal and 
opposite forces in the same line are often said to constitute a Biress. 
Newton's third law has therefore been called the law of stress, 

This law, which was first clearly conceived in Newton's time, involves 
what may be regarded as the second fundamental property of matter 
or mass (the first being its indestructibility); viz. that any two paHicles 
of mailer determine in each other opponlely directed accelerations along 
the line joining them. 
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CHAPTER X. 

STATICS OF THE PARTICLE, 

188. According to the definition of force (Arts. 171, 173), 
a sir^e force F acting on a particle of mass m produces an 
acceleration j such that F = my, i. e. the vector f is m 
times the vector j. 

If two forces Fi, F^ act on the same particle, it is assumed 
(Art. 186) that caeh acts as if the other were not present; 
hence, if ji, jz are the ac- 
celerations which Fi, Fi 
would produce separately, 
i. c. if Fi = mji, Fi = mj';, 
then the combined effect of 
^1 and Fi will be to produce 
an acceleration equal to the 
resultant, or geometric sum. 




Fig. 41. 



3 = h + h' of l^he accelerations j'l, jj; and this resultant ac- 
celeration J can be produced by a single force R — mj (Fig. 
41). 

The combined effect of the two forces F,, F^ acting on the 
same particle m is thus the same as that of that single force 
R which is the resultant, or geometric sum, of F\ and F^. 
The two forces Fi, F2 are said to be equivalent to the single 
force iJ; H is called the resultant of F-y, Ft, which are called 
components of R. 

189. Thus, the resultant R of two forces Fi, Fi acting on 
the same particle is found (Fig. 42) as the diagonal of the 
parallelogram constructed with f ,, F-i as adjacent sides. 
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E = VFTT^'a^ + 2FiFi cose, 

F, _ Jj_ ^ _B_ 
sm(3 sina sinfl ' 

where is the angle between Fi and F^, a that between R 
and f 1, (3 that between R and f.j. 

This proposition is known as the parallelogram of forces. 
It enables us to find the vector R when the vectors F,, Fi 
are given; and conversely, to find Fi, F^ if, in addition to the 




Mg. 42. 



Fig. 43. 



vector R, the directions of Fi, Ft (the angles a, (3) are given. 
The latter operation is called resolving a force along given 
directions. 

To find R when Fi, Fi are given it suffices (instead of con- 
structing the whole parallelogram) to lay off (Fig. 43) 1 2, 
equal to the vector Fi (in magnitude, direction, and sense), 
and 2 3, equal to tlie vector F^; then 1 3 is the resultant R. 
123 is called the triangle of forces. 

190. Let any number n of forces Fi, F^, ■ • ■ F„ be applied 
at the same point 0, i. e. act on the same particle at 0. By 
Art. 189, we can find the resultant Ei of Fi and F^, next the 
resultant ffia of Ri and fa, then the resultant R3 of R2 and 
Fi, and so on. The resultant R of R^-i and F„ is evidently 
equivalent to the whole system Fi, F^, Fi, ■ ■ ■ F„, and is 
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called its resultant. It thus appears that a system consisting 
of any number of forces acting on the same particle is equivalent 
to a single resultant. 

It may of course happen that this resultant is zero. In 
this case the system is said to bo in equilibrium. The con- 
dition of equilibrium of a system of forces ailing on the same 
particle is therefore : 

E = 0. 

The system of forces in this case produces no acceleration; 
notice that equilibrium of the forces does not mean that the 
particle is at rest. Under forces that are in equihbrium the 
particle, if at rest, will remain at rest; if in motion, it will 
continue to move unifonnly in a straight line, 

191. In practice, the process of finding the resultant 
indicated in Art. 190 is inconvenient when the number of 
forces is large. If the forces are given geometrically, as 





FiR. 44. 

vectors, we have only to add tiiese vectors; and this can best 
be done in a separate diagram, called the force polygon. 
Thus, in Fig. 44, 1 2 is drawn equal and parallel to fi, 2 3 
equal and parallel to fa, 3 4 to F^, 4 5 to Ft, 5 6 to F,. The 
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closing line of the force polygon, viz, 1 6 in the figure, is 
equal and parallel to the resultant R, which is therefore 
obtained by drawing through the point of application of the 
forces a line equal and parallel to 1 6, 

The geometrical condition of equilibrium consists in the 
closing of the force polygon, that is, in the coincidence of its 
terminal point 6 with its initial point 1. 

192. Analytically, a system of concurrent forces is reduced 
to its most simple equivalent form, i. e. to its single resultant, 
by resolving each force F into three components X, Y, Z, 
along three rectangular axes passing through the particle, or 
point of application of the given forces. All components 
lying in the direction of the same axis can then be added 
algebraically, and the whole system of forces is found to 
be equivalent to three rectangular forces SX, SF, 2Z, which, 
by the parallelogram law, can be replaced by a single resultant 



R = V(SX)= + (SF)^ + {SZ)=. 
The angles a, fi, y made by this resultant with the axes 



e given by the relations 

COSa 



193. If the forces all lie in the same plai 
are required and we have 



where 6 is the angle between the axis of X and R, 

194. The condition of equihbrium (Art. 190) fi = be- 
comes, by Art. 192, (SX)^ + (SF)« + (SZ)^ = 0. As all 
terms in the left-hand member are positive, their sum can 
vanish only when each term is zero. The analytical conditions 
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of the equilibrium of any number of concurrent forces are 
therefore : 

2X = 0, 2r = 0, XZ = 0. 

195. The forces of nature receive various special names 
accordii^ to the circumstances under which they occur. 
Thus the weight of a mass has already been defined (Art. 
176), as the force with which the mass is attracted by the 
mass of the earth, 

A string carrying a mass at one end and suspended from 
a fixed point, is subjected to a certain tension. This means 
that if the string were cut it would require the apphcation 
of a force along the hne of the string to keep the weight in 
equihbrium. This force, which may thus serve to replace 
the action of the string, is called its tension. 

When the surfaces of two physical bodies A, S are in 
contact, a pressure may exist between them; that is, if one 
of the bodies, say B, be removed, it may require the intro- 
duction of a force to keep A in the same state of rest or 
motion that it had before the removal of B. This force, 
which acts along the common normal of the surfaces at the 
■ point of contact if there is no friction, is called the resistance, 
or reaction, of B, and a force equal and opposite to it is 
called the pressure exerted by A on B. For the case of 
friction see Arts. 237 sq. 

[196. Exercises. 

(1) Show that the resultant of two equal forces F including an angle 
e is 2F cosje. Observe the variation of the resultant aa 8 varies from 
to ir; for what angle B is the resultant equal to f ? 

(2) Show that the resultant of two forces OA, OB ia twice OC, 
where C is the midpoint of A and B. 

(3) Jlnd the magnitude and direction of the resultant of two forees 
of 12 and 20 ib., including an angle of 60". 
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(4) Find the resultant of 6 equal concurronl forces, each inolined 
to the next at 45°. 

(5) Stow that the forces OA, OB, OC are in equiUbrium if is the 
centroid of the triangular area ABC. 

(6) SHOW (by Art, 194) that if any number of concurrent forces are 
in equilibrium, their point of concurrence is the centroid of their ex- 
tremities. 

(7) A mass m rests oa a plane inclined to the horizon at an angle 
e; it is kept in equilibrium: [a) by a force Pi parallel to the plane; 
(6) by a horizontal force Ps) (c) by a force Pi inclined to the horizon 
at an angle 6 -{■ a. Determine in each case the force P and the pres- 
sure R on the plane. 

(8) A WMght W is suspended from two fixed points A, B by means 
of a string ACB, C being the point of the string where the weight W 
is attached. If AC, BC be inclined to the vertical at angles o, (5, find 
the tensions in ^C, BC: (a) analytically; (6) graphically. 

(9) Show that the resultant B of three concurrent forces A, B, C in 
the same plane is given by iP - A= + B= + C= + 2BC cos(B, C) + 
2CA cos(C, A) + 2AB cos(A, B). 

(10) A weightless rod AC, hinged at one end j1 so as to be free to 
turn in a vertical plane, is held in a horizontal position by means of the 
chain .BC, the point B lying vertically above A. If a weight W be 
suspended at C, find the thrust P in AC and the tension T of the chain. 
Assume AC ^ S ft., AB = 6 ft. 

(11) In Ex. (10), suppose the rod AC, instead of bdng hinged at 
A, to be set firmly into the wall in a horizontal position; and let the 
chwn fastened at B run at C over a smooth pulley and carry the we^ht 
W. Find the tension of the chain and the ma^itude and direction 
of the pressure on the pulley at C. 

(12) In "tacking against the wind," let W be the force of the wmd; 
a, j3 the angles made by the axis of the boat with the direction in which 
the wind blows, and with the sml, respectively. Determine the force 
that drives the boat forward and find for what position of the sail it 
is greatest. 

(13) A cylinder of weight W rests on two inclined planes whose inter- 
secfion is horizontal and parallel to the axis of the cylinder. Find the 
pressures on these pianos. 
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(14) Find thr; lenaions in tie string ABCD, fixed at A and D, and 
carrying equal weights W at B and C, if AD = c is horizontal, AB = 
BC = CD, and the length ot the string is U. 

(16) In the to^le-joint press two equal rods CA, CB are hinged 
at C; a force F bisectii^ the angle 2a between the rods forces the 
ends A, B apart. If A be fixed, find the pressure exerted at B at 
right angles to f if P = 100 lbs. and <t = 15°, 30°, 45°, 60°, 75°, 90°. 

(16) A stone weighing 800 lbs. hangs from a derrick by a chain 15 
ft, long. If pulled 5 ft. away from the vertical by means of a hori- 
zontal rope attached to it, what are the tensions of the chain and the 
rope? What if pulled 9 ft. away? 

(17) A rope 16 ft. long has ifs ends fastened to two points, 10 ft. 
apart, at the same height above the ground; a weight W is suspended 
from the rope by means of a ring free to slide along the rope. Find the 
tension of the rope. 

(18) A string with equal weights W attached to its ends is hung 
over two smooth pegs A, B fixed in a vertical wall. Rnd the pressure 
on the pcgsr (a) when the line AB is horizontal; (6) when it is inclined 
to the horizon at an angle 9. 



y Google 



CHAPTER XI. 
STATICS OF THE RIGID BODY. 

197. A Bystem of forces acting on a rigid body can, in 
general, not be reduced to a single resultant, as is the case 
for concurrent forces (Art. 190); in other words, there does 
not always exist a single force havii^ the same effect that 
the system of forces has in changing the motion of the body. 

Before discussing the general ease it is best to consider 
certain particular kinds of systems of forces, viz. concurrent, 
parallel, and complanar systems. 

Throughout the statics of the rigid body it is assumed that 
the effect of a force is not changed if the force is transferred to 
any other position on its line of action; in other words, a body 
is called rigid if, and only if, it possesses this property. 
Thus the ''point of application" of a force acting on a rigid 
body is not an essential characteristic of the force; what 
characterizes the force is its magnitude, line of action, and 
sense. This is what is meant by saying that a force is a 
localized vector or rotor (Art. 182). 

1. Concurrent forces. 

198. In the case of concurrent forces there exists a single 
resultant, via. the geometric sum of the forces. If this 
resultant happens to be zero, i. e. if the force polygon (Art. 
191) closes, the forces are in equilibrium. 

As the projection of a closed polygon on any line is zero, 
it follows that ike projection of the resultant on any line is 
equal to the algebraic sum of the projections of its components. 
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Thus, if the forces P, Q intc^rsect at and have the re- 
sultant li we find by projecting on any Une I: 

R cos(l, R) = P cm(l, P) +Q cos{l, Q). 

Let the line I be drawn through 0, in the plane of P and 
Q, and let an arbitrary length OS = s (Fig, 45) be laid off 
at right angles to I in the same 
plane. Then, multiplying the 
last equation by s we find 

R-sms(_l,li)^ P-s<ios(l,P) + 

Q-scoBil,Q); 
or since s cos{l, R) = r, 
s cos{i, P) =p, s cosQ., Q) = q 
arc the perpendiculars from S 
to R, P, Q: 

Rr = Pp + Qq. 
Now the product of a force into its perpendicular distance 
from a point is called the moment of the force about the 
point; the product is taken with the positive or negative 
sign according as the force tends to turn counterclockwise 
or clockwise about the point. We have therefore proved 
that Oie algebraic sum of the moments of any two intersect- 
ing forces about any point in their plane is equal to the moment 
of their resuUani about the same point. 

This proposition is known as the theorem of moments, 
or Varignon's theorem. It is readily extended to any 
number of concurrent forces in the same plane. As a corollary 
it follows that the sum of the moments of any such forces 
about any point of their resuUant is zero. 

IM. As the moment of a force represents twice tne area 
of the triangle having the force as base and the reference 



Fig. 4r>. 
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point as vertex, the theorem of moinents can also be proved 
l)y comparing areas. Thus, with the notation of Fig. 46 
we have 

SOU = SOQ + SQR + QOR, 

R-r = Q-q+P-ST + F-TU, 
or since 

ST + TU = SU = p: 

Rr = Qq+ Pp. 

It is often convenient to tliink of the moment Rr of a 
force R about the point S as a vector drawn through S at 
right angles to the plane deter- 
mined by & and R. This is in 
agreement with the representa- 
tion of a parallelogram area by 
such a vector, mentioned in Art. 
119. Indeed, the moment Rr is 
the cross-product of the radius 
vector drawn from S to any point 
of R into the force-vector R. 

This representation is of special advantage when the 
concurrent forces do not lie in the same plane. It can then 
be shown that the moment of the resultant about any point 
is equal to the geometric sum of the vectors representing 
the moments of the components. 

2, Parallel forces. 
200. It will be proved in the next article that any two 
parallel forces acting on a rigid body have a single resultant, 
except when the two parallel forces are of equal magnitude 
and opposite sense. In the latter case, the two equal and 
opposite parallel forces are said to constitute a couple, 
and no further reduction is possible. 




Fir. 46. 
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It follows readily that any system of parallel forces ading 
on a rigid body can be reduced either to a single force or to a 
single couple. 

201, Resultant of two parallel forces. In the plane of 
the given parallel forces P, Q, resolve P, at any point p of 
its line of action, into any two components, aay P' and F 
(Fig. 47) ; and at the point q where F meets the line of Q, 




Fig. 47. 



resolve Q into two components F', Q', selecting for F' a 
force equal and opposite to, and in the same line with, F. 
The two equal and opposite forces F, F' in the same line 
■pq have no effect on the rigid body so that the given forces 
P, Q arc together equivalent to the two components P', 
Q' alone. The hncs of P' and Q' will in general intersect 
at a point r and these forces can therefore be replaced by 
a resultant R passing through r. 

By placing the triangles pP'F and qF'Q together so that 
their equal sides PP' and qF' coincide (a^ is done in Fig. 47, 
on the right) it app(mrs at once that the resultant of P' and 
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Q' , and hence the residUint R of P arid Q, is paralkl to P and 
Q arid in magnitude equal to the algebraic sum of P and Q: 
li = P + Q. 

In Fig. 47, the two given parallel forces P, Q wore as- 
sumed of the same sense. The construction applies, how- 
ever, equally well to the case when they are of opposite sense. 
The resultant B will then be found to lie not between P and 
Q, but outside, on the side of the larger force. The con- 
struction iai\s only when the two given forces are equal and 
of oppcsite sense, since then the lines pP' and gQ' become 
parallel. This exceptional case will be considered in Art. 208. 

202. The theorem of moments for parallel forces. As the 
forces K, P', Q' (Fig, 47) are concurrent the theorem of 
moments (Art. 198) can be applied to these three forces. 
Hence, taking moments about any point S of the plane of 
P' and Q' and denoting the perpendiculars from S to the 
forces by the corresponding small letters, we liave- 

Rr = P'p' + Q'q'. 
Now P' can be regarded as the resultant of P and — F, and 
Q' as the resultant of Q and — F'; hence 

P'p' = Pp- Ff, Q'q' =Qq- F'f; 
substituting these values and remembering that F and F' are 
equal and opposite and in the same line, we find 

Rr = Pp + Qq; 
i. e. the sum of the moments of two parallel forces about any 
point in their plane is equal to the moment of their resultant 
about the same point. 

If, in particular, the point of reference be taken on the 
resultant so that r = 0, we find 

Pp= - Qq; 
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i. e. ike resultant of two parallel forces divides their distance 
in the inverse ratio of the forces. 

This proposition, well known from its application to the 
lever, is often referred to as the principle of the lever. 

203. It has been shown that two parallel forces P, Q acting 
on a rigid body, provided they are not equal and of opposite 
sense, have a resultant U = P + Q, parallel to P and Q, and 
that its position in the rigid body can be found either ana- 
lytically from the fact that B divides the distance between P 
and Q in the inverse ratio of these forces, or geometrically 
by the construction of Art. 201. 

This geometrical construction is best carried out in the 
ioUowing order (Fig. 4«}. The parallel for(;(?s P, Q being 




Kg. 48. 



given in position, begin by constructing the force polygon, 
which here consists merely of a straight line on which the 
forces F = 1 2, Q = 2 3 are laid off to scale; the closing line, 
1 3, gives the resultant in magnitude, direction, and sense; 
it only remains to find its position, and for this it suffices to 
find one point of its line of action. 

Now, to resolve P and Q each into two components 
(as is done in Art. 201) so that one component of P and 
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one of Q arc equal and opposite and in the same linn, it is 
only necessary to draw from an arbitrary point 0, called the 
pole, the lines 1, 2, 3; then 1 0, 2 can be regarded 
as components of P = 1 2, and 2 0, 3 as components of 
Q = 23. Next construct the so-called funicular polygon by 
drawing a line I parallel to 1, intersecting P say at p; 
through p a line II parallel to 2 meeting Q say at q; through 
q a line III parallel to 3. 

The intersection r of I and III is a point of the resultant B 
as appears by comparing Figs, 48 and 47; Fig. 48 being the 
same as Fig, 47, with the superfluous hnes left out. 

204. Analytically, the resultant of n parallel forces Fj, 
Pi, ■ ■ • Pn, whether in the same plane or not, can be found as 
follows: 

The resultant of Fi and P^ is a force Fi + F-i. situated in 
the plane (fi, fj), so that FiPi = Fip^ (Art. 202), where 
pi, pt are the (perpendicular or oblique) distances of the 
resultant from Fj and Ft, respectively. This resultant Fy 
+ Fi can now be combined with Fa to form a resultant 
^1 + f's + ^3, whose distances from Fi + F^ and Ft in the 
plane determined by these two forces are as Fa is to i^i -}- F^. 
This process can be continued until all forces have been 
combined; the final resultant is 

F, + F^ + ■ ■ ■ + Fn. 

Any number of parallel forces are, therefore, equivalent to a 
single resultant equal to their algebraic sum, provided this sum 
does not vanish. 

205. To find the position of this resultant analytically, let 
the points of application of the forces Fi, Fi, ■ ■ ■ F„ be 
{xi, yi, zi), (xi, yi, Si), ■ ■ ■ (x„, y^, ^n)- The point of applica- 
tion of the resultant f i + F« of Fi and F^ may be taken so as 
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to divide the distance of the points of application of Fj and 
Fi in the ratio F2IF1; hence, denoting its co-ordinates by 
x', y', z', we have Fi{x' — Xi) = Fiix^ — x'), or 

{F^ + F2)x' - F,x^ + F^x^, 
and similarly for y' and z'. 

The force ^1 + Fi combines with F3 to form a resultant 

F\-\-Ft-\-Ft, whose point of application {x",y", z") is given by 

(F^ + Ft + Fz)x" = Fixi + F^Xi + F,x„ 

with similar expressions for y", zf'. 

Proceeding in this way, we find for tho point of application 
{x, y, z) of the resultant of all the given forces 

(i^i + f , H + F,)x = F^xi + F,Xi+ ■■■ + F^„, 

with corresponding equations for y and s. We may write 
these equations in the form: 

- _ 2f X . _ ZFj . _ 2^ 
^- ZF' ^^'XF' ^~ ^F' 
unless 2F = 0. 

As these expressions for x, y, z are independent of the 
direction of the parallel forces it follows that the same point 
(x, S, i) would be found if the forces were all turned in any 
way about their points of application, provided they remain 
parallel. The point (x, y, 2) is for this reason called the 
center of the system of parallel forces. It is nothing but the 
centroid of the points of application if these points are re- 
garded as possessing masses equal to the magnitudes of the 
forces. 

206. Conditions of equilibrium. It follows from what pre- 
cedes that /or the equilibrium of a system of parallel f(/rces the 
condition SF = 0, or R = 0, though always 1 
suffidenL 
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Now, if the resultant R of the n parallel forces Fi, F^, ■ ■ ■ F„ 
is zero, the resultant R' of the ?i — 1 forces Fi, Ft, ■ • ■ F„_i 
cannot be zero, and its point of application is found (by Art, 
205) from x = {F^xi + F'^+ ■■■ + Fn-YX„-i)j{F, + F^ + 
• ■ • F„-i) and similar expreSisions for y and z. The whole 
system of parallel forces is therefore equivalent to the two 
parallel forces R' and F^- Two such forces can be in equi- 
Ubrium only when they lie in the same straight line; i. e. F„ 
must lie in the same line with R' and must therefore pass 
through the point (x, y, ?), which is a point of R'. 

The additional condition of equihbrium is, therefore, 



coso: cosp COST 

where a, 0, y are the angles made by the direction of the 
forces with the axes. 

For practical application it is usually beat to replace the 
last condition by taking moments about a convenient point. 
Thus, the analytical conditions of equilibrium can be written 
in the form 

2F = 0, XFj) = 0. 

Graphically, to the former corresponds the closing of the 
force-polygon, to the latter, in the case of complanar forces, 
the closing of the funicular polygon. 

207. Weight; center of gravity. The most important 
special case of parallel forces is that of the force of gravity 
which acts at any given place near the earth's surface in 
approximately parallel lines on every particle of matter. 

If g be the acceleration of gravity, the force of gravity on a 
particle of mass m is 

Ml = mg, 

and is called thti we^ht of the particle or of the mass m. 
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For a system of particles of masses nii, trh, ■ ■ • Mnwe have 
wi = mig,| Wi = mug, ■ ■ • w„ = m^. 

IE the particles are rigidly connected, the resultant W of 
these parallel forces, 

W = Wi + iih+ ■■■ + w„ ^ (mi + ma + ■ - ■ + m„)? = Mg, 
where M is the mass of the system, is ealled the weight of the 
system. 

The center of the parallel forces of gravity of a system of 
rigidly connected particles has, by Art. 205, the co-ordinates 

- — ?I!N^ - ^ ^mgy „ _ S'mgz 
"Zmg ' Xmg ' Zmg ' 

or since the constant g cancels, 

. _ 'Smx __ limy _ _ Zmz 

^ ^ "2m ' ^ ~ "2m"' ^ ~ Im"' 

This point is called the center of gravity of the system, 
and is evidently identical with the center of mass, or centroid 
(see Art. 159). 

For continuous masses the same formulse hold, except that 
the summations become integrations. 

The weight IF of a physical body of mass M is therefore a 
vertical force passing through the centroid of its mass. 

3. Theory of couples. 
208. The construction given for the resultant of two par- 
allel forces given in Arts. 201 and 203 fails if, and only if, the 
given forces are equal and of opposite sense. In this case, 
the hnes pP' and gQ' in Fig. 47, and the lines I and III of the 
funicular polygon (Fig. 48), become parallel, so that their 
intersection r lies at infinity. The magnitude of the resultant 
is of course zero. 
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The combination of two equal and opposite parallel forces 
{F, — F) acting on a rigid body is called a couple. A coupk 
is, therefore, not equivalent to a single force, although it might 
be said to be equivalent to the limit of a force whose mag- 
nitude approaches zero while its line of action is removed 
to infinity. 

The perpendicular distance AB = p (Fig. 49) of the forces 
of the couple is called the arm, and the product Fp of the 
force F into the arm p is 
called the moment of the pT \ „ ^ 

couple. The moment, or B J \ ,,■-, 

the couple itself, is also -H ^ ^ \^'^" \f" 

called a torque. ' \ 

Notice that the mometit 
of a couple is simply the 
sum of the moments of its 
forces about any point in 
its plans. pj^ ,j,) '^ 

If we imagine the 
couple (F, p) to act upon an invariable plane figure in its 
plane, and if the midpoint of its arm be a fixed point of 
this figure, the couple will evidently tend to turn the 
figure about this midpoint. {It is to be observed that it 
is not true, in general, that a couple acting on a rigid body 
produces rotation about an axis at right ar^es to its plane.) 
A couple of the type {F, p) or (F', p') (see Fig. 49) will tend 
to rotate counterclockwise, while a couple of the type {F", p") 
tends to turn clockwise. Couples in the same plane, or 
in parallel planes, are therefore distinguished as to their sense 
and this sense is expressed by the algebraic sign attributed 
to the moment. Thus, the moment of the couple {F, p) in 
Fig. 4fl is + Fp, that of the couple (F", p") is - F"p". 
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209. The effect of a 
moving its plane pariillcl 



'uple is not changed by trandaiion, i. e. bj 
) itself without rotating it. 

Let AS = p (Fig. 50) be the arm 
of the couple (F, jj) in its ordinal 
position, and A'B' the same arm in a 
new position parallel to the original 
one in the same plane, or in any par- 
allfil plane. By introducing at each 
end of the new arm A'B' two oppo- 
site forces F, — F, each equal and 
parallel to tiie original forces F, the 
given system is not changed. But 
the two equal and parallel forces F 
at A and B' form a resultant 2f at the midpoint of the diagonal 
AB' of the parallelogram ABB' A'. Similarly, the two forces — F at 
B and A' are together equivalent to a resultant — 2F at the same point 
0. These two resultant forces, being equal and opposite and acting ii 




Pig, 50. 



! the whole sys- 



j together equivalent to zero. Hiii] 
tem reduces to the force F at 
A' and the force — F at B', 
which form, therefore, a 
couple equivalent to the orig- 
ind couple at AB. 

210. The effect of a couple 
is not changed by rotation in 

Let AB (Fig 51) be the 
arm of the couple in the orig- 
inal position, C its midpoint, 
and let the arm be turned 
about C info the position 
A'B'. Applying agam at A', Yig. 51. 

B' equal and opposite forces 

each equal to F, the forces - F s.1 A' and F at A will form a resultant 
acting along CD, while F at B' and - F at B give an equal and oppo- 
site resultant along CE. These two resultant forces destroy each other 
and leave nothing but the couple formed by Fat ,d'and — F sd B' 
which is therefore equivalent to the original couple. 
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Pig. 52. 
, — F. Now, selecting for 



Any other displacement, of the couple in its plane, or to a parallel 
plane, can be effected by a tranelation combined with a rotation in 
its plane about the midpoint of its arm. The effect of a couple is therefore 
not changed by any displacemetd in its plane or to a parallel plane. 

211. The effect of a ample is not 

changed if its force F and its arm V i. Pi 

he dianged simvJtaneously in anyway, p' T_- 

provided their product Fp remain lite I 

same. B' — rg +- ^—^A' 

Let AB = p he the original arm ' Ipi 

(Fig. 52), F the ori^nal force of the ~ - | 

couple; and let A'B' = p' he the new , ,~ 

ann. The introduction of two equal 
and opposite forces F' at A', and also 
at B', will not change the given system 1 
F' a magnitude such that F'p' = Fp, the force F ai A and the force 

— F' at A' combine (Arts. 201, 203) to form a parallel resultant 
through C, the midpoint of the ann, since for this point F -ip -\- 
(-F')-ip' = 0. Similarly, -FatS and F' at B' give a resultant of 
the same magnitude, in the same line through C, but of opposite sense. 
These two resultant forces thus destroying each- other, there remains 
only the couple formed by F' at A' and — F' at B', for which 
Fp = F'p'. 

212. It results from the last three articles that the only essen- 
tial characteristics of a couple arer (a) the numerical value of the 
moment; (6) the sense, or direction of rotation; and (c) what has been 
called the "aspect" of its plane, i. e. the direction of any normal to 
this plane. 

It is to be noticed that the plane of the two forces forming the 
couple is not an essential characteristic of the couple; just as the 
point of application of a force is not an essential characteristic of the 
force (see Art. 197); provided, of course, that the couple (or force) is 
acting on a Hgid body. 

Now the three characteristics enumerated above can all be indi- 
cated by a iieetor which can therefore serve as the geometrical repre- 
sentative of the couple. Thus, the couple formed by the forces F, 

— F (Fig. 53), whose perpendicular distance is p, is represented by 
the vector AB — Fp laid off on any normal to the plane of the couple. 

12 
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The seiise is indicated by drawing the vector toward that side of the 
plane from whinh the couple is seen to rotate couaterclockwise. 

We shall call this geometrical representative AB of the couple simply 
the vector of the couple. It ia sometimes called its momenl, or its axis, 

213. Aa was pointed out in Art. 208, a couple can be regarded as 
the hmit of a force whose magnitude approaches zero while its line of 
action ie cemoved to infinity. Similarly, in kinematics an angular 
velocity whose magnitude tends to zero while its axis is removed in- 
definitely becomes in the limit a velocity of Ir 




Fig. 53. 

Just as, in kinematics (see Art. 122), two equal and opposite angular 
velocities about parallel axes produce a velocity of translation, so in 
statics two equal and opposite forces along parallel lines form a new 
kind of quantity called a couple. 

It should, however, be noticed that while angular velocities and 
forces are represented by rotors, i. e. by vectors confined to definite 
lines, velocities of translation and couples have for their geometrical 
representatives vectors not confined to particular lines. 

It is due to this analogy between the two. fundamental conceptions 
that a certain dualism exists between the theories of statics and kine- 
matics, so that a large portion of the theory of kinematics of a ^id 
body might be made directly available for statics by simply substituting 
for angular velocity and velocity of translation tiie corresponding ideas 
of force and couple. 
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214, It is easily seen how, by means of Arts. 209-211, any 
number of couples acting on a rigid body can be reduced to a 
single resultant couple. It can also be proved without much 
difficulty that the vector of the resultant couple is the geo- 
metric sum of the vectors of the given couples ; in other words, 
vectors representing couples acting on the same rigid body are 
combined by tfie paralldogrum law. 

In the particular case when the couples all lie in parallel 
plan^, or in the same plane, their vectors may be taien in 
the same line and can, therefore, be added algebraically. 

Generally, (he resultant of any number of couples is a single 
couple whose vect^ is the 
geometric sum of the vectors 
of the given couples. 

Conversely, a couple can 
be resolved into components 
by resolving its vector into 
components. 

215, To combine a single — F/A 
force P with a couple (f',p) i^ \ 
lying in the same plane it j\ 

is only necessary to place \ f/^ 

the couple in its plane in ^-^ 

such a position (Fig. 54) 

that one of its forces, say — F, shall lie in the same line and in 
opposite sense with the single force P, and to transform the 
couple (f, p) into a couple {P, p'), by Art. 211, sothati^p = 
Pp'. The original force P and the force— P of the transformed 
couple destroying each other at A, there remains only the 
other force P, at A', of the transformed couple, that is, a 
force parallel and equal to the original single force P, at 
the distance 
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, P 

from it. 

Henee, a couple and a single force in the same plane are 
together equivalent to a single force equal and paraUel to, and of 
the same sense loith, the given force, but at a distance from it 
which is found by dividing the moment of the couple by the 
single farce. 

Conversely, a single force P applied at a point A of a rigid 
body can alimys be replaced by an equal and paroUel force P 
of the same sense, applied at any other point A' of the same 
body, in combination with the couple formed by P at A and ~ P 
at A'. 

This follows at once by applying at A' two equal and 
opposite forces each equal and parallel to P. 

216. The proposition of Art. 215 applies even when the 
force hes in a plane parallel to that of the couple, since the 
couple can be transferred to any parallel plane without charg- 
ing its effect. 

If the single force intersects the plane of the couple, it 
can be resolved into two components, one lying in the plane 
of the couple, while the other is at right angles to this plane. 
On the former component the couple has, according to Art. 
215, the effect of transferring it to a parallel line. We thus 
obtain two non-intersecting, or skew, forces at right angles to 
each other. 

Let P be the given force, and let it make the angle a with 
the plane of the ^ven couple, wht^e force is F and whose arm 
is p. Then P siaa is the component at right angles to the 
plane of the couple, while P cosa combined with the couple 
whose moment is Fp is equivalent to a force P cosa in the 
plane of the couple; this force P cosa is parallel to the pro- 
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jectioii of P on Ihe plane, and has the distance FpjP cosa 
from this projection. 

Hence, in the most general case, the combination of a single 
force and a couple can be replaced by the combination of two 
single forces crossing each other {vnthout meeting) at right 
angles; it can be reduced to a single force only when the force 
is parallel to the plane of the couple. 

4. Complanar forces. 

217. If the forces acting on a rigid body all lie in the same 
plane, i. e. if the forces are complanar, the system can be 
reduced to a single force and a single couple by applying the 
last proposition of Art. 215. For, selecting an arbitrary 
point of the plane as point of reference, we can replace 
each force F of the system by an equal force F applied at 
0, together with a couple Fp, whose arm p is the perpen- 
dicular from to the line of action of the given force F at P. 

We thus obtain, in the plane, a number of concurrent forces 
at which are equivalent to a single resultant R, passing 
through and equal to the geometric sum of the given forces; 
and in addition a number of couples in the same plane which 
give a single resultant couple, say H = 'S.Fp. / 

Notice that the moment H of the resultant couple is 
simply the sum of the monKnts about of all the given 
forces. 

It follows that the conditions of equilibrium are : 

^ = 0, 77 = 0; 

i. e. a system of complanar forces is in equilibrium if, and only 

if, (a) its resultant is zero, and (b) the algebraic sum of the 

moments of aU its forces is zero about any point in its plane. 

218, By Art. 217, a system of complanar forces reduces, 
for any point of referisncc in its plane, to a force R and a 
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coupb H. But as these lie in the same plane, it follows from 
the first proposition of Art. 215 that they can be reduced to 
a single resultant R (unless R = 0), The distance r of this 
single resultant from is such that Rr = — H; i. e. r = 
~ HjR. The line of action of this single resultant is called 
the central axis of the system. 

Thus, a system of coraplanar forces can always be reduced 
either to a single force fl or to a single couple H. 

219. For a purely analytical reduction of a plane system of 
forces the system is referred to rectangular axes Ox, Oy, 
arbitrarily assumed in the plane (Fig. 55). Every force F is 



Pis. m 

resolved at its point of application P {x, y) into two com- 
ponents X, Y, parallel to the axes, so that 
X ^ F cosa, Y = F sina, 

a being the angle made by F with the axis Ox. At the origin 
two equal and opposite forces X, — X are appHcd along 
Ox, and two equal and opposite forces Y, — Y along Oy. 
Thus, Z at P is equivalent to X at together with the 
couple formed by X at P and — X at 0; the moment of 
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this couple is evidently ■- yX.' Similarly, F at P is re- 
placed by K at together with a couple whose moment is xY. 
The force F at P is therefore equivalent to the two forces 
X, y at together with a couple whose moment is xY — yX. 
Proceeding in the same way with every given force, we 
obtain a number of forces X along Ox whose algebraic aimi 
we call 2X, and a number of forces Y along Oy which give 
SF, These two rectangular forces form the resultant 

whose direction, is given by 

sr 

tan* =^^, 

where a is the angle between Ox and R. 

In addition to this, we obtain a number of couples a;^ 
— yX whose algebraic sum forms the resulting couple 

H - l.(xY - yX). 

The whole system is thus found equivalent to a resultant 
force R together with a resultant couple H in the same plane 
with R The conditions of equilibrium B = 0, H = (Art. 
217) can therefore be expressed analytically by the three 
equations 

SX = 0, 27 = 0, i:(xY - yX) - 0. 

220. If R be not zero, R and H can be reduced to a single 
resultant R' equal and parallel to R at the distance — HjR 
from it (see Art. 218). The equation of the line of this single 
resultant R', i. e. the central axis of the system of forces, is 
found by considering that it malies the angle « with the axis 
of X and that its distance from the origin is 



H/R = ZixY - j/X)/V(SX)^ + {-ffy. 
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Hence its equation is 

S-IY - ij-SZ - S(xr - yX) = 0. 

li R — 0, the system is equivalent to the couple 
H - l^ixY - yX). 
If // it'ielt he iKo zero, the SJ^tem is in equilibrium 

221 Exercises 

(1) A komogeneoTii iliaight rod AB = 21 (Fig 56) of weight W reah 
with one end i on a smooth homtonta! plajie AH, and with the point 
E{AF e) on a cylindrical support, ihe axis of the cybwkr being at 
right angles to the vertical plane comaming the rod Deienntne uhal 




horizontal force F must he applied at a given 'point F of the rod {AF = f > e) 
to keep the rod in equilibrium when inclined to the horizon al an angle 8. 

The rod exerts a certain unknown pressure on each of the supports 
at A and E, in the direction of the normals to the surfaces of contact, 
provided there be no friction, as is here assumed. The supports may 
therefore be imapned removed if forces A, E, equal and opposite to 
these pressures, be introduced; these forces A, B are called the reactions 
of the supports. The rod itself is here regarded as a straight line; its 
weight W is applied at its middle point C. 

Tailing A as origin and AH as axis of x, the resolution of the forces 

^X = F -EmnB =0, (1) 



SY ^A - TT + Ecosfl 
Taking moments about A, we find 

Ee- W-lco^ -f-/sin 



(2) 
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Eliminating F from (1) and (3), we have 

e — /sjn=fl ' 
hence from (2), 

\ e — } amW ) 

and finally from (1), 

_ ;_3in^ co_s9 „ 

(3) A wdghtlees rod AB of length I can turn freely about one end 
^ in a vertical plane. A weight W is suspended from a point C ot 
the rod; AC ^ c. A cord BD attached to the end B of the rod holds 
it in equilibrium in a horiaontal position, the angle ABD being a = ISO". 
Find the tension T of the cord and the teaulting pressure A on the 
binge at A, 

(3) A cylinder of lei^th 21 amd radius r rests with the point A of 
the circumference of its lower base on a horizontal plane and with the 
point B of the circumference of its upper base against a vertical wall. 
The vertical plane through the axis of the cylinder contains the points 
A, B and is perpendicular to the intersection of the vertical wall with 
the horisontal plane. If there be no friction at A, B, what horizontal 
force F applied at A will keep the cylinder in equilibrium? When 
is this force P = 0? 

(4) A weightless rod AB rests without friction on two planes inclined 
to the horizon at angles a, p, and carries a weight W at the point D. 
The intersection C of these planes is horizontal and normal to the 
vertical plane through AB. Find the inclination 9 of AB to the horizon 
and the pressures at A and B. 

(5) A weightless rod AB — I can revolve in a vertical plane about 
a hinge at A; its other end B leans agsunst a smooth vertical wall 
whose distance from A is AD = a. At the distance AC = c from A 
a wraght W is suspended. Find the horizontal thrust A^ at A and the 
normal pressures A, and B at A and B. 

(6) The same as (5) except that at B the rod rests on a smooth hori- 
zontal cylinder whose axis is at right angles (o the vertical plane through 
AB. In which ot the two problems is the horizontal thrust A^ at A least? 
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5- The general system of forces. 

222. To ri duce any system of forces acting on a rigid body 
to its most simple fomi the same methods are used as for 
complanar forces (comp Art. 217) 

Selecting as origin anj point rigidly connected with the 
body, let two equal and opposite forces F, — i^ be applied at 
0, for every one of the given forces F. The effect of the 
given system of forces on the body is not changed by the 
introduction of these forces at 0. But we may now regard 
the given force F acting at its point of application P as 
replaced by the equal and parallel force F at 0, in combination 
with the couple formed by the original force F at P and the 
fcroe — F B.t 0. All the forces of the given system are thus 
transferred to a common point of application 0, and these 
forces at can be replaced by a single resultant R, passing 
through and represented in magnitude and direction by the 
geometric sum of the forces. In addition to this resultant R, 
we obtain as many couples (F, — F) as there were forces 
given; and their resultant is found by geometrically adding 
the vectors of the couples (Art. 214). 

Thus the given system of forces is seen to be equivalent to 
a resultant R in combination with a couple whose vector 
we shall call H; in other words, it has been proved that any 
system of forces acting o-ii a rigid body can be reduced to a 
single resultant force in combination with a single resultant 
couple. 

It follows at once that the geometrical conditions of 
equilibrium are' 

R = 0, J? = 

223. Of tlie two geometrical elements representing a general 
system of forces, viz. the rotor R and the vector H, the for- 
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mer being merely the gt^ometric sum of the forces, is inde- 
pendent of the point of reference 0, while the vector // is 
in general different for different points of reference. 

If the elements R, H for a point are given, those for 
any other point 0' can readily be found. It suffices to apply 
at 0' equal and opposite forces R and — R. We then have 
R at 0', and two couples, viz. the couple whose vector is H 
and the couple formed by ff at and — RaiO'; the resultant 
of the vectors of these two couples is the vector H' corre- 
sponding to 0'. Here, as well as in the following articles, 
it is assumed that ff + 0; when fi = the system reduces 
to a couple, the same whatever the point of reference. 

If the new point of reference 0' had been selected on 
the line I of the original resultant, no new couple would have 
been introduced, and H would not have been changed. But 
whenever the new point of reference 0' is taken on a line I' 
different from I tho vector of the re'sultant couple H is 
changed 

By mcreasmg tho dibtunco ? 1 tt^\cen i an W th mom nt 
Er of the additional couple is increased The effect of com- 
bmii^ this additional couple R) with H w m general to 
varj bcth the magnitude of the lesultmg ^ectoi H and the 
ingle 4) it makes with the directicn of the resultant R It 
can 1 si own that the line / of the new resultant can alwajs 
be selected so as to reduce the angle to zero. The lino lo 
for which 4i = 0,i. e. for which the vector H of the resultant 
couple is parallel to the resultant force R, is called the central 
axis of the given system of forces. We proceed to show how 
it can be found (comp. Art, 123). 

224. Let the vector H be resolved at into a component 
His — TJ. cos^ along I, and a component Hi = H sin^, at 
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right angles to I (i'ig. 57). In the plane passing through I 
at right angles to Hi, it is always possible to find a line Iq 
parallel to Z at a distance Tq from I, such as to make Bro = 
-Hi. 

The line h so determined is the central axis. For, if this 
hne be taken as the line sf the resultant R, the additional 



Fig. 57. 



. R 

H„_ ^ 

. -R 



Fig, 58. 



;ulting 



couple Rth destroys the component H^, so that the r 
couple Ho has its vector parallel to li. 

As the direction of the vector E is always changed in 
passing from line to line, there can be but one central axis for 
a given system of forces. 

It appears from the construction of the central axis given 
above, that the vector of the resulting couple for this 
axis It, is Ho = H cos<^; it is, therefore, less than for any 
other line. 

It is instructive to observe how the vector H increases and 
changes its dirciction as we pass from the central axis U to 
any parallel line I. 
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The trauaformation from Id to I requires the introduction of 
a couple whose vector Rrf, (Fig. 58) ia at right ar^es to the 
plane (lo, I) and combines with Ho to form the resulting 
couple H for I. As the distance r<, of I from (o is increased, 
both the magnitude of H and the angle 4i it makes with I 
increase, the angle i^ approaching Jjr as Tq becomes infinite. 

225. It is evident that since Ha = H cosi^, the product 
RH COS0 is a constant quantity for a given system of forces. 
It may be called an invariant of the system. 

If the elements of reduction for the central axis R, Hi, 
be given, those for any parallel line I at the distance ro from 
the central axis axe determined by the equations 

Rn 
' 'Ha' 

To sum up the results of the preceding articles, it has been 
shown that any system of forces acting on a rigid body can be 
reduced, in an infinite number of ways, to a resultant R in 
combination with a couple H. For all these reductions the 
magnitude, direction, and sense of the resultant R are the 
same, but the vector H of the couple changes according to 
the position assumed for the line of R. There is one, and 
only one, position of R, called the central axis of the system, 
for which the vector H is parallel to R and has at the same 
time its least value, Ho; this value Ho is equal to the projec- 
tion of any other vector H on the direction of the resultant R. 

226. While, in general, a system of forces cannot be reduced 
to a single resultant, it can always be reduced to two nonr- 
intersecting forces. This easily follows by considering the 
system reduced to its resultant R and resultii^ couple H 
for any point (Fig. 59). Let F, — f be the forces, p the 
arm of the couple H, and place this couple so that one of the 
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forces, say — h\ intersects R at 0, Then, if R and — i^ be 
replaced by tlieir resultant F', the given system of forces is 
evidently equivalent to the two non-intersecting forces F, F' 
(compare Art. 216). 

The two forces F, F' determine a tetrahedron OABC; and 
it can be shown that the volume of this tetrahedron is constant 
and equal to one sixth of the invariant of the system (Art. 225). 
The proof readily appears from Fig. 59. The volume of the 




Fig. 59. 

tetrahedron OABC is evidently ono half of the volume of the 
quadrangular pyramid whose vertex is C and whose base is 
the parallelogram ODAB. The area of this parallelogram is 
Fp = H; and the altitude of the pyramid is = R eos^, being 
equal to tlie perjiendicular let fall from the extremity of R 
on the plane of the couple; hence the volume of the tetra- 
hedron 

= iRH cosiJ> = iRHo. 

227. To effect the reduction of a given system of forces analyt- 
ically, it is usually best to refer the forces F and their points 
of application P to a rectangular system of co-ordinates Ox, 
Oy, Oz (Fig. 60). Let x, y, z be the co-ordinates of P and 
X, Y , / the components of F parallel to the axes. 
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To transfer these components to and at the same time 
to introduce only couples wh<Be vectors are parallel to the 
axes, we proceed in two steps. Thus to trai^fer, say X, we 
introduce at P' , the foot of the perpendicular let fall from P 
on the plane zx, two equal and opposite forces X, — X; and 
we do the same thiiig at 0. Then the single force X at P is 
replaced by the force X at in combination with the two 
couples formed by X at P, — X at P', and X at P', — X 




Fig, 60. 

at 0. The vector of the former couple is parallel to Oz, 
its moment is — yX; the negative sign being used because 
for a person looking on the plane of the couple from the 
positive side of the axis Oz the couple rotates clockwise. The 
vector of the latter couple is parallel to Oy, and its moment is 
sX. 

The transfer of Y to the origin requires the introduction 
of two couples, — zY having its vector parallel to Ox and xY 
havii^ its vector parallel to Oz. 

Finally, transferring Z to 0, we have to introduce the 
couples — 3^ with a 'vector parallel to Oy, and yZ with a 
vector parallel to Ox. 
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Thus each force F \s replaced by three forces, X, Y, Z along 
the axes of co-ordinates and appHed at 0, in combination 
with three couples whose vectors are yZ — zY parallel to 
Ox, zX — xZ parallel to Oy, xY — yX parallel to Oz. 

228. If this be done for every force of the given system 
and the components having th"e same direction be added, the 
system will be found equivalent to the three rectangular 
forces 

ZX, 2F, S/, 

applied at 0, together with the three coupli:s 

S(yZ - zY), I.(zX - xZ}, X{xY - yX), 

whose vectors are at right angles. 

The three forces can now be replaced by a single resultant 
R = ^li2XW+Wy+(ZZr, 

whose direction is determined by the angles a, 0, y which it 
makes with the axes Ox, Oy, Oz: 

XX „ sr 2Z 

In the same way the three couples can be replaced by a 
single resulting couple whose moment is 

H = Vi2(yZ - zY)Y + [S(zX - xZ)Y + [ZixY - yX)]K 

229. Since R^, as well as H^, is thus found as the sum of 
three squares, each of these quantities can vanish only if 
the three squares composing it vanish separately. The con- 
ditions of equilibrium of a rigid body (Art. 222) are therefore 
expressed analytically by the following six equations: 

SX = 0, 27 = 0, ZZ = 0, 

Z{yZ - zY) = 0, Z{zX - xZ) = 0, Z{xY - yX) = 0. 
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As the system of co-ordinates can be selected arbitrarily, the 
meaning of the first three equations is that the sum of the 
components of all the forces along any three hnes not parallel 
to the same plane must vanish. The last three equations 
express that the sum of the moments of all the forces about 
any three axes not parallel to the same plane must also 
vanish. 

The momeiit of a force about an axis must be understood as 
meaning the moment of its projection on a plane at right 
angles to the axis with respect to the i>oint of intersection 
of the axis with the plane. This definition is in accordance 
with the somewhat v^ue notion of the moment of a force as 
representing its " tumii^ effect." For, if we regard the force 
as acting on a rigid body with a fixed axis, the force can be re- 
solved into two components, one parallel, the other perpen- 
dicular, to the axis; the former component evidently does 
not contribute to the turning effect which is, therefore, 
measured by the moment of the latter alone. 

230, The eguaiions of the central axis (Art. 223) can be 
found by a transformation of co-ordinates. 

Let the system be reduced for any point to its resultant R, 
whose rectangular components we denote by 

A = SX, B = -ZY, C = ZZ, 
and to the vector H of its resulting couple with the com- 
ponents 
L = 2(yZ -zT), M = 2(3X -xZ), N = 2(^:7 - yX). 

If a point 0' whose co-ordinates arc ^, ?i, f be taken as new 
point of reference and the co-ordinates of any point with 
respect to parallel axes through 0' be denoted by x', y', e', 
we have x = ^ + x', y = tj + v', z = ^ + z'. Substituting 
these values, we find 
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L = niv + y')z - (r + "-') Y] = n^^Z - f >;7 + ny'Z - z'Y) 

= 7,C -tB + L', 
where L' is the avcomponent of tht: t;oupl<i H' r(!sultiug for 
0' as point of reference. Similar expressions iiold for M and 
N. The components of H' are therefore 

U ^ L - vC + -fB, M' = M-tA+^C, N' ^N-^B+^A; 

and its direction cosines are 

^ _ L' _M' _ N' 

^^ H" ''" H" '" R'- 

The central axis being defined (Art. 223) as that line for 
which the vector of the resulting couple is parallel to the 
direction of the resultant, the point O'ii, ij, f) will lie on the 
central axis if the direction cosines of R' are equal to those 
of R, viz. to a = AjR, = Bjli, y - CjU. Hence the 
equations of the central axis are 





L' 


M' N' 




'A 


~ "B " C 


nC + SB 


- » : 


- f A + tC 


A 




B 



6. Constraints; friction, 
231. It has been shown in Art. 229 that the number of the 
conditions of equilibrium is six, for a rigid body that is 
perfectly free. This number will be diminished whenever 
the body is subject to conditions restricting; its possible 
motions. Such conditions, or constraints, may be of various 
kinds; the body may have a fixed point, or a fixed axis, or 
one of its points may be constrained to move along a given 
curve or to remain on a given surface, (;tc. 
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Now a free point is said to have three degrees of freedom 
because its fxtsition is determined by three co-ordinates. One 
conditional equation between its co-ordinates restricts tlie 
point to the surface represented by tliat equation; it has 
then one constraint and two degrees of freedom. Two con- 
ditions restrict the point to a curve, viz, the intersection of 
the two surfaces represented by the two equations of con- 
dition; the point then has two constraints and one degree of 
freedom. 

The p<Kition of a rigid body is determined by the position 
of any three of its points, not in a line, i. e. by nine co-ordi- 
nates between which, however, there exist three conditions, 
expressmg the constancy of the distances of the three points. 
A free rigid body has therefore six degrees of freedom, since six 
independent quantities determine its position. 

The mast general instantaneoiis state of motion that a free 
rigid body can have is a tmst, or screw-motion (Art 123), 
consisting of an angular velocity about a certain axis and a 
linear velocity along this axis; each of these velocities has 
three components along the rectai^ular axes, and these six 
components can be regarded as the six independent p(Ksible 
motions of the body, on account of which it is said to have 
six degrees of freedom. 

Equilibrium will exist only when these six ijossible motions 
are prevented; hence there must be six conditions of equi- 

232. We proceed to consider some forma of constraint 
and the coiTcsponding changes in the equations of equi- 
librium- 
It is often convenient in dynamics to replace such re- 
straining conditions by forces, usually called reactions. 
Whenever it is possible to introduce such forces having the 
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sanie effect aa the given conditions, the body may be re- 
garded as free, and the general equations of equilibrium 
can be applied. 

233. Rigid Body with a Fixed Point. A body that is free to turn 
about a fixed point A can be regarded as free if the reaction A of thia 
point be introduced and combined with the other forces acting on the 

Let A,, At, A.r be the components of A ; then, takii^ the fixed point 
A as origui, the six equations of equilibrium (Art. 229) are 



•SX + A^= 0, 
2(j/Z - zY) = 0, 



2F + A„ = 0, 
2{jX - xZ) = 0, 



2Z + As = 0, 
Z(xY ~ yX) = 0. 



The first three of these equations serve to determine the reaction 
of tlie fixed point ; tJie last three are the actual conditions of equilibrium 
corresponding to the three degrees of freedom of a body with a fixed 

Hence, a rigid body having a fixed poinl is in equilibrium if Ihe sum 
of the momerds of all the forces vanishes for any three non-com/planar axes 
passing through the fixed point. 

234. Rigid Body with a Fixed A^s. A body with a fixed axis haa- 
but one degree of freedom; 
indeed, the only possible mo- 
tion consists in rotation about 

two of its points, say A, B, 

are fixed. Hence, after intro- 
ducing the reactions Ax, A,, 
At, Bi,Bp,Bi,, of these points, 
the body can be regarded as 

free. If the point B be taken as or^in, the line BA as axis of j.(^R- 

61), the equations of equilibrium become 

SX + Ax + B^ = 0, ZY + Ai> + Bg = 0, SZ + A:+Bz = 0,- 
Z{yZ - zY) - A,ja = 0, 2(2X - xZ) -f A^a = 0, .. 
■L(xY - yX) = 0, 
where a = BA. 

The last of the six equations is the only independent condition of 



Fig. 61. 
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equilibrium of the constrained body; the first five determine Ai, Br, 
As, Bg, At + Bs. The two s-components cannot be found separately, 
Hince they act in the same straight iine. 

Hence, a rigid body having a fixed axis is in equiMjHum if the sum 
of the moments of all Oie forces samshm for the fixed axis. 

235, If, in the preceding article, the axis be not absolutely fixed, 
but only fixed in direction so that the body can rotate about the axis 
and also slide along it, we have evidently ■ 

A, = 0, B, - 0; 

hence, by the third equation of equilibrium. 

^Z = 0, 

as an additional condition of equilibrium. 

The body has in this case two degrees of freedom. 

236. Ripd Body with a Fixed Plane. A body constrained to slide 
on a fixed plane (that is, to move so that the paths of al! its points 
lie in parallel planes) has three degrees of freedom. At every point of 
contact between the body and the plane, the latter exerts a reaction. As 
all these reactions are parallel, they are equivalent to a single resultant 
N. Taking the fixed plane as the plane xy, N will be parallel to the 
axis of z; hence, if a, 6, be the co-ordinates of its point of application, 
the six equations of equilibrium are 

ZZ = 0, 27-0, XZ +N = 0, 

S(yZ - zY) + 6W - 0, S{zX - xZ) - aiV = 0, 

S(xY - yX) = 0. 

The third, fourth, and fifth equations determine the reaction N 

and the co-ordinates a, h of its point ot application. The three other 

equations are the actual conditions of equilibrium ; they agree, of course, 

with the three conditions ot equilibrium of a plane system as found in 

ki%. 219, 

If there be not more than three points of contact (or supports) 
between the body and the fixed plane, tie reactions ot these points 
can be found separately. Let At, At, At be the three points of contact; 
iVr, JVs, Ni the required reactions; at, 6i, Os, 65, os, 6s the co-ordinates 
of Al, Ai, At; then N must be resolved into three parallel forces passing 
through these points, and the conditions are 
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iV, + JVs + ATj - N, 
a,N, + aiNi + i^N, = oiV, 
h,N, + biNi + biN> = bN. 
These three equations always determine Ni, Ni, Ni. 
determinant of the coefficients of iVi, Nt, Ni viiniahed, 



the three points A^, ^2, ^3 would lie in a straight line, and hence the 
body would not be properly constrained. 

The reactions become indeterminate whenever there are more than 
three points of contact. 

237, Frictioii. The reaction between two surfaces in 
contact has so far been regarded as directed along the com- 
mon normal of the surfaces (Art. 195). If this is true the 
surfaces are said to be perfectly smooth. 

The surfaces of physical bodies are rough, i. e. they pre- 
sent small elevations and depressions; when two such sur- 
faces are " in contact " the projections of one will more 
or less enter into depressions of the other; the greater the 
normal pressure between the surfaces, the more will this 
be the ease. Hence when a tangential force acting on one 
of the bodies tends to slide its surface over that of the other 
body, a resistance will be developed whose mt^nitude 
must depend on the roughness of the surfaces and on the 
normal pressure between them. This resistance is called 
the force of sliding friction, or simply the friction. 

The study of friction belongs properly to applied mechan- 
ics, and will here only be touched upon very briefly. 

238. Imagine a body resting with a plane surface on a 
horizontal plane. Let a small horizontal force P be applied 
at its centroid (which is supposed to be situated so low that 
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the body is not overturned), and let the force P be gradu- 
ally mcreased until motion ensues. At any instant before 
motion sets in, the friction is equal to the value of P at 
that instant. The value of P at the moment when motion 
just begins is equal and opposite to the frictional resistance 
F between the surfaces at this moment, and this resist- 
ance is called the limiting static friction. 

Careful experiments with dry solids in contact have 
shown this force to be subject to the following laws: 

(1) The magniiude of the limiting friction F bears a con- 
stant ratio to the nomml pressure N between the surfaces in 
contact; that is 

F ^ ^LN, 

whore f* is a constant depending on the condition and nature 
of the surfaces in contact. This constant which must be 
determined experimentally for different substances and 
surface conditions is called the coefficient of static friction. 
It is in general a proper fraction; for perfectly smooth sur- 
faces fi = 0. 

(2) For a given normal pressure the limiting staiic friction, 
and hence the coefficient of static friction, is independent of 
the area of contact, 'provided the pressure be not so great as to 
produce cutting or crushing. 

239. The frictional resistance between two surfaces in 
relative motion is called kinetic friction. It is subject, in 
addition to the two laws just mentioned, to the third law: 

(3) For moderate velocities, kinetic friction is nearly inde- 
pendent of the velocities of the bodies in contact. 

The coefficient of static friction is somewhat greater than 
that of kinetic friction, A shght jarring will often reduce 
the coefficient from its static to it« kinetic value. 
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It must not be forgotten that those so-called laws of 
friction are experimental laws, and therefore true only ap- 
proximately and within the limits of the experiments from 
which they were deduced. When the relative velocity of 
the surfaces in contact is high, or when, as is usually the 
case in machinery, a lubricating material is introduced 
between the two surfaces, the frictional resistance is found 
to depend on a number of other circumstances, such as the 
teni^rature, the form of the surfaces, the velocity, the 
nature of the lubricator, etc. Indeed, when the supply of 
the lubricant is sufficient, the two sohd surfaces are kept 
by it out of actual contact; the coefficient of friction in 
this case varies with the pressure, area of contact, velocity, 
and temperature. 

240. Consider again a body resting on a horizontal plane (Fig, 62) 
and acted upon by a horizontal force P just large enough to equal the 
limiting friction P. The normal 
reaction JV of the plane is equal and 
opposite to the weight W. The 
hudy IS tlius in equilibrium under 
■ -i ■i"s-i-^:\-^: *^' action of the two pairs of equal 
and opposite forces; but motion will 
ensue sb soon as P is increased. If 
P be decreased, P will decrease at 
the same rate, so that the equilib- 
rium remains undisturbed. 



The force of friction 
N to form a resultant, 



1 be combined with the normal reactioD 



which represents the toUd reaction of the horizontal plane. 

If 4 be the angle between N Bud B when P has its limiting value 
F ^ ^ (Art. 238), we have, since tan* = F/N, 
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The angle ^ thui furnislies a graphical representation for the coefficient 
of fnction J it IS called the angle of fnction 

Z4I If the plane bt not horizontal but inLhrwKl to the horiiion at 
an angle the weight W o± the bidi (regarded is ■i pirti le) resting 
on the plane can be resolvpd into 
a component W ^va8 alonf, the 
plane and a component W (,os9 
perpendi ular to it (Fig 63) 
Heni,e if no other for es act on 
the body it will be m equilibrium 
provided the component W smS 
be not greater than the hmiting 
friction P = liW cosfl. The limit- 
ing condition of equilibrium is 
therefore, 



nW cosfl = W sine, 




Fig. 63. 



in other words, if the angle S be gradually increased, the body will not 
slide down the plane until fl > *. This furnishes an experimental 
method of determining the angle of friction ^, which on this account 
is sometimes called the angle of repose. 

242. A particle P (Fig. 64) will be in equilibrium on any rough 
surface, if the total reaction of the surface, i. e. tie resultant R of the 
normal reaction N and the 
friction F, is equal and op- 
posite to the resultant fi' of 
all the other forces acting on 
the particle. 

The limiting value of the 
angle between iV and fi is i^ 
so that the particle can be in 
equilibrium only if the result- 
ant fi' makes with the normal 
an angle ^1^. Hence, if about 
the normal PN as axis, and 
with P as vertex, a cone be described whose vertical angle is 2*, the con- 
dition of equilibrium is that R' must lie within this cone. The cone is 
called the cone of friction. 




Fig. 64. 
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243. Exercises. 

(1) A weight W ia to be hauled along a horiaonta! plane, the coeffi- 
cient of Iriction beii^ n = tan ^. Determine the required tractive force 
P if it ia to act at an inclination a to the horizon, and show that this 
force is least when a — iji. 

(2) A particle ol weight TF is in equilibrium on a rough plane in- 
clined to the horizon at an angle 6, under the action ot a force P parallel 
to the plane along its greatest slope. Determine P; (o) wten > ^, 
(d) when B = 4>, (e) when 9 < *, ij = tan"'/i being the angle of friction. 

(3) Solve Ex. (2) (a) graphically by means of the friction angle 
and determine what part of P is required to overcome friction. 

(4) A body weighing 240 pounds is pulled up a plane inclined at 
45°, by means of a rope. If /j = J^, find the tension of the rope. 
What portion of it ia due to friction? 

(5) 4. homt^eneous straight rod AB = 2t of weight IF refts with 
one end 4. on a honzontal floor with the other end B against a vertical 
nail whoae plane I'l at right ajigles to the lertieal plane of the rod 
If there he friction of wigle * at both ends determinp the hmafing 
position of equilibiium 

(6) A straight homogeneous rod IB = 21 of we^ht IF rents with 
the lower end d on a roii_h honzontal plane and with the pomt C 
{AC = c) on a smooth eylmdiical support The rod is in equilibnum 
when inclined at a gi^ en angle 9 to the horizon determme the coefficient 
ot friction at 4 and the reactions at A md C 

(7) If in Ex. (6) there be friction both at A and C, the friction angle 
being the same, find the position of equilibrium and the reaetions 
at A and C. 

(8) A solid homc^eneous hemisphere is placed with its curved surface 
on a rough inclined plane; invest^ate the conditions of equilibrium. 
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CHAPTER XII. 

THEORY OF ATTRACTIVE FORCES. 

1, Attraction. 

244. Among the \arious kinds of forces introduced in 

physics for describing and interpreting natural phenomena, 

forces of attraction and repulsion occupy a most prominent 

place. 

According to Newton's law (the law of universal or 
cosmical gravitation, the " law of nature ") every particle 
of matter attracts every other such particle with a force 
proportional to the masses and inversely proportional to 
the square of the distance of the particles, and this force 
acts along the line joining the particles. 

Thus, if m, m' are the masses of the particles, v their dis- 
tance, and K a constant, the force with which m attracts 
m' and m' attracts m is 

_ . mm' 

Ea«h particle is here regarded as a mass concentrated at a 
point; otherwise we could not speak of the distance of the 
particles and of the line joining them (comp. Art. 156). 
As the distance r approaches zero, the magnitude of the 
force F becomes infinite and its direction indeterminate. 

245. In the theory of gravitation, the masses m, m' are 
essentially positive. The constant k, called the constant 
of gravitation, evidently represents the force with which 
two particles, each of mass 1, attract each other when at the 
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distance 1. It is a physical constant to be determined by 
experiment, and its numerical value depends on the units 
of measurement adopted for mass, length, and time. 

What can be directly observed is of course not the force 
itself, but the acceleration it produces. Dividing the force 
F (Art, 244) by the mass m of the attracted particle on 
which it acts we have the acceleration j produced by the 
force with which m' attracts m at the distance r from m : 



246. It will be shown later (Art. 253) that the attraction of a homo- 
geneous sphere at any external point ia the same as if the mass of the 
sphere were concentrated at its center. Hence it m' be the mass of 
the earth (here regarded aa a homogeneous sphere) the acceleration it 
produces in any mass m concentrated at a point P above its surface, 
at the distance OP = r from the center 0, is j = nm'/r'. Now for 
points near the earth's surface this acceleration is known from experi- 
ments; it is the acceleration p of a body falling in vacuo (apart from 
the slight effect due to the earth's rotation, see Arts. 334, 461). Hence, 
taking the radius of tte earth as r = 6.37 X 10^ cm., its mean density 
aa p = 5K, and g — 980 cm. /sec,', we find in C.G.S, units 

« - 6.7 X 10-'. 
This, then, is the force in dynes with which two masses, of 1 gram each, 
would attract each other if concentrated at two points 1 cm. apart. 
Conversely, the mean density of the earth can be found with oon- 
siderable accuracy by a direct experimental determination of the attrac- 
tion of gravitation between two given m^ses at a given distance. 

247. ExerdEes. 

(1) With r = 3S60 miles, g = Z2 ft./sec.', p = 5}^, show that the 
attraction between two masses of 1 lb. each, at a distance of I ft., is 
equal to the weight of 0.33 X 10-i" !b. 

(2) In astronomy and in the general theory of attraction it is con- 
venient to take the unit of roasa so that k = 1. Show that this astro- 
nomical imil of mass, i. e. the mass which acting on an equal mass at 
unit distance would produce unit acceleration, is = l/«. 
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(3) Show that « = 1 if , with the ordinary unit of mass, the unit of 
time be taken as 3862 sec. This has been caUed the "natural hour." 

248. If more than two particles are given the forces of 
attraction exerted on any one of the particles, m, being con- 
current are equivalent to a sii^e resultant. This resultant, 
divided by the mass m of the attracted particle, is called the 
attraction at the point P where m is situated. 

If, ii^tead of a finite number of particles, any continuously 
distributed masses of one, two, or three dimensions (Art. 
155) are given they can be resolved into elements which in 
the limit can be regarded as particles. The first problem in 
the theory of attraction consists in determining the attraction 
at any point, due to any given masses 

Notice that the " attraction at an> point is tlm^ defined, 
has the dimensions of an acceleration and not of a force. 

Let P(x, y, z) be the attracted point of masa 1, dm' an 
element of the attracting masses at Q{x', y' z'), PQ = r 
the distance of these points; then the attraction at P due 
to dm' is Kdm'/r'^, and if a, fi, y Bve its direction cosines, its 
components are Kadm'/r^, K0dm'/r^, icydm'/r^. Hence the 
attraction A at P, due to all the given masses, has the rec- 
tangular components : 

^ r^Imf^ 7 = K r^^ Z = K C7^ 

with r^ = (x' — x)^ + {y' — y)^ + (z' — zj'^, the integrations 
extending over all the masses. The attraction A itself and 
its direction cosines I, m, n are: 

X Y Z 

-A' "^ = Z' " = Z- 

It is in general most convenient to talie the attracted point 
P aw origin so that r^ = x'" + y"'- + z"^ 
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249. If the point P were situated within the attracting 
masses, 1/r' would become infinite within the limits of integra- 
tion; hence a special investigation would be necessary to 
determine whether the integrals representing X, Y, Z have 
a meaning. It can be shown without difficulty in the case 
of three-dimensional masses that the integrals have a meaning 
and represent the attraction even at an internal point P. 
But for the sake of simplicity, we here confine ourselves to 
the external field. In other words, we assume, when nothing 
is said to the contrary, that P is an external point, i. e. a 
point such that a sphere can be described about it such as not 
to contain within it any portion of the attracting matter 
(except the unit mass at P itself). 

250. The problem of attraction can be generalized in 
various ways. Thus, in electricity and magnetism, we have 
to consider both positive and negative masses, and the force 
may be a repulsion as well as an attraction. The force be- 
tween two electric charges as well as that between two 
magnetic poles follows Newton's law (Art. 244); i. e. the 
force is directly proportional to the charges, or pole-strengths, 
and inversely proportional to the square of the distance. 
But the constant k has a very different value. It is cus- 
tomary to select the units of electric charge and magnetic 
pole-strength so that k = 1. 

It is sometimes necessary to consider forces that do not fol- 
low Newton's law of the distance. Indeed, Newtonian attrac- 
tion is merely a particular case of the more general type of force 

F = nmm'fir), 
viz. the case when/(r) = 1//^. 

251. Spherical shell. The attracdan due to a mass spread uniformly 
over a sphere is zero at any point within the sphere, while at any milside 
point it is the same as if the mass were concentrated at the center. 
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cal 17 hod (a) Altraclion at an inside point. Let C bo 



i tliL r idiua ot tlie sphi 
and idid a gk da { e cutting 
out an area element Iw oi the 
sphere of radius 1 about P as cen- 
ter) cuts out on the gn n sphert 
a, a fffa«e element da at Q and i 
suifice element do- at C It will 
be shown thit the mass eleirent 
on these surf ice elements produ e 
equal and opposite ittractiona at 
P. As the whole There can thua 
be divided into pairs of element'j 
whose attractions il P balance it 
follows that tte attri tioli it F I'J 




Fig, 65. 



Put PQ = r PQ the J 1 e e of radius r about P the cone 

cuts out an element tHu at Q, and we have evidently d<r = r^da/cosCQP; 
hence if the surface density is p', the mass on do- is p'j^w/coaCQP, and 
the attraction at P due to this mass is Kp'du/cosCQP. In the same 
way we find that the mass on de' at Q' produces at P the attraction 




Kp'dw/cvsCQ'P. As for the sphere the augles CQP and CQ'P arc equal, 
the attractions are equal. 

(6) AltracHon at an outside point. Lut P' (Fig. 66) be the point 
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inverse to P with respect to the given sphere, i. e, the point P' on CP 
Buch that if CP = p, CP' = p', we have 
pp' = aK 
The extremities Q, Q' of any chord tlirough P' determine with C, P, P' 
two pmra of similar triangles: CQP' and CPQ, €Q'P' and CPQ'; for, 
each pair has the angle at C in common and the sides including the 
equal angles proportional owing to the relations pp' = a', CQ = CQ' 
= Q. It toUows that ^ CQP- - CPQ, ^ CQ'P' = CPQ' ; hence, as the 
triangle QCQ' ia isosceles, the line CP bisects the angle QPQ'. 

With the Md of these geometrical properties it can be shown that 
equal attractions are produced at P by the masses on the elements 
da at Q and da' at Q', cut out by a cone of solid angle da with vertex 
at the point P' inverse to P. For the mass elements at Q, Q' we have 
as in the case (a): 

J -,,_ ^ .._^4'-. . ., .^_. _ .- J^'^d" - 



= P'Q, r' = P'Q'. Hence the corresponding attractions s 



PQ' cosCQP" PQ" cosCg'P" 

and these are equal, since for the sphere ^ CQP' = CQ'P', and the 
similar triangles give 



As shown above, these attractions make equal angles with PC; hence 
their components along this line are equal while their components at 
right angles to CP are equal and opposite. The two elements dir at Q 
and da' at Q' produce therefore together at P an attraction along PC 
equal to 



The coefficient of lio is constant; the summation over the unit sphere 
givesj"da> = 2ir, since a double cone was used. Hence the total 
attraction at P is 
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a the sphere. This shows that 
were coaoentrated at the center 



252.1 

where m' = iwp'a'' ia the whole ma 
the attraction is the same as if this e 
of the sphere. 

(c) AttTaciion at a poinl on the 
sphere. If the point P approaches 
the surface from within the attrac- 
tion remwna constantly zero; if 
P approaches the surface from 
without the attraction approaches 
the limit ore'/a' = iirsp'. At a 
pohit P on the sphere (Tig. 67) 
the attraction can be shown to be 

For, the mass on At at Q is p'da = 
p'r^ui/coaCQP; its attraction at F 
ia = Kp'doi/cosCQP, and as the angles at P 
of this attraction on PC is Kp'da. As P 
hence the total attraction is = 2inip'. 

The attraction exerted by the whole 
Mtuated at P is of course = 2TKp''da. 

252, Analytical method. Whether P lies inside or outside the sphere 
we take P as oriKin, PC as poiar axis, and put PQ = r, if PCQ = 4,, 




Fig. 67 

Q are equal, the projection 
on the surface, J" dio = 2jr; 

3 on the mass element p'da 




Q being any point of the sphere (Fig. 68), and as before CP = p, 
CQ = a. As mass element take the mass p' ■ 2Ta sin* ■ ad^, contained 
between the plane through Q at right angles to PC and an infinitely near 
parallel plane. The attraction produced at P by this element is 
directed along PC and 
14 
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where 

1^ = a' + p' — 2ap cos^, 
and hence 

rdr = ap fjili* li*. 

Substituting for osin* difi and hcos^ their expressions from tiieae 
relations we find for the attraction of the ring clement at P: 

"""' ^~ ^ ''''■ 

(a) For an imdde point P we have p < a, aud the limits of integration 
for r are from a — p to a -{- p. Hence the resultant attraction at P is 



p2 J«-p V r* / p^ \ r J„-p 

For an outside point P ivc have p > a and the limits siro from p — a 
to p + a; hence 

253. From the results of Arts, 251, 252, it readily follows that the 
attraction due to a homogeneous solid shell (mass between twoconcentric 
spheres) is zero within the hollow of the shell, while at an outside point 
it is the same as if the mass were concentrated at the center. It suffices 
to resolve the shell into concentric shells of infinitesimal thickness da 
and put p'da = p, the volume density. 

In paitieular, for a homogeneous solid sphere of radius a and volume 
density p the attraction at the distance p > a from the center is 

'^-' ,• -3™ P-- 

254. Exercises. 

(1) Show that the results of Ait. 253 hold for a solid shell whose 
density is any function of the distance from the center. 

(2) By Art, 252, the attraction due to a mass distributed uniformly 
over a sphere when considered as a function of p has a point of dis- 
continuity; illustrate this by a sketch. 

(3) Prove that the attraction at the center due to a mass distributed 
uniformly along a circular arc of aUftJe 2a and radius a is = 2kp" sina/o; 
show that a mass equal to that of the chord, it it had the same density 
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p", placed at the midpoint, of the ara, would produce the same attraction 
at the center. 

(4) Prove that the attraction of a homogsiieous rectilinear segment 
A1A3, at a point P whose perpendicular distance PO from AiAi makes 
the angles 61, $1 with PAi, PAi, bisects the angle AiPAi and has the 
value 2vp" ain!(*a ~ ^iHp- Show that the arc of the circle of radius 
PO = p about P, bounded by PAi and PAs, if of the same density, 
produces at P the same attraction. 

(6) Show that in any plane through A1A2 the confocal hyperbolas 
having AiA^ as foci are the lines of force in the field of the rectilinear 
segment; i. e. they have the property that the attraction at any point 
P is tangent to the hyperbola through P. 

(6) Show that for a homogeneous rod of infinite length the attraction 
at any point is normal to the rod and inversely proportional to the 
distance from the rod. Hence show that the attraction due to a 
homogeneous circular cylinder, of radius a and infinite length, at any 
point P at the distance PC = jj > a from the axis, is = 2v«pa'lp. 

(7) Prove that the attraction due to a mass spread uniformly over 
the area of a circle of radius a, at a point P on the axis of the circle, at 
the distance PC = p from the center C, is = 2ir«(i'(l — p/v'a' +]^). 

(8) Two parallel homogeneous stra^ht rods of equal density p" are 
placed so that the line joining their midpoints is at right angles to each; 
if tteir lengths are 20, 2b, and their distance is c, find their mutual aUrac- 
lion, i. e. the force required to hold them apart. 

(9) Show that the attraction exerted by a homogeneous right circular 
cone of vertical angle 2a and height h, at the vertex, is ^ 2w>ipk(l — 
cosffi). Show that the same expression holds for a frustum of height ft 
and angle 2Df. 

(10) Two equal circular disks, of radius a, are placed at right angles 
to the line joinii^ their centers whose distance is c. If one attracts 
while the other repels, determine the resultant force at a point P on 
the line of the centers, at a distance p from the nearer center. What 
becomes of this force when c is indefinitely diminished? 

(11) Show that the attraction of a homogeneous solid hemisphere 
at a point on its edge is = ^KpaVr^ + 4, and that it is inclined to 
the base at an aigle of about 32}^°. 
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2. The potential. 
255. As shown in Art. 248, the determination of the at- 
traction, due to given masses, at any particular point P is a 
mere problem of integration. The next problem that pre- 
sents itself in the theory of attraction is to express the 
attraction A aa a function of the point F, or rather the com- 
ponents X, F, Z of A as functions of the co-ordinates x, y, z 
of P, and to study the nature of these functions. The solu- 
tion of this problem is greatly facilitated by observing that 
there exists a function (7, known as the potential of the given 
masses, which has the property that the components of A are 
its first partial derivatives: 

dy ' ' dz' 

A function having this property may exist for forces that 
are not Newtonian attractions; it is then called a force- 



X = -. 



Fig. 69. 

Forces for which a force-function exists are called 
conservative forces. 

256. Let us consider the most simple case of Newtonian 
attraction, viz. the field generated by a single particle m', 
situated at Q (Fig. 69). The attraction at P(x, y, z), due 
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to m' at Q(x', y', z') is A = icm'/r^, where r^ — (x — x'y + 
iy — y'Y + (2 — z'Y- As this attraction has the sense 
from P toward Q, its direction cosines are — [x — x')lr, 
— (y — y')l'<'t — {^ — 2')/*"; hence the rectangular components 
of the attraction are: 

■^ ,x — x' ,-. ,y — y' „ , z — z' 

X =- Km' 7—, Y ^~- rni' ^ — ^, Z =- Km' — z-. 

r" T^ r' 

It is easily verified that these expressions are the partial 
derivatives with respect to x, y, z of one and the same func- 
tion, viz. 

(7 = ^'- ; 
r 

this then is the potential of a single particle m'. 

257. Notice that this function is one-valued and con- 
tinuous throughout the whole of space, except at Q where it 
ha,s a simple pole (i, e. U becomes infinite like 1/r for r = 0), 
and that it vanishes at infinity. The same properties hold for 
all derivatives of U except that Q becomes a pole of higher 
order. 

For the projection of the attraction A on any direction s 
we have 

A = X— + F^+Z— = --— + — ^+— — = —- 
' ds ds ds dx ds dy ds dz ds ds ' 

i. e. the s-component of A is the s-derivative of U. 

For the second a:-derivativc of U we have since dr/dx ~ 

(x — x')fr: 

a^U dX ,[ X ^x-x'dr\ 

ax^ dx \r' r dx; 

\r' r' J ' 

and similarly; 
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Adding and observing that (x — x'Y + (?/ — y'Y + { 
= J-* we find 



dx^ 



-- 0. 



This equation, satisfied by the potential at every point 
excepting the point Q where the attracting mass m' is situated, 
is known as Laplace's equation, or the potential equation. 

258. These results are readily generalized. If the field is 
due to any finite number of particles m/, ma', - ■ ■ at the 
distances ri, ri, ■ ■ ■ from the attracted point P, their potential 
is defined as 

Km,' Kmj' Km' 

If the field is due to continuous masses their potential is 
fdm' 



—r; 



For, as the limits of integration are constant the derivatives 
of U with respect to x, y, z can be found by differentiating 
under the integral sign; we have therefore, at any rate at 
any external point P: 



dU Cx — x' , , dU Cv~-v' 1 , 

iJx J r^ dy J ?■' 

dz ~ "J "H^"*' 
where the right-hand members are evidently the components 
X, Y, Z of the attra(ition at P. 
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For masses of finite density and not extending to infinity 
it is not difficult to show that the function U has a single 
definite finite value at every point P external (and even 
internal) to the given masses and that it is a continuous 
function of x, y, z. 

As in Art. 257 it can be shown that, at any external point, 
U satisfies Laplace's equation 

259. The potential is a scalar point-function; i. e. it is not 
a vector, but its value at any point is given by a single real 
number. 

The locus of those points at which the potential U has a 
constant value c, i. e. the aurfiice 

[/ = c, 

is called an equipotential surface (level, or equilibrium, sur- 
face). 

As the first derivatives of U with respect to x, y, z are on 
the one hand equal to the components of the attraction 
while, on the other, they are proportional to the direction 
cosines of the normal to the surface U = c, it follows that 
the attraction A at any external point P is normal to the equi- 
potential surface passing through P. 

In the language of vector analysis, the attraction A is the 
gradient of the potential U. 

The orthogonal trajectories of the family of equipotential 
surfaces U = c aie called lines of force since each of these 
curves has the property that the tangent at any one of its 
points has the direction of the attraction at that point. The 
differftntial equations of the lines of force are evidently 
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dx _ dy _ dz 
dU~ dU~ dU- 
dx dy dz 
260. Exercises. 

(1) For a masa spread uniformly over Ihe surface of a sphere prove 
that, within the sphere, the potential is zero while, outside the sphere, 
it ia the same as if the mass were concentrated at the center. Heuee 
deduce the corresponding results tor a homogeneous solid spherical 
shell. 

(2) A masa is distributed uniformly along the arc of a parabola 
bounded by the latus rectiun 4o; show that at the focus the potential 
is = 3.5245 Kp" and the attraction is = 1.8856 >i()"/a. 

(3) Find the potential due to a homogeneous circular plate, of 
radius a, at a point P of its axis, at the distance s: from the plate. 

(i) Determine the equipotential surfa'ea for a straight homogeneous 
rod; comp. Art ,>4 E 4 and 

(5) For a m ss di tnbuted unif 1 along the circumference of a 
circle, determin th p t nt 1 t anj p nt in the plane of the circle, 
and show that at J tan f om the nter equal to % the radius it is 
= 7.3418 Kp". 

(6) Show that a force-function exists when the resultant force is con- 
stant in magnitude and ^iirection. 

(7) Find the force-fimction in the case of a free particle moving 
under the action of the constant force of gravity (projectile in vacua); 
determine the equipotential surfaces. 

(8) Show the existence of a force-function when the direction of the 
resultant force is constantly perpendicular to a fixed plane, say the 
3T!/-plane, and its magnitude is a given function f(z) of the distance z 
from the plane. 

(9) Find the force-function, the equipotential surfaces, and the 
Icinetic enet^y when the force is a function /(r) of the perpendicular 
distance r from a fixed line, and is directed towards this line at right 

(10) Show the existence of a force-function for a central force, i. e. a 
force pasdng through a fixed point (lo, yo, ^o), if the force is a function 
of the distance r from this point. What are the level surfaces? 

(11) Show that a force-function exists when a particle moves under 
the action of any number of such central forces as in Ex. (10). 
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3. Virtual work. 

261. Tlie importance of the potential in the theory of 
attraction and of the force-function for any conservative 
forces (Art. 255) is largely due to their connection with the 
idea of work. 

The work TF of a constant force F in a. rectilinear displace- 
ment s of its point of appUcation is defined as the product 
of the projection of f on s into s: 

W ='Fs cosip, 
where if/ is the angle between the vectors F and s. In other 
words, work is the dot-product (Art. 141) of force and dis- 
placement : 

^¥ ^ F-s. 

Thus, e. g. when a body of weight F = mg slides down the 
greatest slope of a smooth plane inclined at the angle 6 to 
the horizon, through a distance s, the work of the vertical 
force F is 

Fs cos(K - 9) ^ Fs sine = Fh, 

where h = s sinS is the vertical height through which the 
body has descended. 

It follows from the theory of projection (Art. 198) that 
the work of a force is the sum of the works of its components. 
Hence, if X, Y, Z are the rectai^ular components of F, 
X, y, s those of s, we have (comp. Art. 141) 
TT = Xa: + Fy + Z%. 

262. Work is not a vector, but a scalar quantity (Art. 
259). If, in the definition of Art. 261, we take for ^ the lesser 
of the two angles made by the vectors F and s, the work is 
positive or negative according as ^ is < or > ^tt 

The dimensions of work are evidently ML'^T-'^. 
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The unit of work is the work of a unit force (poundal, 
dyne) through a unit distance (foot, centimeter). The unit 
of work in the F.P.S. system is called the f oot-poundal ; in 
the C.G.S. system, the erg. Thus, the ei^ is the amount of 
work done by a force of one dyne acting through a distance 
of one centimeter. These are the scientific units. 

In the gravitation system where the pound, or the kilogram 
b taken as unit of force, the British unit of work is the foot- 
pound, while in the metric system it is customary to use the 
kilogram-meter as unit. 

203. The numerical relations between ttcse units are obtained as 
follows. Let X be the number of ergs in the foot-pounJal, thou (uomp. 
Art. 175), 

gm. cm.° ^ Ib-ft.^ 



X = —^ ■{ -- ) = 4.2141 X 10'; 

i. e. 1 foot-poundal = 4.2141 X 10* ergs, and 1 erg = 2.37.30 X lO"' 
foot-poundals. 

Again, let x be the number of kilogram-meters in 1 foot-poimd, 

X kg. m. = 1 ft. lb., 
hence 

^ = '^.^=.0.138 257 



i. e. 1 foot-pound = 0.138 257 kilogram-metera. 

Finally, 1 foot-pound — g foot-poundals (Art. 179) ; hence 1 foot- 
pound = 1 56 X 10 e "s and 1 erg = 7.3730 X 10"" foot-pounds, if 
ff = 981 

2fi4 Exe c ses 

(1) A J ? b n ilefined aa 10' ergs, show that 1 foot-pound = 
1.356 jo lea and that 1 joul s about 3/4 foot-pound. 

(2) Show that a k Io"T m meter is nearly 10^ ergs. 

(3) What is the work done against gravity in raising 300 lbs. through 
a height of 25 ft. r (a) in foot-pounds, (6) in ergs? 



y Google 



265.1 THEORY OF ATTRACTIVE FORCES 203 

(4) Find tlic work done against triction in moving a car weighing 
3 tons through a distance of 50 yards on a level road, the coefficient 
of friction being 0.02. 

(5) A mass of 12 Iba. sUdes down a smooth plane inclined at an 
angle of 30° to the horizon, through & distance of 25 ft.; what is the 
work done by gravity? 

265. The work of a variahh force F in a very small dis- 
placement PP' = 5s is defined {like that of a constant force 
in any displacement, Art. 261) as the product of Ss into the 
projection F cosi/' of F (at P) on hs: 

SW = F <ios4' Ss = F-S8 - XSx + YSy + Zhz. 

This expression is often called the virtual work of ¥ in 
the mtual displacement Ss, the term virtual and the letter 5 
meaning that the displacement is arbitrary and not neces- 
sarily the adiml displacement along the path of the particle. 

But it should be carefully observed that even if the dis- 
placement 5s were taken along the actual path we do not in 
general have in the Umit 



i. e. the s-component of the force is not necessarily an exact 
derivative. 

The work done by the variable force F as the particle 
on which it acts is moved along an arbitrary curve from Po 
to any position P is written 

W = limZi^ eosi^as = J^F coai^ds =J^F-ds 

= J^,{Xdx + Ydy + Zdz). 

This integral can in general not be evaluated unless the path 
of the particle from Po to P is known; and it has in general 
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different values for different paths between these points. 
But we have seen (Arts. 257, 258) that for a particle m 
in a field of Newtonian attraction the component of the 
resultant attraction in any direction s is the s-derivative of 
the potential: A, = dU/ds. Hence, multiplying by m, we 
have in this case for the virtual work: 

5W = mA,3s = m5U. 

It follows tliat the work done on the particle m by the New- 
tonian attraction, as it is moved from Pa to P along any 
path, is 

W = mj^m = m{V - r/o), 

where Ua is the value of U at Po- Hence the work of attrac- 
tion is independent of the path; it is m times the difference of 
potential at P and Po; it is zero in any closed path. 

More generally, whenever the force F is conservative {Art. 
255") so that it possesses a one-valued force-function, i. e. a 
function U{x, y, z) such that dU/dx, dU/dy, dXJjdz are the 
rectangular components of F, the projection of F on any 
direction s will be the s-derivativc of U, and hence the work 
of F is independent of the path. 

266, For a particle in equilibrium, since the resultant force 
F is zero, it follows that the virtual work SW = F cosi^ 3s is 
zero whatever the displacement Ss. And conversely, if the 
virtrUal work is zero whatever Ss, or more exactly, if the 
virtual work is small of an order higher than that of Ss for 
every sufficiently small is, the resultant force F must be zero, 
i. e, the particle is in equilibrium. 

The virtual work is zero for every fis if it is zero for any 
three non-complanar displacements. 

Using rectangular co-ordinates we have SW = XSx -\- 
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YSy + ZBz; hence SW = Q when X = 0, F = 0, Z - 0; 
and conversely, if 5W = for a virtual, i. e. arbitrary, dis- 
placement, we have owing to the independence of dx, Sy, Sz: 
5Tf = 

The proposition that the vanishing of (he virtual work (apart 
from terms of a higher order) is a necessary and sufficient 
condition of eqmhbi i um for a partick is known as the principle 
of virtual work for the particle. 

267. In the particular case of a particle in a field of con- 
servative forces whose force-function is U, the condition of 
equiUbrium assumes the form 

?-» 

as 
for any ds- or, with reference to rectangular axes: 

f =0, 1^ = 0, f^o. 

ax oy dz 

Now these are necessary conditions for a maximum or 
minimum of U. Hence the positions of eciuilibriuni of a 
particle under conservative forces are found by determining 
the maxima and minima of the force-function or potential. 

It can be shown that a minimum of U corresponds to 
stable, a maximum to unstable, equilibrium. 

268. The principle of virtual work, proved above only for 
the single free particle, has a far wider field of application. It 
can be shown that for any system of particles or riffid bodies, 
subject to any constraints, expressible by emotions {not in- 
equahties) and m>t involving friction, the vanishing of the virtual 
work (apart from terms of higher order) for any displacement 
compc^ble vnik the constraints is a necessary and sufficient 
condition of equilibrium. 
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If in the expression of the virtual work SW = F cos^ Ss 
we replace 6s by {5s/5t)5t we can regard 6s/5f as a velocity. 
This is the reason why the principle of virtual work is often 
called the princi-ple of virtual velocities. 
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CHAPTER Xni. 

MOTION OF A FREE PARTICLE. 

1. The equations of motion. 

269. Let a particle of mass m be acted upon by any number 

of forces; as these forces are concurrent they are equivalent 

to a single resultant R (Art. 190). The definition of force 

(Art. 171) then gives for thi; acceleration j the fundamental 

equation of motion 

mj - R. (1) 

The mass m being regarded as a positive constant the equa^ 
tion shows that the vectors j and B have the same dnection 
and sei^e. 

The vector equation (1) assumes various forms according 
to the method selected for resolving j and R into components. 

If the motion be referred to fixed rectangular axes, (1) is 
replaced by the three equations (Art. 53) : 

mx ^ X, my =^ Y, mS = Z, (2) 

X, Y, Z being the components of R along Ox, Oy, Oz. 

If polar co-ordinates r, d, f are used we have (Art. 56, 
Ex. 9) : 

m(f - r6^ ~ r sin^e ip^) = Rr, 
m{r§ + 2f6 - r sinfl cosS ^^) = Rs, (3) 

mir sine ^ + 2 sinfl f^ + 2r cose 64>) = R^, 
207 
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where Rt, Rb, R-s, ar« the components of R along the radius 
vector, at right armies to the radius vector in the meridian 
plane, and at right angles to this plane. 

Finally, resolving aloi^ the tangent, normal, and bi- 
normal to the path we have (Art. 51) : 

mi) = ms = Ri, m - = R,„ = Rh. (4) 

P 

In the case of plane motion the equations (2), (3), (4) 
reduce to the first two, with ^ = in (3) ; in the case of 
rectilinear motion the first equation of (2) or (4) suffices. 

270. If the components X, Y, Z were given as functions 
of the time ( alone, each of the three equations (2) could be 
integrated separately. In general, however, these com- 
ponents will be functions of the co-ordinates, and perhaps 
also of the velocity and of the time. No general rules can 
be given for integrating the equations in this case. By com- 
bining the equations (2) in such a way as to produce exact 
derivatives in the resulting equation, it is sometimes possible 
to effect an integration. Two methods of this kind have 
been indicated for the case of two dimensions in a particular 
example in Kinematics, Arts. 102-104. We now proceed to 
study these principles from a more general x)oint of view, and 
to point out the physical meaning of the expressions involved. 

271. The Principle of Kinetic Energy and Work. Let us 
combine the equations of motion (2) by multiplying them 
by X, ^, i, respectively, and then adding. As xx is the time 
derivative of ^x^, the left-hand member of the resulting 
equation will be the i-derivative of |m(i^ + y^ + iO = iniv^, 
i. e. of the kinetic energy of the particle (Art. 181). We find 
therefore 

-,- ^mv^ = Xx + Yy + Zz . 
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Hence, integrating from any point Pq of the path where 
u = Wo to any point P we obtfun: 

^^ - ^uo' = S^i^dx + Ydy + Zdz). (5) 

The left-hand member represent'' the increase in the kinetn 
energy of the particle the right hand member represents 
the work done by the resultant force R sinfe its woik lo 
equal to the sum of the works of it-- components \ i Z 
(Art. 261). Equation (5) states therefore that the amount 
by which the kittetic energy increase'; as the ■particle posies frmn 
Po to P, is equal to the work done by the resultant jorce R on 
the particle. 

272, The principle of kinetic energy and work can also be 
deduced from the former of the two equations (4) . Multiply- 
ing this equation by w = ds/dt, we have 



di^mv^) r, ds r> ,ds 

-it- ''^•li = """'* it' 



hence, integrating as in Art. 271 : 

^u^ — ^Va^ = jR cos^ ds, (5') 

where ^ is the angle made by the force R with the tangent 
to the path. 

The integrand in (5) or (5'), i. e. the expression 
R cosi^ ds = R-ds = Xdx + Ydy + Zdz, 

is called the elementary work. It is the value of the virtual 
work (Art. 265) when the displacement 5s is taken infini- 
tesimal and along the actual path. 

As explained in Art. 265, the evaluation of the work 
integral in general requires a knowledge of the path. As in 
many problems the path is not known beforehand, but is 
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one of the things to be determined, it is very important to 
notice that in the case of conservative forces (Art, 255) the 
work integral has a value independent of the path (Art, 265). 
In this case, denoting the force-function, or potential, by U, 
we have 

f^{Xdx + Ydy + Zdz) - f^dU = U - Uo, 
so that the equation (5) or (5') becomes 

Jmu^ — -^Wo^ — V — Ua- (6) 

Hence in the case of conservative forces the principle of 
kinetic energy and work at once gives a first integral of the 
equations of motion. 

273. The negative of the force-function, say 

V = - U, 
is called the potential energy. If this quantity be intro- 
duced and the kinetic energy be denoted hy T, the equation 
(6) assumes the form 

T + 7 = n -H 7o, (6') 

which expresses the principle of the conservation of energy 
for a particle: the total energy, i. e. the sum of the kinetic and 
potential energies, remains constant throughout the motion i} 
the forces are conservative. In other words, whatever is gmned 
in kinetic energy is lost in potential energy, and vice versa. 

274. The physical idea to which the term poienlial energy is due 
can perhaps best be explained by considering the Newtonian attraction 
between two particles m, m'. We think of the attracting particle m' 
as generating a field. Wherever in this field a particle m be placed 
(say, with zero velocity), it will become subject to the attraction A of m' 
and move toward m' with increasing velocity, thus acquiring kinetic 
energy; at the same time the force A does an amount of work on m which 
is exactly equivalent to the Idnetic energy gained by m. It follows that. 
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the farther away from m' the particle ™ is placed, initially, the greater 
will be the amount of work that m' can do upon it. It is this "poten- 
tiality" for doing work, due to the distance of m from m', which is 
denoted as energy of posH^/m, or ■potential energy. The equation (6), 
or the equation {6') which differs from (6) merely in notation, shows 
that what the particle m in mtming taward in' gains in kiiwlic energy it 
loses in potential energy so that the sum of kinetic and potential enei^y 

275. The conditions for the existence of a force-function 
are (Art. 255); 

X = ^^ Y ^— Z^^^- 
dx ' dy ' dz ' 

Differentiating the second equation with respect to s, the 

third with respect to y we find 

dY ^dHJ_ dZ ^dHJ 

dz dzdy' dy dydz' 

whence dY/dz = dZjdy. Proceeding in the same way witli 

the other two pairs of equations we find: 

3F ^ 5Z BZ ^dX ax ^ 37 

"dz " dy' dx 8z ' dy dx ' 

These relations which are necessary and sufficient for the 

existence of a force-function U furnish a shnple criterion for 

recognizing whether the given forces are conservative. 

276. The principle of the conservation of energy, i. e. 
of the constancy of the sum of Icinetic and potential energy, 
has been proved mathematically in the preceding articles 
for a very particular case, viz. for the motion of a particle 
under conservative forces. 

By a generalization as bold and far-reaching as was New- 
ton's extension of the property of mutual attraction to 
all matter (Art, 244), modern physics has been led to the 
assumption that work and energy are quantities which can 
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never be destroyed, but can be transformed in a variety uf 
ways. This assumption, the general principle of the con- 
servation of energy, while fully borne out so far by the 
results deduced from it, is of course not capable of math- 
ematical proof. Indeed, it may be said that in defining 
the various forms of energy, such as heat, chemical energy, 
radio-activity, etc., the definitions are so formulated as to 
conform to this principle; it has always been found possible 
to do this. The general principle of the conservation of 
energy cannot be fully discussed here, since this would 
require a study of al! the forms of energy known to physics. 

277. In its application to machines, the principle states that the 
total w<yrk W supplied to a machine in a given time by the agent, or 
motor, driving it (sach as animal force, the expansive force of steam, 
tJie pressure of the wind, the impact of water, etc.) is equal to the sum 
of the Tisefvl mark Wn, done by the machine in the same time and the 
so-called lost, or wasteful, work Ww spent in overcomii^ friction and 
other passive resistances of the machine: 

While W and W„ can be determined with, considerable accuracy, 
it is difficult to determine Wv, directly with equal precision; but it is 
found that the more accurately in any given machine W», is determined, 
the more nearly will the above equation be found satisfied. This 
serves as a verification of the principle of the conservation of energy in 
its appLcation to machines. The ratio W„/W of the useful work to 
the total work is called the efficiency of the machine. The term 
modulus is sometimes used for efficiency. 

278. The time^ate at wfach work is performed by a force has received 
a special name, power or activity. The source from which the force 
for doing useful work is derived is commonly called the agent, or mofor; 
and it is customary to speak of the power of an agent, this meanii^ 
the rate at which the agent is capable of supplying work. 

The dimensions of power are evidently ML^T-'. The unit of power 
is the power of an agent that docs unit work in unit time. Hence, 
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in the acientific system, it is tiie power of an agent doing one erg per 
second in the C.G.S. system, and one foot-poundal per second in the 
F.P.S. system. As, however, the idea of power is of importaace mainly 
in engineering practice, power is usually measured in gravitation units. 
In this case, the unit of power is the power of an agent doing one foot^ 
pound per second in the F.P.S. syet«m, and one kilogram-meter in the 
metric system, 

A larger unit is frequently found more convenient. For this reason, 
the name horse-power (H.P.) is given to the power of doing 550 foot- 
pounds of work per second, or 550 X 60 = 33,000 foot-pounds per 

279. The principle of angular momentum or of areas. 
By multiplying the fa'st of the equations of motion (2), 
Art. 269, by y, the second by x, and then subtracting the 
first from the second we obtain the equation 

mixy — yx) — xY — yX, 
or since the left-hand member is the time-derivative of 
m{xy - yx) : 

^^m{xy -yx) = xY ~ yX. 

Here the right-hand member is the moment of the resultant 
force R about the axis Oz (Art. 229) while, on the left, the 
quantity r my — y nu. la the moment about the same axis 
of the mom&nium im whose components are mx, my, viz 
(Art 168) This moment of momentum m{vy — yx) is 
also called angular momentum. 

As any Ime might ha^e bttn chosen as axi& Oz, oui equa- 
tion expresses the pioposition In the motion of a poiticle, 
ike hme-jate of change of the angulat mA>mentum abnui any 
line ts equal (o the mmneni of the resultant force about (hi satne 
line. 

Applying this result to each of the axes of reference we find : 
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(8) 



dt 



i(xy — yx) ^ xY - yX. 



These equations express the 'principle of angular momentum 
or of areas. 

280. To interpret these equations geometrically consider 
first the right-hand members which are the moments of 
the resultant force R about the axes. The vector PA = R 
(Fig. 70) forms with the origin O a triangle whose area is 




Fig. 70. 



one-half the moment of R about 0; let us represent this 
moment, which is the cross-product of the radius vector 
OP = r and thp force-vector PA = R, hy a vector li per- 
pendicular to the plane nf the triangle OPA (comp. Ari:s. 
199 and 119) : 

H ^rXR, 
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tlio length of this vector B being equal to twice the area OP A . 
The projection of the triangle OPA on the a^-plane has 
the area ^{xY — yX) since the vertices of this projection 
have the co-ordinates (0, 0), {x, y), and {x+ X, y+ Y); 
hence the right-hand members of (8) are the components 
H„ Hy, H. of the vector H. 

Next consider in the same way the momentum-vector 
mv = PB; it forma with a triangle OPB whose area is 
one-half the moment of momentum about 0. We can 
represent this moment of momentum, or angular momentum, 
by a vector h, perpendicular to the plane OPB, and of a 
length equal to twice the area of the triangle OPB; the 
vector h is then the cross-product of r = OP and mv — PB: 
h — rX mv. 

The components of angular momentum rniyz — zj), 
m(zx — xi), mixy — yx) are the components Aj, hy, h^ 
of the vector h. 

The equations (8) can therefore be written in the form 

and those equations can be combined into the single vector 
equation 

dh J, 

di - "• 

wliich means that the geometrical increment of the vector 
ft, divided by A(, gives in the limit the vector H; i. e. the 
(geometrical) time-rate of change of the angukir^nom^vium 
vector is eqval to the moment-vector of the resuUaiit force. 

281. If instead of the momentum-vector mv we consider 
th.e velocity- vector v, its moment about would be repre- 
sented by the vector (l/m)h, whose components are yz — zy, 
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zi: -■ xi, xy — yx. These quantities are {Art. 47) equal to 
twice the sectorial velocities about the axes while the vector 
(llm)k represents twice the sectorial velocity of the particle 
about 0. This explains the name principle of areas. 

282. If, in particular, the resultant force B is central, i. e. 
such as to pass always through a fixed point, then, for this 
point as origin, the right-hand members of tlie equations (8) 
are zero, and we find at once the first integrals of the equa- 
tions of motion (2) : 

m{yz — zy) = Ai, m{zx — xz) ^h, m(xy - yx) = A^, (9) 
where h,, fh, hs are constants. 

Thus, in the motion of a particle in the field of a central 
force, the angular momentum, and hence the sectorial veloc- 
ity, about any axis through the center is constant. 

If the resultant force always intersects a fixed line, the 
angular momentum, and hence the sectorial velocity, about 
this line as axis remains constant. 

These propositions are often referred to as the ■princi'ple of 
the conservation of angular momentum or of areas. 

It may be noted that the equations (9), multiplied by 
X, y, z and added give, 

h.T,x + ^1/ 4- hiZ = 0; 
this shows that the particle moves in a plane passing throiigh 
the center of force, as is otherwise evident. 

233. Exercise. 

In tlie case of plane motion, if tlie plane be taken aa the a^y-plane, 
the principle of areas is expressed by the third of the equations (8) . If 
the perpendicular from the origin O to the tangent at P be denoted by p 
(comp. Art, 100), this equation can be written in the form d{m-pv)ldt = 
xY — yX. Show that the two terms -mpds/dt and mvdp/dt of the left- 
hand member represent the moments of the tangential and normal 
components of the resultant force E, respectively. 
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2. Examples of rectilinear motion. 

284- Free Oscillations, As an example of rectilinear mo- 
tion consider the motion of a particle of mass m under a force 
directly proportional to the distance OP = s of the particle 
from a fixed point 0. If the force is attractive, i. e. directed 
toward the point and if the initial velocity passes through 
or is zero so that the motion is rectilinear, the single 
equation of motion is 

ms = — T/iK^s, (10) 

and the motion (see Arts. 26, 27, 71) is a simple harmonic 
oscillation or vibration about the point as center. This 
point 0, at which the force R = — ms^ is zero, is therefore 
a position of equilibrium for the particle. 

The potential energy V due to the force R = — mk's is, by 
Art. 273, 

y = — j Rds = mic^ I sds — ^k^s^ + C. 

Hence the principle of the conservation of energy gives 

v^ + k's^ = const. 
If the initial velocity be zero for s = so, we have 



28S. As in the applications the moving particle m is generally subject 
to tJ»e constant force o£ gravity, it is important to notice that the intro- 
duction of a constant force F along the line of motion does not essentially 
chaise the character of the motion. For,. the equation of motion 

reduces, with s — F/otn' = x, to 

which agrees in form with (10). The only ohange in the results is thsit 
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the center of the iscilhtion-., i e the po-sitmii of eiiuilihrium of the 
particle m, is not the point 0, but i point it the diilanic e = FIttik^ 

286. Force* proportional to a distince or length, ire directly ob- 
served in the siretdung of ■-o ciiled doBlic matenals Thua, a homo- 
geneous strait Bteel wire when suspended vertically from one end 
and weighted at the other end is found to stretch, and carelul me isure- 
menls have shown fhit the exteuBion, or change of length, is du'ettly 
proportional to the weight applied (the weight of the wire itself being 
assumed, for the sake of amplidty, as very small in comparison with 
the load applied). Conversely, the lenuon, or elasHc stress, of the wire 
is proportional to the extension produced. Moreover, when the weight 
is removed the wire m found to contract to its original ien^h. 

This physical law, known as Hooke's law of elastic siresn, holds only 
within certain limits. If the weight exceeds a certain limiting value, the 
extension is no longer proportional to the w^ht, and after removing 
the weight, the wire does not r^mn its oi^inal length, but is found to 
have aequired a permanent set, or lengthening; it is SMd in this case 
thsit the elastic limits have been exceeded. 

Materials for which Hooke's law holds exactly within certain limits 
of tension and extension are called perfectly elastic. Strictly speaking, 
such materials probably do not exist; but many materials follow Hooke'a 
law very closely within proper limits. Thua, elastic strings, such as 
rubber bands, and spiral steel springs show these phenomena very 
clearly on account of the large extensions allowable within the elastic 

287. The elastic constant mn'. Let an elastic string whose natural 
length is I assume the length I + x when the tension is F, so that accord- 
ing to Hooke's law, 

F m^x. 

To determine the factor of proportionality mifl for a given string, we 
may observe the length h assumed by the string under a known ten- 
sion, e. g. the tension— mig produced by suspending a given mass mi 
from the string (the w«ght of the string itself beii^ neglected). 

We then have 

- miff = - w«'{ii - I), 
whence 
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288. Lot the same string be placed on a smooth. Iiorizontal table, 
ine end being fixed at a point (Fig. 7i), while a particle of mass rn is 



S%.7L 

attached to the other end. Stretch the string to a length OPo ■^ I + Xi, 
(within the limits of elasticity) and let go; the particle m will move 
imder the action of the tension F alone, its weight being balanced by 
the reaction of the table. The equation of motion IH 



the distance QP = x being counted from the point Q at the 
OQ = I from the fixed pomt 0. Putting again (Art. 287) 



and integrating, i 
whence 



c = a;o and u = for ( = 0, 



" Vto(?i - ;) ' 

= Ci cosd + Ci SIDkC, 

= — KC, sinKi + kCi cosisi. 

have ci = xo, d - 0; hence 



It should be noticed that these equations hold only as long as the 
string is a^itually stretched, L e. as long aa x > 0. The subsequent 
motion is, however, easily determined from the velocity for x — 0. 

289. It was assumed, in the preceding article, that the particle m is 
let go from its initial position Pn with zero velocity. This can be 
brought about by pulling the particle from Q to Po with a gradually 
increasing force which at any point P is just equal and opposite to the 
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corresponding elastic tension, or stress, P = mx'x. TLe work tlius done 
agmnst the tension, i. e. in stretching or sirainvng the string, is stored in 
the particle m as potential energy, or strain energy, V. To find its 
amount, observe that, as the particle m is pulled through the short dis- 
tanee Ax, the wort of the force is = im^Ax; this beii^ the potential 
energy AV gmned in the distance ii, we have AV = mK'xAx; hence 

Thus, in the initial position Po tie particle m post.esse=( Ihi'i potential 
enei^, but no kinetic energy. During its motion tr>m P„ to Q, the 
particle gains kinetic energy and loses potential eaergj At anj inter- 
mediate point P, for which QP = x, the kmetir energy is T = Jm;*, 
while the potential energy is F = irriK^x'. By the principle of the con 
aervation of energy (Art. 273), the svim of these two quantities, the 
so-called total energy, E, remams constant as long as no other forces 
besides the elastic stress act on the particle; 

\m^ + \nii?3? = const. 

The value of the constant is = ^mn'xa'-, since this is the total energy 
at Po; hence, 



(Comp. Art. 284). This relation also follows from the values of x and 
V given in Art. 288, upon eliminating L 

When the particle arrives at the position of equilibrium Q, the 
potential, or strain, energy has been consumed, having been converted 
completely into kinetic enei^. 

290. Esercises. 

(1) In the problem of Art. 288 let the string be a rubber biind wlwse 
natural length of 1 ft. is increased 3 in. when a weight of 4 oz. is suspended 
from it; determine the motion of a 1-oz. particle attached to one end, 
the band beii^ initially stretched to a length of IJ^ ft.; find (a) the 
greatest tension of the band, (b) the greatest velocity of the particle, 
(c) the period, (d) the work done by the tension in a quarter oscillation. 

(2) Discuss the effect of friction, of coefficient ^, in the problem of 
Art. 288, 

(3) The length OQ = loi an elastic string is increased to OQi = ^ = 
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I + e ii a mass m is suspended from il« lower end, the upper end 
being fixed (Fig. 72). The mass m is pulled down to the distance 
QJ'o = Xo from the position of equilibrium Qi and then released. Prove 
the following results: With Q, as origin the equation of 
motion of m ia 

X = — i^x, where k = ^'? , 

whence 

X = Xa Rosd, !) = — HKo smd. 

If a:o < e, ttie tension never vanifihes, and m performs 
JsoohronouB oscillations of period 2irV ejg, the period be- 
ing the same as for the small oscillations of a pendulum 
of length e. If Xi, > e, the tension vanishes for x = 

— e, i. e. at Q; the velocity at thia point is s'l =^ 

— kVxi^ — ^, and tte particle rises to the height 
ft = {xi? — e^)!2e above Q. The total time of one up Ym. 72 
and down motion is 

2V^Mk + Bin-H«M) + v" We)' - 1]. 

(4) How is the motion of Ex. (3) modified if the elastic string be 
replaced by a spiral spring suspended vertically from one end? Aflsumc 
the resistance of the spiir^ to compression equal to its resistance to 
extension. 

(5) The particle in Ex. (3) is let fall from a height h above Q; deter- 
mine the greatest extension of the string. 

(6) An elastic string whose natural length is I is suspended from a 
fixed point, A mass »!i attached to its lower end stretches it to a length 
ii; another mass mj stretches it to a length li. If both these masses be 
attached and then the mass ma be cut off, what will be the motion of 

(7) If a straight smooth hole be bored through the earth, connecting 
any two points A, B on the surface, in what time would a particle slide 
from A to B? The attraction in the interior is directly proportional 
to the distance from the center of the earth. 

291. Resistance of a Medium. It is known from obser- 
vation that the velocity y of a rigid body moving in a liquid 
or gas is continually dimimshed, the medium apparently exert- 
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iag on the body a retarding force which is called the n 
of the medium. This force F is found to be roughly propor- 
tional to the density p of the medium, the greatest cross- 
section A of the body (at right angles to the velocity v), and 
generally, at least for large velocities, to the square of the 
velocity v. 

F = kpAv'', 

where A is a coefficient depending on the shape and physical 
condition of the surface of the body. 

This expresaion for the resistance F can be made plausible by the 
tollowii^ consideration. As the body moves through the medium, 
aay with constant velocity v, it imparts tWs velocity to the particles 
of the medium it meets. The portion of the medium so affected in the 
unit of time can be regarded aa a cylinder of cross-section A and length 
e, and hence of mass pAv. To increase the velocity of this mass from 
to 1" in the unit of time requires, by equation (5) of Art. 171, a force 



pAv 



--- =p^.= 



The retarding force of the medium must be equal and opposite to this 
force multiplied by a coefficient h to take into account various disturbing 



For small velocities, however, the resistance can be assumed pro- 
portional to the velocity, F = kv, the coefficient k to be determined by 
experiment. 

The above consideration is only a very rough approximation. Thus 
the particles of the medium are not amply given the velocity v in the 
direction ot motion; they are partly pushed aside and move in curves 
backwards, causing often whirls or eddies alongade and behind the 
body. If the medium is a gas, it is compressed in front, and rarefied 
behind tbe body; indeed, when the velocity is great {greater than tiiat 
of sound in the gas), a vacuum will be formed behind the body. More- 
over, a layer of the medium adheres to and moves with the body, thus 
increasing the cross-section. It is therefore often found necessary to 
assume a more general expression for the resistance; and this is, in 
balllBtics, generally written in the form 

F = KpA^f{v). 
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The careful experiments that have been made to determine the re- 
sistance offered by the air t« the motion of projectiles have shown that 
for velocities up to about 250 meters per second, as well as for velocities 
above 420 m./sec, f(v) can be regarded as constant, i. e. the reastauce 
is proportional to the square of the velocity. But for velocities between 
250 and 420 m./sec, i. e. in the vicinity o£ the velocity of aouud in. air 
(330-340 m./sec), the law of resistance is more complicated. 

292. Falling Body in Resisting Medium. Assuming the 
resistance proportional to tiic square of the velocity, the 
equation of motion for a body falling (without rotating) in a 
medium of constant density is 



" df - "• dt 



= mg — mkv^, 



where k ia a positive constant. To simplify the resulting 

formulse, put 

k = -■; 
9 

then the separation of the variables v and ( gives 

at = -7 r-x, 

whence 

,= llog^ + -''-^. 
2m ^g - iw 

the constant of integration being zero if the initial velocity 
is zero. Solving for u, we have 

Writing dsjdt for v and integrating again, we find, since s = 
for t = 0, 

s = 4 log i (<^"' + e-"') = 4 log ^^h/-'- 
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The relation between w and s can be obtained by eliminating 
( between the expressions for v and s, or more conveniently 
by eliminating ( from the original differential equation by 
means of the relation 

dv _ dvds _ dv 

dt ds dt ds 
This gives 



whence, with u = for s = 0, 

293. Exercises. 

(1) Show that, as ( increases, the motion considered in Art. 292 
approaches more and more a state of uniform motion without ever 
reaching it. 

(2) Determine the motion of a body projected vertically upward in 
the mr with given mitiaJ velocity uo, the reaistaace of the air being pro- 
portional to the square ot the velocity. 

(3) In Ex. (2) iind the whole time of ascent and the height reached 
by the particle. 

(4) Show that, owing to the resistance of the air, a body projected 
vertically upward returns to the starting point with a velocity less than 
the initial velocity of projection. 

(5) A ball, 6 in. in diameter, falls from a height ot 300 ft,; find 
how much its final velocity is diminished by the resistance ot the air, it 
k = 0.00090. 

(6) Determine the rectilinear motion ot a body in a medium whose 
resistance is proportional to the velocity, when no other forces act on it. 

(7) A body tails from rest in a medium whose resistance is propor- 
tional to the velocity; find v and 5 in terms o! t, v in terms of a. 

294. Damped Oscillations. Let a particle of mass m be 
attracted by a fixed center 0, with a force proportional to 
the distance from 0, and move in a medium whose resistance 
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is proportional to the velocity. If the initial velocity be 
directed through (or be zero), the motion will be rectilinear, 
and the equation of motion is 

m ,-,.= — niK^s — mkv, 

or, putting k = 2X, 



dt^^ dt 



(\l) 



This is a homogeneous linear differential equation of the 
second order with constant coeffieitaitH, which can be in- 
tegrated by a well-known process. The roots of the auxiliary 
equation, 

are real or imaginary according as ^ > «, or X < «. The 
limiting eases X = k, X = 0, k = 0, also deserve special men- 
tion. 

(ct) If \ > «, tlie roots are real and different, and as X is 
positive, both roots arc negative; denoting them by — a and 
— i, 30 that a and 6 are positive constants, and h> a, the 
general solution is 

s = CiS-"' + Cae-". 

As the force has a finite value at the center 0, we can take 
s — Q, V = va ior t =^ as initial conditions. This gives 

The velocity reduces to zero at the time 

(, = I log-- 

16 
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As a and b are positive and b > a, s has always the sign of 
Vo, i. e. the particle remains always on the same side of 0; 
it reaches its elongation at the time ti, for which v vanishes, 
and then approaches the point asymptotically. 

Hence, in this case, the damping effect of the medium is 
sufficiently great to prevent actual oscillations. Such mo- 
tions are sometimes called aperiodic. 

(6) If \ = «, the roots are real and equal, viz. = — X, 
and the general solution is 

s = (ci + c>;)e-". 

With s = 0, y = (to for ( = 0, we fmd 

s = woie"*', V = U{|(1 — M)^'- 

The velocity vanishes for ii = 1/X, and then only. The 
nature of the motion is essentially tlie same as in the previous 
case. 

(c) If X < K, the roots are complex, say = — a ± 0i, where 
a and j3 are positive constants. The general solution 

s = e-"'(ci cos;3( + Ca sin^t) 
gives with s = 0, V = vq tor t — 0: 

s = ^-e-"' sin(3(, v = "f- e-'"(/3 eospt - a sm0t). 
P P 

Here v vanishes whenever taiifft = fifa = ■\(k/X)^ ~ Ij s 
vanishes (i. e. the particle passes through 0) whenever ( is an 
integral multiple of t/^; s has an infinite number of maxima 
and minima whose absolute values rapidly diminish. 

The resistance of the medium, while not sufficient to ex- 
tinguish the oscillations, continually shortens their amplitude ; 
this is the typical case of damped oscillations. 

(d) If X = 0, the roots are purely imaginary, viz. = ± d. 
In this case, the second term in equation (11) is zero; there 
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18 no damping effect, and we have the ease oifree oscillations 
(see Arts. 284-290). 

(e) If K = 0, one of the roots is zero, the other is = — 2 X. 
The attracting (or elastic) force being zero, we have the case 
of Ex. (6), Art. 293. 

295. As shown in Arts. 273, 274, the -principle <4 Hie comervalion 
qf energy holds for the free oecillationE of a particle (under a tornc pro- 
portional to the distance). In the case of dam-ped osoiBations (Art. 294), 
this principle, in the restricted sense in which it has been proved so far, 
is not applicable, the resistance of the medium not b«ng given as a 
function of the distance s. The total energy E = T + V of the particle, 
or rather the energy stored in the system formed by the spring with 
the particle attached (in the example used above), diminishes in the 
course of time because the spring has to do work against the reastance 
of the medium, thus transferring part of its energy to the medium 
(setting it m motion, heating it, etc.). Thus, in a generalized meanji^, 
the principle of the conservation of enei^ can be said to hold for the 
larger system, formed by the spring, together with the medium (see 
Art. 276). 

The rate at which the total enei^ E diminislies with the Htne is 
here proportional to the square of the velocity : 



dE_ 
'dl ' 



- 2wXi''; 



for, substituting for E its value E = T + V ^ Jmi^ + Jmt's^ (Art. 
289) and reducing, we find the equation of motion (11), 

The spoee-rate of change of the total energy E is proportional to 
the velocity, and is nothing else but the resistance of the medium ; 

— = - 2 m?.!'- 

tor we have 

tlE ^ dE_ds ^ dE 
dt ds dl ds ' 

296. Forced Oscillations. In the ease of free simple har- 
monic oseillations, while the force regarded as a function of 
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the (liatanc(i s is directly proportional to s, tlie same force 
regarded as a function of the time is of tlie form 

H = — niKHr) cosri, 

since s = Su cosd. Conversely, a particle acted upon by a 
single force E ^ mk cosfit, or R = mh ain/it, directed toward 
a fixed center 0, will, if the initial velocity passes through 0, 
have a simple harmonic motion. 

Suppose that such a force in the line of motion be super- 
imposed in the case of Art. 294 so that the equation of motion 
becomes 

m -j-r = — niKh — 2m\v + mk cosfd, 



ii + 2^ sf + '■'-'"'"■ c^' 

The particle is then said to be subject Ui forced osdUaHons. 
For a particle suspended from a spiral spring this could be 
realized by subjecting the point of suspension to a vertical 
simple harmonic motion of amplitude k and period 27r/;u. 

The non-homogeneous linear differential equation (12) with 
constant coefficients can be integrated by well-known 
methods. 

297. Exercises. 

(1) With ;( = 2, Ho = 4, sketch the curves representing s as a function 
of I in tlie five cases of Art. 294; take la) X = 3, (6) X = 2, (c) X = M, 
(e) X = 2. 

(2) Ck>inpare the cases (c) and (d) of Art. 294; siiow that the os- 
cillations in a resisting medium are isochronous, but of greater period 
than in I'ocuo. The ratio of the amplitude at any time to the initial 
amplitude is called the damping ratio; show that the logarithm of this 
ratio, the so-called loganikrrde decrement, is proportional to the time. 

iZ) Derive the equation of motion in the case of free oscillations 
froni the principle of the conservation of energy. 
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(4) Integrate and discuss the equation s + h"s = a sin^; show that 
the amplitude of tlie forced oscillation beoomea very large if the perioda 
of the free and forced oscillations are nearly equal. Discuss the limiting 
case when ii = a. 

(5) Integrate (12), assuming a particular integral of the form 
c aosiil + c' sin;i! and determining the constants c, c' by substituting 
this expression in (12). Discuss the result, 

3. Examples of curvilinear motion. 

298. Central Forces. Tho motion of a particle in the field 
of a central force has been studied in Kinematics, under 
central motion, Arts, 96-113. It wiU here suffice to add 
certain further developments that are best expressed in 
dynamical terms. 

299, Force Proportional to the Distance; /(?■} = k^. The equations 
ot motion (2) arc in this case 

:£ = =(= k'x, j( = T i^, 
the upper sign holding for attraction, the lower for repulsion. Their 
solution is very simple, because each equation can be integrated sepa- 
rately. We find, in the case of attraction, 

a = ai cos«i + oa anni, y = b\ cosirf + bi ainul, 
and in the case of mpulsion, 

X = aiC"' + ose-*', y = iie*^' + ftaf-''; 

oi, oj, 6i, 65, being the constants of integration. 

To find the equation of the orbit, it is only nccessaiy to eliminate 
1 in each ca.se. 

In the case of attraction, this elimination can be performed by solving 
for cosrf, mud, squaring and addii^. The result is 

{aiy — bixy + {(hy — bix)' = Iflibi — a^bi)\ 
and this represents an ellipse, since 

(oi' + ai'}(b,' + hi') ~ (ai6, + aM' = (aj>i - 0^6,)= 
is always positive. The center of the ellipse is at the origin, and the 
ines nil/ — b,x, chy = hx are a pair of conjugate diameters. 
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In the case of repulsion, eolve for e"^' and e-"^', and multiply. The 
resulting equation, 

(oij/ — 6i3;)(6!2 — oiy) = (oiftj — osti)', 
represents a hyperbola whose asymptotes are the linos aiy = 612, 
am = b2X. 

300. It is worthy of notice that the more general problem of the 
motion of a particle attracted by any number of fixed centers, with forces 
directly proportional to the distances from these centers, can be reduced 
to the problem of Art. 289. 

Let X, y, z be the co-ordinates of the particle, r; its distance from the 
center 0^; Xi, yi,Zi the co-ordinates of O,; and «iVi the acceleration 
produced by 0;. Then the a-component of the resultant acceleration is 

SttiVi .^ ~—- 2Ki'(i - ^i) = - 3^2«i' -H Sk,'!,; 

and similar expressions obtain tor the y and z components. Hence, 
the equations of motion are 
i, = - a^SKi' + 'S.iHi, y ^ - yS«*^ + 'Su^Vi, 2 = - BSjij" -I- Sft'Si. 
As the right-hand members are linear in x, y, z, there is one, and only 
one, point at which the resultant acceleration is eoto. Denoting its 
co-ordinates by x, y, z, we have 

_ _ ' SKi^X i _ ^ S«i'!/f _ ^ S~i^2i 

The form of these equations shows that this point of zero acceleration 
which is sometimes called the mean center is the centroid of the centers 
of force, if these centers be regarded as containing masses equal to k;'. 
It is evidently a fixed point. 

By introducing the co-ordinates of the mean, center, we can reduce 
the equations of motion to the simple form 

t = -^Kx -x), g = - <i\y -y), 3 = - k\z - S), 
where b' = Zk,\ Finally, taking the mean center as ori^n, we have 

x^ ->^x, y = - ^, S ^ -Kh. 
It thus appears that the motion of the particle is the same as if there ivere 
only a single center of force, viz,, tie mean center {x,j/,z^, attracting loith 
a force proportional to ike distance from this center. 
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!, determined by the mean center 




Fig. 73. 



The plane of tlie orbit is, of a 
and the initial velocity. 

301. It is easy to see that most of the considerations of Art. 300 
apply even when some or all of the centers repel the particle with forces 
proportional to the distance. It may, however, happen in this case that 
the mean center lies at infinity, in which case, of course, it can not be 
taken as origin. 

Simple geometrical conaderations can also be used to solve such 
problems. Thus, in the case of two attractive centers 0,, Os (Fig. 73) 
of equal intensity «', the forces can 
evidently be represented by the dis- 
tances POi = !■,, POi = ri of the 
particle P from the centers. Theh 
resultant is therefore = 2P0, if 
denotes tte point midway between 
OiandOs; and this resultant always 
passes through this fixed point 0, 
and b proportional to the distance 
PO from this point. 

302. Exercises. 

(Ij Determine the constants of integration in Art. 299, it Xa, 3/0 are 
the co-ordinates of the particle at the time ( = and th, "s the com- 
ponents of its velocity wo at the same time. The equation of the orbit 
will assume the form 

iS(xoy - pi^y + (v,y - v,xy = (a^Hs - yoBi)" 
for attraction, and 

«»(io2/ - tjoxy - iv,y - v^y = - (^ocj - m'-y 
for repuiaon. 

(2) Show that the semi-diameter conjugate to the initial radius 
vector has the lei^th Ve/s, where Vo^ = Vi' + vs'. As any point of the 
orbit can be regarded as initial point, it follows that the velocUy at any 
point is ■pTopoHionrd U> (he parallel diameter of the oriiit. 

(3) Find what the initial velocity must be to make the orbit a circle 
in the case of attraction, and an equilateral hj^ierbola in the case of 

(4} The initial radius vector Tt and the initial velocity Va being given 
geometrically, show how to construct the axes of the orbit described 
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under the action of a central force (of given intensity k') proportional 
to the distance from the origin. 

(5) A particle describes an ellipse under the action of a central 
force proportional to the distance; show that tiie eccentric angle is 
proportional to the time, and find the corresponding relation for a 
hyperbolic orbit. 

(6) A particle of mass m describes a conic under the action of a 
central force F — =f wwi'r. Show that the sectorial velocity is ic = 
i tab, a and b being the semi-axes of the conic. 

(7) In Ex. (6) show that tlie time of revolution is T = 2x/ii, if the 
conic is an ellipse. 

(8) A particle describes a conic under the action of a force whose 
direction passes through the center of the conic. Show that the force 
is proportional to the distance from the center. 

(9) A particle is acted upon by two central forces of tlie same 
intensity («=), each proportional to the distance from a fixed center. 
Determine the orbit: (a) when both forces are attractive; (b) when 
both are repulsive; (c) when one is an attraction, the other a repulsion. 

(10) A particle of mass m is attracted by two centers Oi, O2 of equal 
mass m' and repelled by a third center Oi, whose mass is m" = 2m'. 
If the forces are all directly proportional to the respective distances, 
determine and construct the orbit. 

(11) When a particle moves in an ellipse under a force directed 
towards the center, find the time of moving from the end of the major 
axis to a point whose polar angle is B. 

(12) Prove that if, in the problem of Art. 301, the intensities of Oi and 
Os are Jti, as, the resultant attraction F passes through the centroid G 
of two masses «i «, placed at 0,, Oj, and that F ^ (k, + ki)PG. 

(13) In Art. 299, in the case of attraction, the component motions are 
evidently simple harmonic oscillations. Show that the equation of the 
path can be put in the form (comp. Art. 89) 

— —. ^ ainS 4- S- = fnn'X 



(14) Show that the total enei^ of a particle of mass m describing ai 
ellipse of semi-axes a, 6 under a force miA- directed to the center it 
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303. Force Inversely Proportional to the Square of the 
Distance: f(r) = f</r' {Newton's law). 

It has been shown in Kinematics (Arts. 99-108) how this 
law of acceleration can be deduced from Kepler's laws of 
planetary motion. From Kepler's first law Newton con- 
cluded that the acceleration of a planet (regarded as a point 
of mass m) is constantly directed towards the sun; from 
the second he found that this acceleration is inversely pro- 
portional to the square of the distance. The motion of a 
planet can therefore be explained on the hypothesis of an 
attractive force, 

F = m^„, 
issuing from the sun 

The value of ^, which represents the acceleration at unit 
distance or the so-called intensity of the force, was found to 
be (Art. 108; or below. Art. 315) 

;U - 4jr2-y3; 

and as, according to Kepler's third law, the quantity a^jT^ 
has the same value for all the planets, Newton inferred that 
the intensity of the attracting force is the same for all 
planets; in other words, that it is one and the same central 
force that keeps the different planets in then- orbits. 

304. It was further shown by Newton and Halley that the 
motions of the comets are due to the same attractive force. 
The orbits of the comets are generally ellipses of great eccen- 
tricity, with the sun at one of the foci. As a comet is within 
range of observation only while in that portion of its path 
which lies nearest to the sun, a portion of a parabola, with the 
same focus and vertex, can be substituted for this portion of 
the elhptic orbit, as a first approximation. 



y Google 



234 KINETICS I305. 

It is also found from observation that the motions of the 
moons or satellites around the planets follow very nearly 
Kepler's laws, A planet can therefore be regarded as at- 
tracting each of its satellites with a force proportional to the 
mass of the satellite and inversely proportional to the square 
of the distance. 

305, All these facts led Newton to suspect that the force of 
terrestrial gravitation, as observed in the case of falling bodies 
on the earth's surface, might be the same as the force that 
keeps the moon in its orbit around the earth. This inference 
couid easily be tested, since the acceleration g of falling bodies 
as well as the moon's distance and time of revolution were 
known. 

Let m be the mass of the moon, a the major semi-axis of its orbit, T 
Ihe time of revolution, r the distance between the ecnters ot earth and 
moon; then tlsc earth's attraction on the moon is (Art. 303) 



or, since the eccentricity of the moon's orbit is so small that the orbit 
can be regarded as nearly circular, F = ^-ithnajP. On the other hand, 
the attraction exerted by the earth on a mass m on its surface, i. e. 
at the distance R = 3963 miles from the center, is F' = mg. Now, 
if these forces are actually in the inverse ratio of the squares of the 



or, sine* the distance of the moon is nearly = GOB, F' = 60=f . Sub- 
stituting the above values of F and F', we find 



With R = 3963 miles, T = 27'' 7» 43", this gives g = 32.0, a value 
which agrees sufficiently with the observed value of g, considering the 
rough degree of approximation used. 
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306. In this way Newton was finally led to his law of 
universal gravitation, which asserts that every particle of mass 
in attracts every other particle o/wmxss m' with aforCe 

__ mm' 

where r is the distance of the particles and « a constant, viz. 
the acceleration produced by a unit of mass in a unit of mass 
at unit distance (see Arts, 245, 246). 

The best test of this hypothesis as an actual law of physical 
nature is found in the close agreement of the results of 
theoretical astronomy based on this law with the observed 
celestial phenomena. 

307. Taking Newton's law as a basis, let us now turn to 
the converse problem of determining the ■motion of a particle 
acted upon by a single central force for which fir) = /x/r^ 
(problem of planetary motion). 

It has been shown in Kinematics (Arts. 109-112) that if 
the force be attractive, the particle will describe a conic section 
with one of the foci at the center of force, the conic being an 
ellipse, parabola, or hyperbola, according as 

-=g?f. (13) 

// the force be repulsive, the same reasoning will apply, 
except that /t is then a negative quantity. The orbit is, 
therefore, in this case always hyperbohc; the branch of the 
hyperbola that forms the orbit must evidently turn its convex 
side towards the focus at which the center of force is situated, 
since the force always Hes on the concave side of the path. 

308. To exhibit fully the determination of the constants and the 
dependence of the nature of the orbit on the initial conditions, a solution 
somewhat different from that given in Kinematics will here be given for 
the problem of planetary motion in its simplest form. 
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With /(r) = lil^^, the equation of kinetic energy and work (5) 
Art. 271, gives (oomp. (19), Art. 109) 



— -r?= 



or, if the constant of integration be denoted briefly by k and u = 1/r be 
iatrodueed, 

t« = 2mm + h, where h = vs' - y ■ (14) 

Substituting this expression for u^ in the equation (15), Art, 105, we 
find the differential equation of the orbit in the form 



introduce a new variable u' by putting 



the resulting equation, 



(fy- 



has the general integral 

where a is the constant of integration. The orbit has, therefore, the 
equation 



= ^^^c 



J9(e - a). (16) 



which agrees with the equation (24) given jn Kinematics, Art 112, 
excepting the different notation used for the const anta 

309. Ite equation (16) represents a come section referrtd fo its 
focus as origin. The general focal equation of a conii- is 

l.-j +po.(«-<.), (ID 

where I is the semi-latus rectum, or parameter, e the eccentricity, and 
a the angle made with the polar axis by the line joining the focus to the 
nearest vertex. 
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In a planetary orbit (Fig. 74), the sun S being at one of tlie foci, the 
nearest vertex A is called the perihelion, the other vertex A' the aphelion, 
and the angle $ — a made by any radius vector SP = r with the peri- 
helion distance SA is called the true anomaly. 




Comparing equations (17) and (16), we find, for the determination of 
the constants; 



c = VS h=t^--^---- (19) 

310. The eitpression for the eccentricity e in (18) determines the 
nature of the conic; the orbit is an ellijMe, parabola, or hyperbola, 
according as e S i; hence, by (18), according as the constant h of the 
equation of kinetic energy is negative, zero, or positive. Owing to the 
value of h given in (14), this criterion agrees with the form (13), Art. 
307. 

It should be observed that it follows from (13) that the nature of the 
conic is ini^ependent of the direction of the initial velocity. 

The criterion (13) can be given the following interpretation. Con- 



y Google 



sidcr a particle attracted by a fixed center according to Kei 
law. If it move in a straight line passing through the cente 
principle of kinetic eneigy gives for ita velocity, at the distance r. 



.^-2.0. 



hence, if it etart, from rest at an infinite distaace from the center, it 
would acquire the velocity ^ 2\Lh at the distance r. The criterion (13) 
is therefore equivalent to saying that Qw orbit is an ellipse, a parabola, 
or a hyperbola, according as the velocily at any paini is less than, egnal 
to, or greater than Ike velocity which the parlide would bam acquired at 
that point by falling towards the center from infinity. 

311. For a central conic, whose axes are 2a, 2b, we have I = Vja. 
e = Vo' =Ft^la (the upper sign relating to the ellipse, the lower to the 
hyperbola), so that the equations (19) reduce to the following: 



Im 



ft = ^ "- - (20) 



The latter relation, with the value of h from (14), gives for the major 



while the former, with the value of c as given in Art. 100, determines 

6 = c^- = r„%Bin^„-^"- (22) 

312. The magnitudes of the axes having thus been found, their 
directions can be determined by a simple construction which furnishes 
the second focus. 

In the ellipse, the focal radii have a constant sum — 2a, and lie on 
the same side of the tangent, makit^ equal angles with it. In the 
hyperbola, they have a constant difference = 2a, and lie on opposite 
sides of the tangent. 

Hence, determining the point 0" (Fig. 75), which is symmetrical 
to the center of force O with respect to the initial velocity, and drawing 
the line PoO", we have only to lay off on this line from Po a length 
PoO' = ±! (2a — ro); then 0' is the second focus, which for an elliptic 
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ide of the taagent P^T, and for 



orbit must bo taken with on tie same 
ft hyperbolic orbit on the opposite side. 




= 0, i = 



(23) 



The axis of the parabola is readily found by remembering that the 
perpendioulai' let fall from the focus on the tangent bisects the tangent 
(i. e. the segment of the tangent between the point of contact and the 
axis). Hence, if OT (Tig. 76) be the 
perpendicular let fall from the center 
on the velocity vg, it is only neces- 
sary to make TT' = Po'f, and T' will 
be a point of the axis. Moreover, the 
perpendicular let fall from T on OT' will 
meet the axis at the vertex A of the para- 
bola, so that OA = \l. 

314. The relation (21), which must 
evidently hold at any point of the or- 
bit, can be written in the form Fig. 76. 




'-'(hi)' 



(24) 



the upper sign relating to the ellipse, the lower to the hyperbola, while 
for the parabola, the second term in the parenthesis vanishes (since 

This convenient expression for the velocity in terms of the radius 
vector might have been derived directly from the fundamental relation 
(Art. 100) V = c/p, the first of the equations (19), C = id, and the 
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geometrical properties of tte (.oiui, sor tions {r dzr' = 2a, pp' = b*, 
p'r = pr', where t, r' are the to(,al tidu, ind p, p' the perpendiculars 
let fall from the foci on the tangent) The proof is left to the student. 
315. Time. In the case of an elliptic orbit, the time T of a complete 
revolution, usually called the periodic time, is found by remembering 
that the sectorial velocity is constant and = Jc, whence 



or, by (20), 

T = 2wyl'^ =~. (25) 

The constant _ 

** = V^= ' 

which evidently represents the mean angular velocity about the center 
in one revolution, is called the mean motion of the planet. It should 
be noticed that it depends not only on the intensity of the force, but 
also on the major axis of the orbit, while in the case of a force directly 
proportional to the distance the periodic time is independent of the 
fflze of the orbit (see Art. 302, Ex. 7). 

The periodic time T and the major axis u of a planetary orbit deter- 
mine the intensity ji of the force: 

*. = 4^5, (29) 

whence 

F = »^(r)=m^^^4^m^, (27) 

where m is the mass of the planet. 

316. To find generally the time I in terms of 6 or r, it is best to intro- 
duce the eccentric angle ^ of the ellipse as a new variable, and to express 
t, r, and B in terms of 0. In astronomy, the polar angle S is known as 
the (rue anomaly, and the eccentric angle 4> as tie eccentric anomaly. 

The relation of the eccentric angle * to the polar co-ordinates r, 6 
will appear from Fig. 77, in which P is the position of the planet at the 
time t, P' the corresponding point on the circumscribed circle, TfAOP = 
9 the true anomaly, and T^ACP' = <l> the eccentric anomaly. The 
focal equation of the ellipse 

_ I ^ «(1 - e=) 

1 + e cose 1 + e cos9 
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gives r -{- er coBfl = a — (w'', and the figure shows ttat r cos9 — a coa'p 
— lie; hence 

r - 0(1 - e cos^), or a - r = <w cos^, (28) 

Equating this value of t to that given by the polar equation of the 
ellipse, we have 

, 1 — e' „ COS0 — e 

1 — e COa0 = 3 — ; ;,, or COsC = :j -, . 

1 + e cosfl 1 — e cos^ 

A more Bymmetrica] form can be given to this relation by computing 
1 - eosfl = 2 siii^e = (1 + e) 



■'1- 



whence, by division, 



s2ci»=ie=:(l -e) 



1 + cos^ 



317. To find i in t«nns of 'r, we have only to substitute in (24) for 
11^ its value (Art. 105), and to integrate the resulting differential equation 




Fig. 77. 
\dl) '^ r^^ r a- 



Ab, by (20), Art. 311, c^ = iJi'la = ^lo(l - e=), this 
- (a - r)'], 



"itr 
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The integration is easily performed by introducing the eccentric 
ngle (j, as variable by means of (28); this gives 



It the time be counted from the perihelion passage of the planet, we 
have ( = when t = a — ae, i. e. when ^ = 0; hence, putting vulo? 
- n, as in Art. 315, we find 

«( = *-. sin^. (30) 

Thia relation is known as Kepler's equation; the quantity nt ia called 
the mean artomaly. 

318. Kepler's equation (30) can be derived directly by considering 
that the ellipse APA' (Fig, 77) can be regarded as the projection of 
the circle AP'A', after turning this circle about AA' through an angle 
= cos"' {6/a), For it follows that the elliptic sector AOP is to the 
circular sector AOP' as 6 is to a. Now, for the circular sector we have 

AOP' = ACP' ~ OCP' = ioV -laea sin* = Ja!(0 - e sin^); 
hence, the elliptic sector described in the time t is 

AOP = - ■ AOP' = M (* - e sin.*). 

The sectorial velocity being constant by Kepler's first law, we have 
AOP jrob 



* "2^'* 



in.*), 



and this agrees with (30) since, by (25), 2irlT = n. 

319. Kepler's equation (30) gives the time as a function of *; by 
means of (28), it establishes the relation between I and r; by means 
of (29), it connects ( with 9. It is, however, a transcendental equation 
and cannot be solved for * in a finite form. 

For orbits with a small eccentricity e, an approximate solution can 
be obtained by writing the equation in the form 



and substituting under the sine for g 



its approximate value nl: 
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^=ni + esmrd. (31) 

This amounts to n^lecting terms containing powers of e above the 
first power. 

Substituting this valuo of ^ ia (23), we have with the same approxi- 
mation 

r - aCl -ecosnl). (32) 

To find B in terms of (, we have from the equation of the ellipse, 
r = a(l — e')(l + e cosfl}"' = o(l — e isosB), Qeglecting again terms in 
c*; hence, r" = a?(l ~ 2e cosfl). Substituting this value ia the equa- 
tion of areas, r'dfl = cdl = i/m«(1 - ^)dl, we find 

(I - 2e cos9)de = -J-^ dt = ndt; 

whenne, by integration, since 9 = for ( = 0, 

e — 2e sine = nl, 
or finally, 

e ^ nt + 2e sinnt. (33) 

Thus we have in (31), (32), (33) approximate expressions for it, 
r, and B directly in terms of the time. The quantity 2e siniti, by which 
the true anomaly 9 exceeds the mean anomaly ni, is called the equation 
of the center. 

320. Exercises. 

(1) A particle is attracted by a fixed center according to Newton's 
law. What must be the initial velocity if the orbit is to be circular? 

(2) A number of particles are projected, from the same point in 
the field of a force following Newton's law, witli the same velocity, but 
in different directions. Show that the periodic times are the sime for 
all the particles. 

(3) The mean distance of Mars from the sun being 1.5237 times 
that of the earth, what is the time of revolution of Mars about the sun? 

(4) A particle describes a conic under the action of a central force 
following Newton's law; if the intensity ^ of the force be suddenly 
changed to it', what is the effect on the orbit? 

(6) In Ex. (4), if the origmal orbit was a parabola and the intensity 
be doubled, what is the new orbit? 

(6) Regarding the moon's orbit about the earth as circular, what 
would it become: (a) if the earth's mass were suddenly doubled? (&) if 
it were reduced to one half? 
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(7) In Ex. (4), determine the effect on the major semi-axis (or "mean 
distance") a and oa the periodic time T, of a small change in the 
intenaty /j of the force. 

(8) If the mass M of the sun be suddenly increased by MIn, n beii^ 
very large, while the earth is at the end of the minor axis of its orbit, 
what would be the effect on the earth's meaa distance and on. t]ie 
period of revolution 2"? 

(9) Find the equation of the hodograph of planetary motion, 
derive from it the expressioa for the velocity in terms of the radiua 
vector, and show that the velocity is a maximum in perihehon and a 
minimum in aphelion. 

(10) Show that the greatest velocity of a planet in its orbit about the 
sun is to its least velocity asl+eiatol— e; and find this ratio for 
the earth, whose orbit has the eccentricity e = 0.016 771 2. 

(11) Find the time exactly aa a function of fl, for a parabolic orbit. 

(12) The latua rectum passing through the sun divides the earth's 
orbit into two different parts; in what time are these described if the 
whole time is 365J^ days? 

(13) Show that the path of a projectile in vacuo is an ellipse, parabola, 
or hyperbola, according aa ifo = 36,800 ft. per second ( ^ 7 mUes 
per second, nearly). One of the foci lies at the center of tte earth, 
and the ordinary assumption that the path is parabohc means that this 
center can be regarded as infinitely distant. Show also that the path 
becomes circular for Uo = 5 miles per second, nearly. 

3ZI. The Problem of Two Bodies. In the preceding discussion of 
the motion of a particle under the action of a central force, it has been 
assumed that the center of force is fixed. In the applications of tlie 
theory of central forces this assumption is in general not satisfied. 
Thus, in eonaderii^ the motion of a planet around the sun, the force 
of attraction is, according to Newton's law of universal gravitation (Art. 
306), regarded as due to the presence of a mass M at the center (sun), 
and of a mass m at the attracted point (planet) ; and the action between 
these two masses is a mutual action, being of the nature of a stress, i. e. 
consisting of two equal and opposite forces, each equal to 

Hence, the mass m of the planet attracts the ma.ss M of the sun with 
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precisely the same force with which the mass M of the sun attracts the 
mass m of the planet The attrattion affe<,ts therefore the motions of 
both bodies 

322 The accbleintions produced b> the tuo forces are of course 
not equ^l Indeed the acceleration F/m = kM/t^ proiuced m the 
planet by the sun la \ery much greater than the acceleration P/V 
= J. i/r' proluced by the planet m the sun for the mass of eien tl e 
largest planet (Jupiter) i less than one thousandth of th^t of the sun 
rhe assumption of a fixed center can therefore be regarded as i first 
approximation m the prjblem of the motion of a planet about the sun 

In the case of the eirth m 1 n oon the difference of the masses 19 
not so great the naaa uf the mifi being nearlj one eightieth of that 
of the earth 

It can be shown, however, that the results deduced on the assumption 
of a fixed center can, by a simple modification, be made avmlable for 
the solution of the generid problem of the motions of two partides of 
masses m, M, subject to no forces besides their mutual attraelion. In 
astronomy, this is called the problem of two bodies. In the solution 
below we assume the attraction to follow Newton's law of the inverse 
square of the distance. It will be convenient to speak of the two 
particles, or bodies, as planet (m) and sun (M). 

323. With regard to any fixed system of rectangular axes, let x, y, z 
be the co-ordinates of the planet (m), at the time t; x', y', z' those of 
the sun C'^)j ^t ^^ same time; so that for their distance r we have 

r^ = {x- xy + (!/ - y-f ■\ (z - z-)\ 
Then the equations ot motion of the planet are 

rax = F- — ~--, my = f-'^'-~-^, nd ^ F •^- -"-- , (1) 
while the equations of motion of the sun arc 

M4' = F.^^^^-, My' = F ^-■~-^' , Mz' ^ F -^-"-^ . (2) 

By adding the corresponding equations of the two sets, we find 

-£ imx + Mx') = 0, -J (my + My') = 0, ^,(mz + Mz') = 0. 

If it be remembered that the centroid of the two masses m, M has the 
co-ordinates 
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mx+ Mx" _ _ my + My' ^ _ mz + M / 
*"" m + M ' " ~ m + M'' ^ ~ m + M ' 
it appears that these eqiiations can be written in the form 

dp "' dp ' dl^ ' 

in words: the acceleration of Ike common cenlroid of planet and sun is 
zero; i. e, this centroid Tnoves viith constant velodly in a straight line. 
324, The integration of the equations (1) would give the absolute 
path of the planet. But the constants could not be determined, because 
the absolute initial position and velocity of the planet are, of course, not 
known. The same holds for the absolut* path of the svin. All we can 
do is to determine the relative motion, and we proceed to find the 
motion of the planet relative to the sun. 

Takii^ the sun's center as new or^in tor parallel axes, we have for 
the co-ordinates f , f , f of the planet in this new system, 
1 = X —x', -n = y -y', ? = z - z'. 
Now, dividing the equationa (1) by m, the equations (2) by M, and sub- 
tracting the equations of set (2) from the corresponding equations of 
set (1), we find tor the relative acceleration of the planet 

i = _,M_+^.i, - ^ ^ M + m 1? ■i_^M_±m,l 
■fir' r= r ' ^s ^ ■ 

The form of these equations shows that the rdative moiion of the planet 
with respect to the sun is the same as if the sun -were fixed and contained 
the mass M + m. Thus the problem is reduced to that of a fixed center, 
the only modification being that the mass of the center M should be 
increased by that of the attracted particle m. 

325. This result can also be obtained by the following ^mple con- 
aderation. The relaiine motion of the planet with respect to the sun 
would obviously not be altered if geometrically equal accelerations were 
applied to both. Let us, therefore, subject each body to an additional 
acceleration equal and opposite to the actual acceleration of the sun 
(whose components are obtained by dividing the equations (2). by M). 
Then the sun will be reduced to equilibrium, while the resulting accel- 
eration of the planet, which is its relative acceleration with respect to 
the sun, will evidently be the sum of the acceleration exerted on it by 
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the sun and the acceleration exerted on the sun by the planet. Thk 
is just the result expressed by the equations (3)- 

3Z6. It can here only be mentioned in passing that, while the prohlem 
of two bodies thus leads to equations that can easily be integrated, 
the problem of three bodies is one of exceeding difficulty, and has been 
solved only in a few very special cases. Much less has it been possible 
to integrate the 3 « equations of the problem of n bodies. 

327. According to the equations (3), the first and second laws of 
Kepler can be said to hold for the relative motion of a planet about the 
sun (or of a satellite about its primary). The third law of Kepler 
requires some modification, since the intensity of the center n should 
not be kM, but k(M + m). We have, by (26), Art. 315, 

in other words, the quotient a'/P is not independent of the mass m 
of the planet. 

Thus, if «Ji, mi be the masses of two planets, Oi, oa the major semi- 
axes of their orbits, and Ti, 2\ their periodic times, we have 

OiVri' ^ M +_m, ^ 1 + mJ M 
a^lT'i' M"+mi 1 + nta/M ' 

This quotient is approximately equal to 1 if M is very large in com- 
parison with both nil and mi; hence, for the orbits of the planets 
about the aun, Kepler's third law is very nearly true. 
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CHAPTER XIV. 
CONSTRAINED MOTION OF A PARTICLE,] 
1. Introduction. 
328, A free particle is said to have three degrees of freedom 
(Art, 231) since three co-ordinates are required to determine 
its position, and each of these co-ordinates can vary inde- 
pendently of the other two. 

If the co-ordinates of a moving particle are subjected to 
one condition, say 

<p{x, y, z) = 0, (1) 

the particle is said to have one constraint and only two de- 
grees of freedom. It can then only move on the surface (1), 
and its position on this surface can be assigned by two co- 
ordinates (such as latitude and longitude on a sphere) . 

If the co-ordinates are subjected to two conditions, say 
^{x, y, s) = 0, ^{x, y, z) = 0, (2) 

the particle has two constr^nts and but one degree of 
freedom. It can only move along the curve of intcrscetion 
of the two surfaces (2), and its x>osition on this curve can be 
assigned by a single co-ordinate (such as the arc of the curve), 

Threo such conditions would in general prevent the particle 
entirely from movir^. 

The surface or curve to which a particle is constrained 
may vary its portion or even its shape in the course of the 
motion. The equations (1) and (2) would then contain t as 
a fourth independent variable. We shall, however, in general 
assume that the surface or curve is fixed. 
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329. A particle constrained to a surface can be regarded as 
the limit of a small piece of matter confined between two. 
very near impenetrable surfaces. The constraint to a curve 
can be imagined as due to a narrow tube having the shape 
of tho curve, or by imagining the particle as a bead sliding 
along a wire. 

In these cases the constraint is complete. But it is easy 
to imagine incomplete, i. e. partial or one-sided, constraints 
of various kinds. Thus the rails compel a train to follow a 
definite curve, but they do not prevent it from being lifted 
off the track; a stone attached to a cord and swung around 
by the hand is not completely constrained to the surface of a 
sphere, but only prevented from passing outside of the sphere. 

While complete constraints are generally expressed by 
equations, one-sided constrfunts can be expr^sed by in- 
equalities. Thus, for the stone, the condition is that its 
distance r from the hand cannot become greater than the 
length I of the cord: r = l. As soon, however, as r becomes 
less than I, the constraining action ceases and the stone 
becomes free. For this reason it is in general sufficient to 
consider constraining equations; but the nature of the con- 
straint, whether complete or partial, mtist be taken into 
account to determine when and where the constraint ceases 
to exist. 

330. It is often convenient to replace the constraining 
conditions by introducing certain forces, called reactions of 
the constraining surface or curve Icomp. Art. 232). Thus, 
in the case of the stone attached to tlie cord, we may imagine 
the cord cut and its tension introduced, to make the stone 
free. 

If the constraints are thus replaced by the corresponding 
reactions, these unknoivn forces must be combined with the 
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given forces, and then the equations of motion of a free 
particle can bo used. Thus, let X, Y, Z be the components 
of the resultant given force F, X', Y', Z' tiiose of the resultant 
reaction F'; then the equations of motion are 

mx= X + X', my = Y + Y', mz = Z + Z'. (3) 

In many applied problems the determination of these 
unknown reactions is more important than that of the actual 
motion. The term Kinetostaiics !iaa recently been proposed 
for this branch of mechanics. 

2. Motion on a fixed curve. 

331- Let us resolve the given force .P and the constraining 
force F' each into a tangential component Ft, Ft and a com- 
ponent i*'„, /„' in the normal plane. The normal component 
Fn of the constraint is generally denoted by A'^ and called 
the normal reaction of the curve; a force — A'', equal and op- 
posite to it, represents the normal "pressure exerted by the 
particle on the curve. The tangential component Ft of the 
constraint exists only if the curve is "rough," i. e. offers 
frictional resistance; denoting the coefficient of friction by 
fi we have (Art. 238) F/ = mN. 

Hence the equations of motion are: 

m* = P, -M^ m-"= res.(F„, AT). (4) 

P 

The former of these equations determines the actual motion 
along the given curve. The latter states that the forces 
Fn and N in the normal plane must have a resultant along 
the principal normal, toward the center of curvature, of 
magnitude mv^fp; this resultant is called the centripetal force. 
A force — mv'^/p, equal and opposite to this resultant, is 
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called centrifugal force; it should be noticed that this is a 
force exerted not on the moving particle, but by it, 

332. By the second of the equations (4), the centripetal 
force, mv^/p, is the resultant of the given normal force F„ 
and the normal reaction A^ of the curve; see Fig. 78 whose 




Fig. 78. 

plane is the normal plane of the curve, P being the position 
of the particle and C the center of curvature. 

It follows that the pressure on the curve, ~ N,is the resultant 
of the given normal force F„ and the centrifugal force — mv'jp. 

If in particular the given force F„ is zero, or at least negli- 
gible, as is often the case, the pressure on the curve is equal 
to the centrifugal force. 

333. Denotii^ by Ni, Ny, N, the components of the 
normal reaction N and observing that the frictional resist- 
ance ;iA'^ is directed along the curve opposite to the sense of 
the motion we find that the equations (3) here assume the 
form 

m-x + N.-y^. 

my = r + W, -(lAfj*, (5) 

where N' - N.' + N/ + N,' and N.dx + N^y + NJl 
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= since N is normal to the path. In addition, we have of 
course the equations (2) of the curve. 

Multiplying the equations (5) by dx, dy, dz and addir^ 
we find the equation of kinetic energy and work 

d(|mr^) = Xdx + Ydy + Zd^ - uNds. 

This relation might have been written down directly by con- 
sidering that for a displacement ds along the fixed ctu've the 
normal reaction N does no work, while the work of friction 
is — fjNds. 

If there be no friction (/j. = 0) it follows from the last 
equation, or from the first of the equations (4), that the 
velocity is independent of the reaction of the curve. 

334. Exercises. 

(1) A mass of 2 lbs. attaclied to a eord, 3 ft. long, is swung in a, 
circle. Neglecting gravity, find the tension in pounds: (a) when, the 
mass makes one revolution per second; (6) when it makes 8 revolutions 
per second, (c) If the cord cannot stand a tension of more than 300 
lbs., what is the greatest allowable number of revolutions? 

(2) A plummet is suspended from the roof of a railroad car; how 
much will it be deflected from the vertical when the trmn is running 
45 miles an hour in & curve of 300 yards radius? 

(3} A body on the surface of the earth partakes of the earth's dwly 
rotation on its axis. The constraint holding it in its circular path is due 
to the attractive force of the earth. Taking the earth's equatorial radius 
as 3963 miles, show that the centripetal acceleration of a particle at the 
equator is about i ft. per second, or about ij^ of the actually observed 
acceleration g = 32.09 of a body falUng in vacuo. 

(4) If the earth were at rest, what would be the acceleration of a 
body falling in vacuo at tlie equator? 

(6) Show that if the velocity of the earth's rotation were over 
17 times as large as it actually is, the force of gravity would not be 
sufficient to detain a body near the surface at the equator (comp. Ex. 
(13), Art. 320). 

(6) Show that in latitude the acceleration of a falling body, if 
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th.e eartii were at rest, would be cfi = g +j cos'i^, where g is the observed 
acceleration of a falling body on the rotating earth and j the centripetal 
acceleration at the equator. Thus, in latitude * = 45", g = 880.6 cm.; 
hence ffi ^ 982.3. 
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swmgmg so that the velocity at. 
the lowest point is 6 ft. per seo- 
ond? 

33S. A parlide of mass m mdi- 
ject to gravity (done is constrained 
to mone in a vertical dTcle of ra- 
dius I. E there be no friction 
on the curve ajid the constraint 
be produced by a weightless rod 
or cord joining the particle to 
the center of the circle, we have 
the problem of the simple mathe- p. 

matical pendulum. 

The first of the equations (4), Art. 331, is readily 
case (see Vi%. 79) to the form 



l-Tp + ffsinfl =0. 

A first integration gives, as shown in Kinematics (Arts, 03, 64), 

^1^ = gif. cosfl + ^°" — i coaflo), 

where vi> is the velocity which the particle has at the time ( = when 
its radius makes the angle AOPn = $„ with the vertical. Multiplying 
by m, we have, for the kinetic energy of (he particle. 
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imif = mg{l cosB + h), 
where ft = ii^l2g — I cosflo is a constant. If the horizontal hue MN, 
drawn at the height Vif/2g above the initial point Po, intersect the 
vertical diameter AB at R, it appears from the figure that h — RO. 
336. Taking R as origin aad the axis of z vertically downwards 
we have EQ = z — I cosfl + h; hence the force-function U has the 
simple expression 

and the velocity m = V2gi is seen to become aero when the particle 
reaches the horizontal line MN. 

For the further treatment of the problem, three eases must be 
distinguished according as tWa line of zero-velocity MiV intersecta 
the circle, touches it, or does not meet it at all; i. e. according as 



337. Tlie second of the equations (4), Art. 331, serves to determine 
the reaction A' of the circle, or the pressure — N on the circle. We have 



m I — — mg cosfl -j- A', 
whence 

Substituting for c' its value from Art, 335, we find 

N =mg(2^ + 3 cos9 \ . 

The pressure on the curve has therefore its greatest value when 9 = 0, 
i. e. at the lowest point A. It becomea ^ero for ( cosPi = — Sft, 
which is easily constructed. 

338. If the constraint be complete as for a bead sliding along a 
circular wire, or a small bail movii^ within a tube, the pressure merely 
changes s^n at the point 8 = di. But if the constraint be one-sided, 
the particle may at this point leave the circle. The one-sided constraint 
may be such that OP ^1, as when the particle runs in a groove cut 
on the inaide of a ring, or when it is joined to the center by a cord; in 
this case the particle may leave the circle at some point of its upper half. 
Again, the one-sided constraint may be such that OF ^ I, as when 
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the particle runs in a groove cut on the rim of a disk ; in tliis case the 
pwtiele can of course only move on the upper half of the circle. 



(1) For 9a = 60°, 1 = 1 ft., fo = 9 ft. per second, show that the par- 
ticle will leave the circle very nearly at the point fli = 120°, if the con- 
straint be such that OP S I (Art. 338). 

(2) For !io = 10 ft. per second, everytliing else being aa in Ex. (1) 
show that tte particle will leave the circle at the point Sj ~ 1344°, 
□early. 

(3) A particle, subject to gravity and constrained to the iadde of 
a vertical circle (OP ^ I), makes complete revolutions. Show that it 
cannot leave the circle at any point, ii ^h > I; and that it will leave 
the circle at the point for which cosfl ^ — ih/l, if JA < i. 

(4) A particle subject to gravity moves on the outside of a vertical 
cu-cle; determine where it will leave the circle: (o) it MN (Pig. 79) 
intersects the circle; (b) if MN touches the circle; (cj if MN does not 
meet the circle. 

(5) A particle subject to gravity ia compelled to move on any 
vertical curve z = f{x) without friction. Show that the velocity at 
any point ia w = V2gz (comp. Art. 336) if the horizontal axis of a; be 
taken at a height above the initial point equal to the "height due to 
the initial velocity," i. e. Po'/2ff. 

(6) A particle slides on the outside of a smooth vertical circle, 
starting from rest at the highest point of the circle. Find where it 
will meet the horizontal plane through the lowest point of the circle, 

340. If for a particle constrained to a curve, under given 
forces, the time of reaching any particular point is the 
same from whatever point of the curve the particle starts 
with zero velocity, the curve is called a tautochrone for the 
given forces, and the point is called the point of iavio- 
chronism. 

In a vertical plane, if gravity is the only force, a cycloid 
with vertical axis can be shown to be a tautochrone, with 
the vertex as point of tautochronism. This will even be 
true if the curve be rough, or if the particle be subject to a 
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resistance proportional to the velocity in the direction of 
motion; but, for the sake of simpHcity, we exclude tliese 
complications. 

The problem of determining a tautochrone for given forces 
{if such a curve exists) is rather different in nature from the 
ordinary problems of mechanics inasmuch as it is here 
required to find a curve, on which motions of a certain kind 
may take place. Indeed, it is a generalization of the problem 
of the tautochrone that led Abel to the first solution of an 
integral equation.* 

341. With respect to a horizontal axis Ox and a vertical 
axis Oz through the point of tautochronism, the principle of 
kinetic energy and work (comp. Art. 339, Ex. 5) gives for the 
velocity 

v' = 2g{h - z), 

where h is the ordinate of the starting point P. Counting 
the arc s from we have dsjdt = — -^gih — z), whence 
the time of motion from P to 0: 

j^ ds _1_ r^ ds 

If we put s = /(z) and hence ds = f'{z)dz, the problem re- 
quires the determination of the function f{z) for which the 
integral has a value independent of h. To make the limits 
independent of h let us put s = %; we then find 

.If /'(%)** _ 1 (-■,,,, PjiT^ . 

' ' vi J. 'm^ -'^JJ *"' ^1(1 -T)»*- 

This integral will be independent of h if f'{hy) ■<Jhy is 
*See M. BocHBR, Int^ral equations, Cambridge, University Press, 
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independent of h; and as this expre^on is symmetric in h 
and y, it will tiien be also independent of z. We can therefore 
put 

/'(%)V%=/'(s)^= ■^, 
whence 



/'<^)^4-|-Af' + 



-m^ 



solving for dx we find (comp. Art. 20) : 

^ " J -v" ""^''^ ^ ^^'('^ ~ s) + Ksin-' .J^ . 

This is the equation of a cycloid with as vertex and Oz as 
axis. Putting z = k sin'ifl, we find the equations of the 
cycloid in the form - 

X = his + sine), 2 = i«(l - cose), 
so that X is the diameter of the generating circle. 
For the time we find: 



( 






\2tf- 
342. Exercises. 

(1) For a heavy particle moving without friction on a cycloid with 
vertical axia, x = a{0 + sinfl), z = all — eoafl), show that the equation 
of motion is s = — galia, s being the arc counted from the vertex. 
Hence, if f = for s = So, s = soCOB\''g/ia I, which shows that the 
time of reaching the lowest point is independent of so. 

(2) The involute of a cycloid being on equal cycloid, with its vertex 
at the cusp, its cusp on the axis, of the original cycloid, the particle 
in Ex. (1) can be constrained to the cycloid by means of i cord of 
length 2a, attached to the cusp of the involute, and ^Tapping itself 
on a cylinder erected on the involute as base (cydmdal pendulum). 
Show that, if the particle starts from rest at the cusp of the original 
cycloid, the tension of the cord is twice the normal component of the 
weight of the particle. 

18 
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(3) Prove that it is not possible to construct a tautochrono (for 
gravity) f nPtoOwthOasp t ft tochronism unless the slope 
of OA is n abwl t 1^2/ 

343. Th yld{wth tila.) has another rensarkable prop- 
erty; it th b a hi t ta one of quickest descent, for a 
particle bjeet t g tj M 1 fi t ly: two points Pi, Pi being 
given w n j quu- to wl t r\ in their vertical plane must a 
heavy part 1 be t ed t 1 the shortest time the lower 
point Pjift tat f mP thag locity. 

As th t m g by d fi t mt gr 1 the problem requires the 

deterniination of that cur\e a = f(x) foi which this integral becomes a 
minimum. This problem has given rise to the invention of the calculus 
of variations. 

As the problem can hardly be solved satistaetoriiy without using 
the methods of this calculus we merely state that the required curve is 
the cycloid throi^h the two points, without cusp between them and 
with vertical asis.* 

3. Motion on a fixed surface, 

344. The equations of motion of a particle constrained to 
a surface do not differ in form from the equations (5), Art. 
333, for a particle constrained to a curve. The normal 
reaction 



being normal to the given surface <p{x, y, z) = 0, we have 

df dip dip 
dx dy dz 

A comparatively simple problem is that of the conical or 
spherical pendulum, i. e. of a particle subject to gravity and 
constrained to the surface of a sphere. But even this 
problem can not be treated without introducing elliptic 
integrals. 

*See 0. BoLZA, Variation srcchnung, Leipzig, Teubner, 1900, p. 207. 
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4. The method of indetenninate multipliers. 

345. The following brief discussion of the equations of 
motion of a constrained particle is not so much intended to 
furnish methods for solving particular problems, but rather 
as a preparation for, and an introduction to, the general 
methods of mechanics of systems of particles subject to 
conditions. 

For this reason we shall here assume the absence of friction 
on the constraining surface or curve; but, on the other hand, 
it is desirable to generalize by assuming that the constraints 
are variable, that is, that the conditional equations (1) and 
(2), Art. 328, contain the time t explicitly. 

346. D'Alembert's Principle. The ordinary equations of 
motion of a/ree particle, 

mx ^ X, my = Y, mz = Z, (6) 

where X, Y, Z are the components of the resultant R of the 
given forces, merely express the equality of this force R, 
as a vector, to the mass-acceleration mj, which is sometimes 
called the effective force. It follows that if the reversed effective 
force — mj, or its components — mx, — my, — mz, he combined 
with, the given forces we have a system in equilibrium at the 
given instant. This is the fundamental idea of d'AIembert's 
principle, as it is now generally used. 

Owing to this idea we can apply to kinetic problems the 
statical conditions of equilibrium. Thus, in the case of 
the free particle, the conditions of equilibrium of the forces 
X, Y, Z, — mx, — my, — mz are 

X - mx = Q, Y - my = Q, Z - mz ^ 0, 
and thus the equations of motion are found. 

But the conditions of equilibrium can also be expressed 
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by means of the principle of virtual work. By Art. 266, the 
necessary and sufficient condition of equilibrium of the 
particle under the forces — mx, — my, ~ mz, X, Y, Z is that 
(-mx+ X)Sx +(-my+ Y)Sy + {- mz + Z)Sz = (7) 
for any virtual displacement Ss{Sx, 8y, Sz). Owing to the 
independence of 5x, Sy, Sz, their coefficients must vanish 
separately, and we find again the equations (6). In other 
words, the single equation (7) is equivalent to the three 
equations (6). 

347. One constraint. If the particle is subject to the 
condition or constraint 

v{x, y, z, I) = 0, (8) 

it must throughout its motion remain on tho surface repre- 
sented by this equation. To apply d'Alembert's prin- 
ciple let the particle be subjected to a virtual displacement 
Ss. If this displacement be selected along the position of 
the surface at the time (, the work of the reaction (which 
is normal to the surface (8), and hence to 5s, since we assume 
that there is no friction) will be zero. Hence the equation 
of motion is the same as for a free particle, viz. (7). But 
the displacement 3s must be along the surface (8), or as 
we sliall say, compatible with the constraint. This requires 
that Sx, Sy, Sz be selected so as to satisfy the relation 

'P^x + <p,Sy + ip,Sz = 0, (9) 

where the partial derivatives ip^, <py, p, of ip with respect to 
X, y, z are calculated regarding ( as constant since we want 
a displacement along the position of the surface (8) at the 
time (. 

The equations (7) and (9) constitute the equations of 
motion of the particle on the surface (8). By means of 
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(9) one of the component displacements 5x, By, Se can be 
eliminated between the two equations; the remaining two 
displacements being arbitrary, the two equations of motion 
are found by equating to zero the coefficients of these two 



348. To perform this elimination systematically the 
method of indeterminate multipliers may be used as follows. 
Multiplyii^ the conditional equation (9) by an indeter- 
minate multiplier \ and adding the resulting equation to 
(7) we find: 

{- tnx+ X + \v,)Sx +i-my+Y + \.p,)8y 

+ i- ml + Z + \^,)Bz = 0. 

The arbitrary multiplier X can be selected so as to make 
the coefficient of any one of the three displacements vanish; 
the other two displacements being arbitrary, their coeffici- 
ents must also vanish. Hcnco the last equation is equiva- 
lent to the three equations, 

mz = X + "Kipx, my = Y -j- \ipy, m'z ^ Z + X^,, (10) 

which, in connection with the given condition (S), are suf- 
ficient to determine x, y, z, and X as functions of t. 

349. By comparing (10) with (3), Art. 330, it appears 
that 

X — \<Pz! Y — ^9'ki Z — ^Vsi 

so that the normal reaction is 



N =^\\/'P.' + 'p/ + -p;'. (11) 

If we combine the equations (10) by the principle of 
kinetic energy and work, we find 
d(fmu^) = Xdx + Ydy + Zdz + 'K(<F^dx + <p-fiy -{- ^M)- 
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Here the elementary work which constitutes tlie right- 
hand member contains, in general, terms depending on the 
reaction. This is due to the fact that the displacement 
dsidx, dy, dz) here used is along the moving or variable 
surface (8), and not along its position at the time (. 

If the surface (8) be fixed we have of course ipxdx + rp^dy 
+ (p^dz = so that the equation reduces to 

d(hnv^) = Xdx + Ydy + Zdz. 
In the general case, since ip^dx + ip^dy + ipsde + iptdt = 0, 
the equation of kinetic energy and work can be written 

d(^!fO = Xdx + Ydy + Zdz - \<pdt. (12) 

350. Two constraints. If the particle be subject to two 
conditions 

■p{x, y, z, t) - 0, i[x, y, z, t) = (13) 

it will move along the curve of intersection of the surfaces 
represented by these equations. 

For a displacement Ss along the position of this curve 
at the time ( the work of the reaction is again zero so that 
the general equation (7) holds for such a dispfaeement. 
To obt£un such a displaeement we must subject its compo- 
nents 5x, by, &z to the conditions 

<p^x + f^y + >fi,5z == 0, ^M + ^p^&ii + iM = 0. (14) 

Between the three equations (7) and (14) two of the dis- 
placements hx, by, 5z can be eliminated, and the coefficient 
of the third equated to zero gives the equation of motion 
along the curve (13), 

351. To perform this elimination in a systematic way, 
multiply (14) by indeterminate multiphers X, tt and add 
to (7). In the resulting ('quation 
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the arbitrary multipliers X, ' fi can be selected so that the 
coefficients of two of the displacements 5a:, by, hz vanish; 
and then the coefficient of the third must also vanish. Thus 
we find the three equations of motion, 

mx =X -{■ \if^ + //lAx, my = Y + \ipy + iii'y, 
mz = Z + \v, + p,4'„ 
which, together with the conditions (13), are sufficient to 
determine x, y, z, \ n as functions of (. 

5. Lagrange's equations of motion. 
352. Generalized Co-ordinates. To determine the posi- 
tion of a point P in space we may use, instead of the cartesian 
co-ordinates x, y, z, a large variety of other systems of co- 
ordinates, e. g. polar or spherical, cyfindrical {Art. 56, Ex. 9), 
elfiptic (Arts. 408, 411} co-ordinates, etc. Indeed, any three 
linearly independent functions of x, y, z, say 

?i = 2i(^f y, 2)> ?? = Q^i^' V' ^)> 5> == 93(3:, y, s), 

can be taken as such generalized, or lagrangian, co-ordinates 
of P, at least within a certain region of space. Each of these 
functions equated to a constant represents a surface, and 
the point Pix, y, z) is determined as intersection of the three 
surfaces. 

Solving these equations for x, y, s we find a:, y, 2 as functions 
of q-i, 55, §3. For the sake of generality we shall assume that 
X, y, z are given as functions of 51, gs, gs, and of the time t: 

x = xiq!,qs,qs,t), y ^ y{qu<h,(i>,t), 2 = ^(g,, g^, 53, (}, (16) 
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so that the new system of co-ordinates is a moving or variable 
system. 

By using such generalized co-ordinates and introducing the 
kinetic energy T and its derivatives the equations of motion 
of a particle with or without constraints can be put into a 
remarkably compact form which was first devised by La- 
grange for the general equations of motion of a system of n 
particles (comp. Chap. XX). 

353. Free Particle. By multiplying the ordinary equa- 
tions of motion 

mx — X, my = Y, mz — Z 
by dxjdq^u Sy/<>9i^ dz/dqi and adding wc find 

The right-hand member we shall denote briefly by Qil 
, Sj Sz . 

3,, +^F,;' 

this Qi may be called the generalized force corresponding to 
the co-ordinate qi (eomp. Art. 354). 

The main point lies in the transformation of the left-hand 
member. Consider the first term in the parenthesis; by the 
formula for the differentiation of a product we have the 
identity ^ ^5, ^ <^ /^ 5^\ _ - 3i 

Treating the other two terms in the same way we find that 
our equation can be written: 
d / . dx , . dy , . dz\ 
"^dtK'^di^+^Sq^+'dqJ 
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where the second term is evidently the ^i-derivative of the 
kinetic energy 

T - h>i{i^ + y^ + iO- 

To interpret the first term observe that the equations (16) 
give 

dx . , dx . , dx . , 
a: = ^— 3i + 5— (J3 + ;- -"-^ 
dqi dqs dq^ 

hence, if we regard i as a function of 51, g^, 53, 4h 42, 4h *i we 

have 

dx _ dx dx _ dx dx _ dx 
dqi dqi' dqi dqi' dq^ dqi 

Similar relations hold of course for y and s. We can therefore 
in the first term of (17) replace dxfdqi, dy/dqi, dz/dqi by dx/dqi, 
dy/dqi,dz/dqi; and then it appears that this term is equal to 
the time-derivative of the gi-derivative of T. Thus (17) 



l'^^-' 



dl dqi d'qi ^^' 

By multiplying the ordinary equations of motion by the 
derivatives of x, y, z with respect to ga and q^ we obtain two 
similar equations. Thus Lagrange's equations of motion for 
a free particle are: 



d 5r_ 

dtdqi 



dT 



Q.. (18) 



dldqr dqi ^'' dtdi]'. dq, '^^' dtdq^ Sqi 

354. If there exists a force-function V for the forces X, Y, 
Z, i. e. if 






dx ' 

_dU dx dUdy_ ,SJI d«_ 
^^ ~ ~dx dqi dy dqi ds dqi ' 
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In this case one of the three equations (18) can be replaced 
by the equation of kinetic cner^ry and work 

T = U + h, 
where A is a constant. 

355, Constrained particle. In the case of one constraint, 

<p{x, y, z, t) — 0, 

the position of the particle on this surface is determined by 
two co-ordinates qi, q^; and by applying the process of Art. 
353 to the equations (10), Art. 348, we find the two eciuations 
of motion 

daT_5r^ ddT __dT ^ 

dtdqi dqi ^' dtdq^ dqi 



(180 



For, the coefficients of X in the right-hand memlj(;rs, viz. 
3x , dy , dz dx , dy , dz 

are zero since the particle moves on the surface <p = 0. 
Similarly, in the case of two constraints, 

<p(x, y, 2, t) = 0, ypiXf y, z, t) — 0, 

the jjoaition of the particle on the curve represented by these 
equations is determined by a single co-ordinate q, and the 
equation of motion is 

ddT _dT^ 

(it dq dq 



(18") 



It is obtained from the equations (15), Art. 351, by the 
process of Art. 353. The coefficient of \, viz. 
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dx , dy dz 

dq dq dq 

i since it is proportional to the cosine o( the angle 
made at the instant considered by the tangent to the con- 
straining curve with the normal to the surface p = 0; 
similarly for the coefficient of /x. 

The equations (18'), {18") are sometimes distinguished 
from the equations (10), (15) as Lagrange's equations of the 
second kind, the forms (10), (15) being also due to Lagrange. 



y Google 



CHAPTER XV. 
THE EQUATIONS OF MOTION OF A FREE RIGID BODY. 

356. In kinetics it is convenient to think of a rigid body 
primarily as a finite number of particles {Art. 156) connected 
by a rigid framework without mass. The rigidity then con- 
sists on the one hand, in the invariability of the distances 
of the particles, on the other in the assumption (Art. 197) 
that a force applied to the rigid body, i. e. to any one of the 
particles, can be imagined apphed at any point of its line 
of action. 

357. Consider any one particle m of the body and let it be 
cut loose from the other particles; that is, let the members of 
the framework that attach it to the body be replaced by 
tensions or pressures. These internal forces, together with 
the external forces that may happen to be applied at our 
particle, will have a resultant F. The equation of motion of 
this particle is therefore 

mj = F, 

or, resolving along fixed rectangular axes, 

TUX — X, mij '^ Y, mz — Z, (1) 

Notice particularly that the components X, Y, Z of F 
contain not only the given external, but also the unknown 
internal, forces. 

358. Such a set of three equations can be written down for 
each particle; hence, if the body consists of n particles, there 
would be in all Sn equations. 

The number of conditions expressing the invariability of 
the distances between n particles is 3n — 6. For if there 
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were but 3 particles, the number of mdependent conditions 
would evidently be 3; for every additional particle, 3 ad- 
ditional conditions are required. Hence, the total number 
of conditions is 3 + d{n — 3) = 3« — 6. 

It follows that if a rigid body be subject to no other con- 
straining conditions, the number of its equations of motion 
must be 3n — {3n — 6) = 6. Hence, a free rigid body has six 
independent equaiions of motion {comp. Art. 231). 

359. The six equations of motion of the rigid body can be 
obtained as follows. 

Imagine the equations (1) written down for every particle, 
and add the correspondii^ equations. This gives the fir,st 
3 of the 6 equations of motion: 

i:m£ = 2X, Zmy = S7, ^mz = SZ. (2) 

It is important to notice that the internal reactions be- 
tween the particles which make the body rigid occur in pairs 
of equal and opposite forces, and form, therefore, a system 
which is in equilibrium by itself. This may be regarded as 
an assumption which should be included in the definition of 
the rigid body. Hence, while these internal forces enter into 
the equations (1), they do not api)ear in the equations (2). 
The right-hand members of these equations (2) represent 
therefore the components fii. By, R, of the resultant R of 
all the external forces acting on the body. The left-hand 
members can be written in the form d{Xmx)/dt, dCSm^jdl, 
dC^mzj/dt: these are the time-derivatives of the sums of the 
linear momenta of all the particles parallel to the axes. The 
equations (2) can therefore be written in the form 

5-^~-«-. l^"*-"" S^-^-a- (2'> 

The axes of co-ordinates are arbitrary'. Hence, if we agree to 
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call linear momentum of the body in any direction the algebraic 
sum of the linear momenta of all tiif particles in that direc- 
tion, the equations (2') express the proposition that the Tate 
at which the linear mmnentum of a rigid body in any direction 
changes with the time is equal to the sum of the components of 
all the external forces in that diiection 

360. Let us now combine the second and third of the 
equations (!) by multiplying the former by z, the latter by y, 
and subtracting the former from the latter. If this be done 
for each particle, and the resulting equations be added, we 
find 'Zm{y^ ~ zy) = X{yZ — zY). Similarly, we can pro- 
ceed with the third and first, and with the first and second 
of the equations (1). The result is: 

2m(yg - zy) = 2(yZ - zY), Zmizx - x£) - 2(sZ - xZ), 
Zniixy - yx) = -Z{xY ~ yX). (3) 

Here again the internal forces disappear in the summation, 
so that the right-hand members are the components Hx, H^, 
H„ of the vector H of the resultant couple, found by reducing 
all the external forces for the ori^n of co-ordinates. The 
left-h£tnd members are the components of the resultant couple 
of the effective forces for the same origin. 

We can also say that the right-hand members are the sums 
of the moments of the external forces about the co-ordinate 
axes (Art. 229), while the left-hand members represent the 
moments of the effective forces about the same axes. The 
latter quantities are exact derivatives, as shown in Art. 279. 
The equations (3) can therefore be written in the form 

V 7^m{yi — zy) = i?^, t, 'Zm{zx — xz) = H^, 

dt dt ^^,^ 



dt 



^m{xy — yx) — 11^. 
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As explained in Art. 279, the quantity m{yz — zy) is called 
the angular momentum (or the moment of momentum) of the 
particle m about the axis of x. We shall now agree to call 
the quantity 'S,m{yz — zy) the angular momentum of the body 
about the axis of x, just as Zm± is the linear momentum of 
the body along this axis; and similarly for the other axes. 
The meaning of the equations (3') can then be stated as 
follows: The rate at which the angular vwmentum of a rigid 
body about any axis changes vnth the time is equal to the sum 
of the moinents of all the external forces about this line. 

The equations (2) and (3), or (2') and (3'), are the six 
equations of motion of the rigid body. The three equations 
(2) or (2') may be called the equations of linear momentum, 
while (3) or (3') are the equations of angular momentum. 

361. If, as in Art. 280, we imagine the angular momentum 
of each particle represented by a vector drawn from the 
origin of co-ordinates, the geometric sum, or resultant, of 
these vectors is a vector h which represents the angular 
momentum of the body about the origin; and its components 
kx, hy, K along the axes are the angular momenta 2m(i/2 — 
2$), Zm{zx — xz), llm{xy — yi) of the body about these 
axes. The equations (3') can then be written in the simple 
form 

dh^ „ '^^H IT 'i^' tr /o"\ 

at dt "' dt 

and these equations are together equivalent to the single 
vector equation 



362. The equations of linear momentum, (2) or (2'), admit 
of a further simplihi;ation, owing to the fundamental property 
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of the ccntroid. By Art. 139, the co-ordinates x, y, 2 of the 
centroid satisfy the relations 

Mx = Sma;, My = 2my, Mi = Sim, 

where M = Sm is the whole mass of the body. Differentiat- 
ing these equations, we find 

Mx = Smx, M§ = ^my, Mz = Smi, 
and 

Ml = 2mi, My = Smjf, Mi = 'Zmz, 

where i, -g, I are the components of the velocity v, and x, y, l 
those of the acceleration J, of the centroid. 

The equations (2) or (2') can therefore be reduced to the 
form 



My = i^M^ ^ R^, 



at 



M3 = ^Mv.E; 

i. e. if the whole mass of the body be regarded as concentrated 
at the centroid, the effective force of the centroid, or the 
time-rate of change of its momentum, is equal to the resultant 
of all the external forces. It follows that the centroid of a 
rigid body moves as if it contained the whole mass, and all the 
external forces were applied at this point parallel to their 
original directions. 

363. If, in particular, the resultant R vanish (while there 
may be a couple H acting on the body), we have by (2") 
j = 0; hence v = const.; i. e. if the restdtant force be zero 
the centroid moves uniformly in a straight line. 
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This proposition, which can also be expressed by saying 
that if S = 0, the momentum Mv of the centroid remtuns 
constant, oi, U'jing the form (2') of the equations of motion, 
that the hnear momentum of the body in any direction is 
constant, is known as the pnnciple of the conservation of 
linear momentum, or the principle of the conservation of 
tli(! motion of the centroid. 

364. Let us next consider the equations of angular momen- 
tum, (3) or (3')- To introduce the properties of the centroid, 
let us put X — x = ^, y — y = 7i, s — 3 = ^,so that ?, ?j, f 
are the co-ordinates of the point (x, y, z) with respect to 
parallel axes through the centroid. The substitution of 
X = X + ^, y = y + -n, z = S + ^ and their derivatives in 
the expression yi — ty gives 

yz - sy = yi -- zf) + yt - z-h + v^ - 'si) + nt - 'iri- 

To form 'Zm(yz — ty) we must multiply by m and sum 
throughout the body; in thia summation, y, S, $, I are constant 
and by the property of the centroid, Smtj = 0, 2mf = 0, 
^mij = 0, Smf = 0. Hence we find 

2m(yi ~ z^) = 2m(»rf -tv) + Miyi - Sp). 

The second term in the right-hand member is the angular 
momentum of the centroid about the axis of x (the whole mass 
M of the body being regarded as concentrated at this point), 
while the first term is the angular momentum of the body 
(in its motion relatively to the centroid) about a parallel to 
the axis of x, drawn through the centroid. 

Similar relations hold for the angular momenta about the 

axes of y and z; and as these axes are arbitrary, we conclude 

that the angular momentum of a rigid body about any line is 

equai to i(s angular momentum about a paraUel ikraugk the 

19 



y Google 



-■ Smi'nt - tv) = -f/., 



274 KINETICS 1305. 

centroid plus the angular momentum of the ceniroid about the 
former line. 

365. Differentiatii^ the above expression, we find 

^2m(j/i - zy) = ^-2m(i)f - fij) + M(yi - zy). 

The first of the equations (3') can tliercforc bo written 

^y2m(:jf - tri) + M{yz - 2^) = H.. 

Now, if at any time ( the centroid were taken as origin, so 
that y = 0, s =0, this equation would reduce to the form 

1- 
dt ' 

wiiicli Ib entirely independent of the co-ordinates of the cen- 
troid. On the other hand, wherever the origin is talten, if 
the centroid were a fixed point, the same equation would 
be obtained. 

Similar considerations apply of course to the other two 
equations (3')- It follows that the motion of a rigid body 
relative to ike centroid is the same as if the centroid were fixed. 

366. If, in particular, the resultant couple H be isero for 
any particular origin (which will be the case not only when 
all external forces are zero, but whenever the directions of 
all the forces pass through the point 0), the equations (3') 
can be integrated and give 

2m(j/i — zij) = d, 'Zm(zx — xi) = C-i, . 

2m{xi/ - yx) = Cj, 
where Ci, d, Cg are constants of integration. Hence, if the 
external forces pass through a fixed point, the angular momentum 
of the body about any line through this point is constant; if there 
are no external forces, the angular momentum is constant for 
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any line whatever. This is the principle of the conservation 
of angular momentum. 

367. Taking the equations of angular momentum in the 
form (3") we find when H = 0: 

A. = Ci, hy = Ci, h - C^, (4') 

and hence the vector ft (Fig. 70, Art. 280) remains constant 
in magnitude and direction. The term principle of the con- 
servation of areas which is often used instead of principle of 
the conservation of angular momentum is less appropriate. 
In the case of the single particle, where hx = vi(yz — sj)), 
etc., the vector of angular momentum k is simply 2m times 
the vector representing the sectorial velocity; but in the case 
of the rigid body, to form the vector of angular momentum h 
we have to multiply the sectorial velocity of each particle 
by twice its mass and add these " weighted" sectorial velocities 
geometrically. 

In the studyof the motion of the rigid body with a fixed point 
where the vector h is of primary importance it has been 
called the impulse, or impulse-vector. Our principle then 
means that whenever for any -point the resultant couple H is 
zero the impulse remains a constant vector: 

h = C. 
The direction of h is then called the invariable direction; the 
plane through O, perpendicular to h, 

Cix + C,y + C,z = 0, 
is called Laplace's invariable plane. 

368. Hetuming to the general case of the motion of a rigid 
body under any forces, we may say that the propositions at 
the end of Arts. 362 and 365 establish the principle of the 
independence of the rnotiojis of translation and rotation. Ac- 
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cording to these propositions the problem of the motion of a 
rigid body resolves itself into two problems; that of the mo- 
tion of the centroid and that of the motion of the body about 
its centroid. The former reduces by Art, 362 to the problem 
of the motion of a particle, via. the centroid of the body, with 
a mass M equal to that of the body, acted upon by all the 
given externa] forces transferred parallel to themselves to the 
centroid. 

The latter problem, that of the motion of the body about 
its centroid, is, by Art. 365, the same as the problem of the 
motion of a rigid body about a fixed point. This important 
problem is discussed in Chap. XVIII; its solution depends 
on the equations (3), (3'), or (3"). 

369. If the equation of motion (1), Art. 357, of the par- 
ticle m be multiplied by the components dx, dy, (fe of the 
actual displacement ds of this particle, we find upon adding 
the equations for all the particles 

l^ixdx + gdy + zdz)^ "LiXix + Ydy + Zdz), 

where the right-hand member represents the elementary 
work of the external forces since that of the internal forces is 
zero. The left-hand member, just as in the case of the 
sir^e particle (Art. 271), is the exact differential of the 
kinetic energy 

T = Sfm?)^ = ^hn{x^ + y' + s') 
of the body. Hence, integrating, say from t = to t — t, 
we find the relation 
r - To ^ Simv^ - 2imro= :^j''l,(Xdx + Ydy + ZdzJ, 

where the right-hand member represents the work done by 
the external forces on the body during the time (. This 
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equation expresses the principle of kinetic energy and work, 

for a free rigid body: in any motion of the body, the increase 
of the kinetic energy is equal to the work done by the external 
forces. 

370. By introducing tlie co-ordinates of the centroid, 
i. e. by putting x = x + ^, y = y + n, z = S + t, as in 
Art. 364, the expression for the kinetic energy assumes tiie 
form (since SmI = 0, Smij = 0, 2mf = 0) : 

T = Sim(l« + y^ + t"-) + ^hnit + v^ + t"-) 

where v is the velocity of the centroid and u the relative 
velocity of any particle m with respect to the centroid. 

Thus, it appears that ihe kinetic energy of a free rigid body 
consists of two parts, one of which is the kinetic energy of the 
centroid (the whole masss being regarded as concentrated 
at this point), while the other may be called the relative kinetic 
energy vfUh respect to the centroid. 

371. By the same substitution the right-hand member of 
the firet equation of Art. 369, i. e. the elementary work 
'S{Xdx + Ydy + Zdz), resolve itself into the two parts 

(dxXX + dy^Y + dz^ + S(Xrf? + Ydv + Zd^). 

The first parenthesis contains the work that would be done 
by all the external forces if they were applied at the centroid ; 
it is therefore equal to the change in the kinetic energy of 
the centroid, that is, to d{iMv^). The equation of kinetic 
energy reduces, therefore, to the following 

dSiimu^) = 2(Xd? + Frfij + Zdt); 

in other words, the principle of Mnetic energy holds for the 
relative motion with respect to ihe centroid. 



y Google 



372. Impulses. The equations drti:rmimng the effect 
oE a system of impulses on a rigid body are readily obtained 
from the general equations of motion (2) and (3). We shall 
denote the impulse of a force F by F. It will be remembered 
that the impulse i^ of a force F is its time integral (Art, 172); 



^I' 



Fdt. 



Wo eonfine ourselves to the case when i' — i is very small 
and F very large, in which case the action of the impulsive 
force F is measured by its impulse F. 

If all the forces acting on a rigid body are of this nature, 
and the impulses of X, Y, Z during the short interval 
i' — ( be denoted by X, Y, Z, the integration of the equa- 
tions (2) from t = Hot ^ I' gives 

Sm(i' - x) = 2X, Sm(y' - y) = 27, S5(j(i'-z) =SZ, (5) 

where x, y, i denote the velocities of the particle m at the 
time ( just before the impulse, and x', if', z' those at the 
time (' just after the action of the impulse. 
Similarly the equations (3) give 

Sm[j/(i' - 2} - ziy' - J/)] = S(yZ - sf), 

2m[3(i' - x) - x{z' - i)\ = S(sX - ^^), (6) 

-Zmlxiy' -y)- y(x' - x)] - 2{xY - yX). 

373. In detcrmiming the effect on a rigid body of a system 
of such impulses, any ordinary forces acting on the body at 
the same time are neglected because the changes of velocity 
produced by them during the very short time f — t are 
small in comparison with the changes of velocity x' — x, 
y' — y, z' — z produced by the impulses. If the impulse 
F of an irapul^ve force F be defined as the limit of the integral 
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373,1 EQUATIONS OF MOTION OF RIGID BODY 279 

f'Fdt when (' — t approaches zero and F approaches infinity, 
it is strictly true that the effect of ordinary forces can be 
neglected when impulsive forces act on the body. 

// the rigid body be originally at rest, it will be convenient 
to denote by x, y, i the components of the velocity of the 
particle m just after the action of the impulses. We may 
also denote by R the resultant of all the mipuises, by If the 
resultant impulsive couple for the reduction to the origin 
of co-ordinates, and mark the components of If, and U by 
subscripts, as in the case of forces. With these notations the 
effect of a system of impulses on a body at rest is given by 
the equations 

Smx = R,, ^my = Ry, ^mz = R^, (5') 

Zin{yi — zy) = lh, Zm{zx~xi) = Hy, 'Zm{xy—y£) = Hc. (6') 

In the equations (5') we have, of com^e, Smrc = M^, Xmy 
= My, J.mi = Mi, where s, ^, z are the components of the 
velocity of the centroid, and M is the mass of the body ; i. e. 
iM momentum of the centroid is equal to the resultant impulse. 
The meaning of the equations (6') can be stated by saying 
that the angular momentum of the body about any axis is equal 
to the moment of all the impulses about the same axis. 
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CHAPTER XVI. 
MOMENTS OP INERTIA AND PRINCIPAL AXES. 

1. Introductioii. 

374. As will be shown in Chapters XVII and XVIII, the 
rotation of a rigid body about any axis depends not only on 
the forces acting on the body, but also on the way in which 
the mass is distributed throughout the body. This distribu- 
tion of mass is characterized by the position of the centroid 
and by that of certain lines in the body called principal axes. 

It has been shown in Art, 159 that the centroid of a system 
of particles ia found by determining the moments, or more 
precisely, the moments of the first order, Zmx, Smy, Sms, of 
the system with respect to the co-ordinate planes, i. e. the 
sums of all mass-particles m each multiplied by its distance 
from the co-ordinate plane. 

The principal axes of a system of particles can be found by 
determining the moments of the second order, l^mx^, 'Smy^, 
Zvis^, Smyz, 2mzx, 1.mxy of the system with respect to the 
same planes. We proceed, therefore, to study the theory of 
such moments. 

375. If in a rigid body the mass m of each particle be multi- 
plied by the square of its distance r from a given point, plane, 
or line, the sum 

Smr^ = miYi^ + m^rs' + ■ - ■ , 

extended over the whole body, is called the quadratic moment, 
or, more commonly, the moment of inertia of the body for 
that point, plane, or line. 
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J77.] MOMENTS OF INERTIA AND PRINCIPAL AXES 281 

If the body is not composed of discrete particles, but forms 
a continuous mass of one, two, or three dimensions, this mass 
can be resolved into elements of mass dm, and the smn Smr^ 
becomes a single, double, or triple integral JrHm. 

Expressions of the form Smrira, or Jrir-dm, where ri, rs are 
the distances of in or of dm from two planes {usually at right 
angles), are called moments of deviation or products of inertia. 

376. The determination of the moment of inertia of a con- 
tinuous mass is a mere problem of integration; the methods 
are similar i-o those for finding the moments of mass of the 
first order required for determining centroids, the only dif- 
ference being that each element of mass must be multiplied 
by the square, instead of the first power, of the distance. 

A moment of inertia isnot a directed quantity; it is not a 
vector, but a scalar; indeed, it is a positive quantity, provided 
the masses are all positive, as we shall here assume. 

If the mass is homogeneous, the density appears merely as 
a constant factor; as the density in this case can be regarded 
as = 1, it is customary to speak of moments of inertia of 
volumes, areas, and lines. 

The moment of inertia of any number of bodies or m&sses 
for any given point, plane, or line is obviously the sum of the 
moments of inertia of the separate bodies or masses for the 
same point, plane, or line. 

377. The moment of inertia 2mr' of any body whose mass 
is M — 2m can always be expressed in the form. 



where Tq is a length called the radius of inertia, arm of inertia, 
or radius of gyration. This length ra is evidently a kind of 
average value of the distances r, its value being intermediate 
between the greatest r' and least r" of these distances r. For 
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or, since Smr ^ 



wc have 2mr'^ = Smr^ S Smr"' 
S^r' = Mj-o^, Smr"^ = Mr"^ 

r' S ro ^, r". 
378. As an example, let us determine the moment of inertia of a 
homogeneous reclUinear aegiaent (straight rod or wire ot constant cross- 
section and density) for its middle point (or what amounts to the same 
thing, for a line or plane through this point at right angles to the seg- 
ment). 

Let ( be the length of the rod (li^. 80), its middle point, p" its 

density (i. e. the mass of unit length), x the distance OP of any element 

J dm = p"dx from the middle 

^ ^ +1 ^ point. Observing that the 

moment of inertia for of the 
whole rod AB is the sum of the 
and OB, and that the moments 
have, for the moment of inertia 



Fir. so. 

moments of inertia of the halves AO 
ot inertia of these halves are equal, w« 
/ of AB, 



'£'" 



1 



and for tiie radius of inertia ro 



e the whole n 



sM =p" I, 



I 



379. Exercises. 

Determine the radius of inertia in the following cases. When 
nothing is said to the contrary, the masses are supposed to be homo- 
geneous. 

(1) Segment of straight line of length I, for perpendicular through 

(2) Rectangular area of length I and width ft: (a) for the side ft; 
(6) for the side I; (c) for a line through the centroid parallel to the 
side h; {d) for a line through the centroid parallel to the side I. 

(3) Triangular area of base h and height h, for a line through the 
vertex parallel to the base. 

(4) Square of side a, for a diagonal. 

(5) RegiJar hexagon of side a, for a diagonal. 

(6) Right cylinder or prism ot height h, for the plane bisecting tl^e 
height at right angles. 
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381,1 MOMENTS OF INERTIA AND PRINCIPAL AXES 283 

(7) Segment of atmglit line of length i, for one end, when the density 
is proportional to the nth power of the distajice from this end. Deduce 
from this: (a) the result of Ex. (1); (6) that of Ex. (3); (c) the radius 
of inertia of a homogeneous pyramid or cone (right or oblique) of IieiKht 
k, for a plane through the vertex parallel to the base. 

(8) Circular area (plate, disk, lamina) of radius a, for any diameter. 

(9) Circular line (wire) of radius a, for a diameter. 

(10) Solid sphere, for a diametral plane. 

(11) Sohd eUipaoid, for the three principal planea. 

(12) Area of ring bounded by concentric circles of radii Oi, Os, tor a 
diameter. 

380. TliD momont of inertia of any mass M for a point can 
easily be found if the moments of inertia of the same mass 

are known for any line passing through 
the point, and for the plane through the 
h point perpendicular to the line. Let 
(Kg. 81) be the point, I the line, tt the 
plane; r, q, p the perpendicular dis- 
tances of any particle of mass m from 
O, I, TT, respectively. Then we have, 
evidently, j-^ = 5' + p^. Hence, multi- 
plying by m, and summing over the 

■Smr'^ = "Zmf + Smp'; (1) 

or, putting 'Zmr^ = Mr<p; ^mq^ = Mqo^, I^mp^ = Mpa", where 
ro, r/a, po are the radii of inertia for 0, 1, tt, 

ra^ = 90^ + Po^ (!') 

381. The moment of inertia of any mass M for a line is 
equal to the sum of the moments of inertia of the same mass 
for any two rectangular planes passing through the line. 
Thus, in particular, the moment of inertia for the axis of x in 
a rectangular system of co-ordinates is equal to the sum of 
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the moments of inertia for the zx-pi&iLC and xy-plane. This 
follows at once by considering that the square of the distance 
of any point from the line is equal to the sum of the squares 
of the distances of the same point from the two planes. Thus, 
if q be the distance of any point (x, y, z) from the axis of x, 
we have g' = y^ + z^; whence 

382. It follows, from the last article, that the moment of 
inertia 7^ of a plane area, for any line perpendicular to its 
plane, is 

/. = /„ + h, 

if I, J, 1 2 are the momenta ot inertia of the area for any two 
rectangular lines in the plane thiough 
the foot of the perpend! cul a i line 

383 The problem of finding the mo- 
ment of tneitia of a gwin wuss foi a 
line I', uhen d is Lnoun fur a parallel 
line I, vi of great importance 

Let Smg° be the moment of inertia 
of the given ma«^ for the Ime I (Fig 
S2'] "Lmq that foi a paiallel line I at 
the distance d fiom I. The distances 
q, q' of any particle m from I, I' form with d a triangle which 
gives the relation 

q"i — ^2 -|- (^2 — 2qd eos{q, d). 

Multiplying by m, and summing over the whole mass M, we 
find 

Smq'^ = 2mg^ + Md^ — 2dZmq cos(g, d). 




Fig. 82 



Now the figure shows that the product q c 
last term is the distance p of the particle n 



s{q, d) in the 
from a plane 
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385.) MOMENTS OF INERTIA AND PRINCIPAL AXES 285 

through I at right angles to the plane determined by / and I'. 
We have, therefore, 

2mg'* ~ I,mq^ + Md^ — 2d^mp, (2) 

where the last term contains the moment of the first order 

Smp = Mp of the given mass M for the plane just mentioned. 

If, in particular, this plane contains the centroid G of the 

mass M, we have 2mp = 0, so that the formula reduces to 

Smg'^ = Xinq^ + M<P. (3) 

Introducing the radii of inertia qa, go, this can be written 

q«" = q<? + d\ (3') 

384. Similar considerations hold for the moments of inertia 
2mp^, Smp'^ with respect to two parallel planes t, t' at the 
distance d from each other. We have, in this case, p' = 
p — d; hence, 

2mp'^ = Smj>* 4- Md^ - 2dSmp, (4) 

and if the plane tt contMH the centroid G, 

^mp'^ = Zmp^ + Md\ (6) 

385. Of special importance is the case in which one of the 
lines (or planes), say i(ir), contains the centroid. The for- 
miite (3), (3'), and (5) hold in this case; and if we agree to 
designate any line (plane) passing through the centroid as a 
centroidal line (plane), our proposition can be expressed as 
follows : The moment of inertia for any line (plane) is found 
from the numient of inertia for the parallel centroidal line (plaTw) 
by adding to the latter IM product Md^ of the whole mass into 
the square of the distance of the lines (planes). 

It will be noticed that of all parallel lines (planes) the 
centroidal line (plane) has the least moment of inertia. 
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386, Exercises. 

Determine the radius of inertia of tlie following homogeneous masses : 

(1) Eeotangulw plate of length I and width k, for a centroidal line 
perpendicular to its plane. 

(2) Area of equilateral triangle of side a: (a) for a centroidal line 
parallel to the base; (b) for an altitude; (c) for a centroidal line per- 
pendiiular to its plane. 

(3) Circular disk of radius a; (a) for a tangent; (6) for a line through 
the center perpendicular to the plane of the disk; (c) for a perpendicular 
to its plane through a point in the cirenmference. 

(4) Solid sphere, for a diameter. 

(6) Area of ring bounded by concentric circles of radii ai, tn, for a 
line throi^h the center perpendicular to the plane of the ring. 

(6) Eight circular cylinder, of radius a and height h: (a) for its 
axis; (6) for a generating line; (c) for a centroidal line in the middle 



(7) By Ex. (3) (6), the moment of inertia of the area of a circle of 
radius o, for its (Km (i. e. the perpendicular to its plane, passing through 
the center), is / = lira*. Differentiating with respect to a, we find; 



lieilce, approximately for small Aa: 

a; -^ 2ffO'Aa = 27raAa ■ o». 
This is the moment of inertia of the thin ring, of thickness Ao, for its 
axis. (Comp, Ex, (5).) 

If the constant surface density (Art. 155) of the circle be p', we have 
/ = ip'ira'; hence 

M = 2>rWp'Aa - u=, 

whei'e p'Ao is the linear density p" of the ring. 

(8) Apply the method of Ex. (7) to derive from Ex. (4) the moment 
of inCTtia of a thin spherical shell, of radius a and thickness Aa, for a 
diameter. 

(9) Area of ellifee: (a) for the major axis; (6) for the minor axis'; 
(c) for the perpendicular to its plane through the center. 

(10) Solid ellipsoid, for each of the three axes, 

(11) Wire bent into an equilateral trian^de of side a, for a centroidal 
line at right angles to tie plane of the triangle. 
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{12} Pajabotoid of revolution, bounded by the plane through tlie 
focus at right angles to the axis, for the axis. 

(13) Anchor-ring, produced by the revolution of a circle of radius a 
about a line in its plane at the distance &(> a) from the center, for the 
axis of revolution. 

2. Ellipsoids of inertia. 

387. The moments of inertia of a given mass for the dif- 
ferent lines of space are not independent of each other. 
Several examples of this have already been given. It has 
been shown, in particular (Art 383), that if the moment of 
inertia be known for any line, it can be found for any parallel 
line. It foliowa that if the moments be known for all lines 
through any given point, the moments for all Unes of space 
can be found. We now proceed to study the relations be- 
tween the moments of inertia for all the lines passing through 
any given point 0. 

Let X, y, z be the co-ordinates of any particle m of the mass; 
and let us denote by A, B, C the moments of inertia of M for 
the axes of x, y, z; by A', B', C those for the planes yz, zx, xy; 
by D, E, F the products of inertia (Art. 375) for the co- 
ordinate planes; i. e. let us put 

A = 2m(y^ + 3'), A' — 'Znix^, D = "Zmyz, 

B = Sm(z^ + x^), B' = -Lmy\ E = Smzx, (6) 

C = 2m(x^ + y^), C = Sma', F = 'Zmxy. 

388. These nine quantities are not independent of each 
other. We have evidently 

A = B' + C', B = C + A', C = A' + B'; 
hence, solving for A', B', C, 
A'=^{B+C-A), B'==\{C+A-B), C'^i{A+B-C). 

The moment of inertia for the origin is 
SmJ-== Sm(x^+ i/^+ z-") = A'+ B'+ 6"= |[A +£ + C). (7) 



yGoosle 



KINETICS 



I3S9. 




389. The moment of inertia I for any line through can 
be expressed by means of the six quantities A, B, C, D, E, F; 
and the moment of inertia I' for any piane through can be 
expressed by means of A', B', C, D, E, F. 

Let X (Fig. 83) be any plane passing through 0; I its nor- 
mal; a, (3, 7 the direction cosines of I; and, as before (Art, 
380), p, q, r the distances of 
any point {x, y, e) of the given 
mass from jt, I, and 0, re- 
spectively. Then, projecting 
the closed polygon formed by 
r, X, y, z on the lino /, we have 

■p '^ ax -\- 0y -\- yz; 

Yin 83 hence, squaring, multiplying 

by m, and summing over the 
whole mass, wo find 

+ 2^yXmyz + 2yaSmzx + 2aQ1mxy, 

or, with the notations (6), 

r = A'«^ + B'j3^ + C'y^ + 2D^7 + 2B7« + '2Fa&. (8) 
Thus the moment of inertia for any -plaTte through the origin 

is expressed as a homogeneous quadratic function of the direction 

cosines of the normal of the plane. 

390. The moment of inertia I = Smg' for the line I can 
now be found from equation (1), Art, 380, by substituting for 
Xmr^ and 'Smp'' their values from (7) and (8) : 

/ = Smr= - r ^ A' + B' + C - r 

= A'{l-a^) + B-{i-0^)+C'(i.-y')-2Dpy-2Ey<x~2Fa^, 
or, since a^ -j- fi^ -\- y^ = 1, 
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I = A'(^' + 7^) + B'{y' + a') + C'{a' + /3^) 

- 2Dffy-2Eya-2Fa0 

= ct\B' + C) + B^iC + A') + yKA' + S') 

- 2D^y - 2Eya - 2Faf3; 

hence, finally, applying the relations of Art. 388, 

/ = Aa= + B0^ + CY - 2D8y - 2Eya - 2Fa^. (9) 
The moment of inertia for any line through the origin is, 
therefore, also a homogeneous quadratic function of the direction 
cosines of the line. 

391. These results suggest a geometrical interpretation. 
Imagine an arbitrary length OP = p laid off from the origin 
on the line I whose direction cosines are a, 0, y; the co- 
ordinates of the extremity P of this length will be a; = pa, 
y = pP, z = py. Now, if equation (9) be multiplied by p^, 
it assumes the form 

Ax'' + By^ + Cz^ - 2Dyz - 2Ezx - 2Fry = p=7, 

which represents a quadric surface provided that p be selected 
for the different lines through so as to make p^I constant, 
say p^I =■ K^. Hence, if on every line I through the origin a 
length OP — p = k/ V / be laid off, i. e. a length int'Crsely pro- 
portional to the square root of the moment of inertia I for this 
line I, the points P will lie on the quadric surface 

Ax" + By" + Cz" - 21}yz - 2Esx - 2Fxy = k\ 

The constant k' may be selected arbitrarily; to preserve 

the homo e ty of the equation it will be convenient to 

take it in tl e fo m k Mt^, where e is an arbitrary length. 

392. As n on e ts of lertia are essentially positive quan- 
tities, the ad vectores of the surface 

Ax^ + By" + Cz" - 2Dyz - 2Ezx - 2Fxy = Me' (10) 
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are all real, and the surface is an ellipsoid. It is called the 
ellipsoid of inertia, or the momental ellipsoid, of the point 0. 
This point is the center; the ases of the ellipsoid are called 
the principal axes at the point 0; and the moments of inertia 
for these axes are called the jtrincipal moments of inertia at the 
point 0. Among these there will evidently be the greatest 
and least of all the moments of the point 0, the greatest 
moment corresponding to the shortest, the least to the longest 
axis of the ellipsoid. 

It may be observed that, owing to the relations of Art. 388, 
which show that the sum of any two of the quantities A, B, G 
is always greater than the third, not everj' ellipsoid can be 
regarded as the momental ellipsoid of some mass. An ellip- 
soid can be a momental ellipsoid only when a triangle can be 
constructed of the reciprocals of the squares of its semi-axes. 

393. If the axes of the ellipsoid (10) be taken as axes of 
co-ordinates, the equation assumes the form 

Iix^ + hy' + h^^ = M,\ (U) 

where 7i, Is, I^ are the principal moments at the point 0. 

By Art. 391 we have p^ = k^jI = Mt*jl; hence/ = M^lp\ 
If, therefore, equation (11) be divided by p*, the following 
simple expression is obtained for finding the moment of 
inertia, I, for a hne whose direction cosines referred to the 
principal axes are a, &, y: 

I = La' + W + I,yK C12) 

394. To malip use of this form for /, the principal flsea at the point 
0, i, e. the axes of the momental elhpsoid (10), must be Isnown. The 
determination of the axes of an ellipsoid whose equation referred to 
the center is given is a well-known problem of analytic geometry. It can 
be solved by considering that the semi-axes are those radii vcctores of 
the surface that are normal to it. The direction cosines of the normal 
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of any surface F{x, y, z) =0 are proportional to the partial derivativea 
BFISx, BFIdy, BFjdz. If, therefore, the radius vector u is a semi-axis, 
its direction-cosines a, 0, y laast be proportional to the partial deriv- 
atives of the left-hand member of (10); i. e. we must have 

Ax^^Fy- Ez ^ -Fx+_By-Dz ^ - Ex - Dy + Cz 
a ~ ~ ~ ~ ~ T 

or dividing the numerators by p, 

Aa - Fp - By ^ - Fa + Bg - Dy ^ - Eci - Dff^+Cy 

(3 ' ' y ' 

Denoting the common value of these fractions by / we have 

aI=Aa-Fff-Ey, $1 ^ - Fa + Bfi ~ Dy, yl = - Ea - Dff + Cy; 

multiplying these equations by a, j3, y and addiug we find 

I = Aa^ + Bff' + Cy^ - 2D^ - 2^70 - 2Fa0, 
which, compared with (9), shows that / is the moment of inertia for 
the axis [a, &, y). To obtain it in terms of 4, R, C, D, E, F, we write 
the preceding three equations in the form 

(/ - A)cc + Fe+ Ey =.0, 

;,■„ 4. (/ _ B)g + D7 - 0, (13) 

Ea+ Dg + (I - C)y = 0, 

whence, eliminating a, ^, y, we find J dclci'mined by the cubic equation 
I - A, F, E\ 

F,I -B, /; I = 0. (14) 

E, D,I -C\ 

The roots of this cubic are the three principal moments /i, It, Ii of 
the point 0. The direction cosines of the principal axes aie tiien found 
by substituting successively h, h. Is m (13) and solving for a, ft y. 

In general, the tliree principal moments of inertia /i, Js, 7s at a point 
O are diftereat. If, however, two of them are equal, say /j = /i, the 
momental ellipsoid becomes an ellipsoid of revolution about the third, 
7], as axis; and it follows that the moments of inertia for all Unes 
through in the plane of the two eqnal axes are equal. 

If 7i = /a = /i, the ellipsoid becomes a sphere, and the n 
inertia are the same for all lines passing through 0, 
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395. If the equation of the momental ellipsoid at a point be of the 
fofm Ax^ + B)/ + Cs:* — 2Dyz = Mt', i. e. if the two conditions 

E = Xmzx = 0, f = ^mxy = 
be fulfilled, tJie axis of x coincides with one of the three axes of the 
elUpsoid, the surface being aymmettical with respect to the yg-plane. 
Hence, if ilte conditions B — 0, F = are satisfied, the aids of x is a 
prifKipal axis at the origin. The converse is evidently also true; i. e, 
if a line is a principal axis at one of its points, then, for this point as 
origin and the line as axis of x, the conditions Smza = 0, Smxy = 
must be satisfied. 

It is easy to see that if a line be a principal axis at one of its points, 
say 0, it will in general not be a principal axis at any other one of ita 
points. For, taking the hne as axis of x and isonyn we haie 
Smzx = 0, Snwry = 0. If now toi ^ point on thib Im it the ih-i 
tance a from O the line is likewise a prmcipal axis the ondidons 

Xms(x - a) = 0, Zm(,x - a)y = 
must be fulfilled. These reduce to 

Sms = 0, Zmy = 0, 
and show that the line must pass through the (ieiitroid. And as for a 
centroidal line these conditions are satisfied independently of the value 
of o, it appears that a centroidal principal axis is a principal axis at every 
one of its points. Hence, a line cannot be principal cuds at more than 
one of its points unless it pass through the eerdroid; in the latter case it is 
a principal axis at every one of its points. 

396. All those lines passing through a given point O for which the 
moments of inertia have the same value / can be shown to form a cone 
of the second order whose principal diameters coincide with the axes of 
the momental ellipsoid at 0. This is called an equimomental cone. 
Its equation is obtained by regarding / as constant in equation (12) 
and introducing rectangular co-ordinates. Multiplying (12) by a' + 
j3= + 7= = 1, we find 

(/, - IW + (/= - 1)0' + (h - 7)7= = 0; 
and multiplying by p', we obtain the equation of the equimomental cone 
in the form 

(/i - I)x' + {h - I)y' + {h - I)z^ = 0. {15) 
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397. A slightly different form of the equations (11), (13), (15) is 
often more convenient; it is obtained by introducing the three principal 
radii of inertia ji, gi, gs deHned by the relationa 

/, = Mqi\ h = Mq-?, I, = Mq:f. 
The equation. (11) of the momenta! ellipsoid at the point O tlien as- 
sumes tKe form 

q^V + Si^^ + qM - ^. (11') 

The expression of the radius of inertia q for any line {a, &, y) through. 
becomes 

3= - 5iV + q^^S' + q>'y\ (12') 

Dividing (!!') by the square of the radius vector, p", and comparing 
with (12'), we find 

as is otherwise apparent from the fundamc^ntal property of the momen- 
ta] ellipsoid (Art. 391). 

The equation of the equimomental cone for all whose generators the 
radius of inertia has tbe value 3 is obtained from (15) in the form 

(gi' - t)x^ + (5== - f)t + (S^' - ^)^ = 0. (15') 

This cone meets in\ oup of the momental ellipsoids (11') in points 
whose radu \e tons p irt all equil and if we select the arbitrary con- 
stant 6 pqual to (he radius of lueitia q of the generators of the equi- 
momental cone It follow s from (16) that p = q. This particular 
ellipsoid has the equation 

and its intersection with the equimomental cone (15') Uea on the sphere 

s' + y' + ^ =' t- 
In other words, the equimomental cone (15 ) passes through the sphero- 
conic in which the ellipsoid meets the sphere Multiplying the equa^ 
tion of the sphere by ^ and subtracting it from the equation of the 
ellipsoid we obtain the equation (15') of the cone 

The semi-axes of the elhpsoid are t^lqv, g^/gs, til'- H we assume 
/, > 7i > h, and hence qi > qi > gs, 9 must be ^flqs and ^/gi 
As long as g is less than the middle semi-axis g'/gs of the ellipsoid, the 
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axis of Uie cone ooiijcides with l,he axis of x) but wheo q > g'/^a, the 
axis of 3 is the axis of the cone. For q — j^/gj, i. e. g = ga, the cone 
(15') degenerates mto the pair of planes {q-? — q^)^ — {<^ — 3s')*' = 0, 
These are the planes of the central circular (or eydic) sections of the 
ellipsoid; they divide the ellipsoid, into four wedges, of which one pair 
contains all the equimoniental cones whose axes coincide with the 
greatest axis of the ellipsoid, while the other pair contains all those 
whose axes lie along the least axis of the ellipsoid. 

398. There is another ellipsoid closely connected with the theory 
of principal axes; it is obtained from the momental ellipsoid by the 
process of reciprocation. 

About any point (Fig. 84) as center let us describe a sphere 
of radius t, and construct for every point P its polar plane »■ with 
regard to the sphere. If P describe any 
surface, the plane ir will envelop another 
surface whi^h is called the polar reci'procal 
of the former surface with regard to tie 

Let be the intersection of OP 
with JT, and put OP = p, OQ — q; then 
it appears from the figure that 




pq = *■ 



(16) 



399. It is easy to see that the polar 
reciprocal of the momental elhpsoid (11') 
with respect to the sphere of radius e is 



To prove this it is only necessary to show that Ihc relation (If)) ii 
fulfilled for p as radius vector of (11'), and q as perpendicular to thi 
tangent plane of (17). Now this tangent plane has the equation 



hence we have for the direction cosines 
of the perpendicular to the tangent plar 



:, 0, 7 and for the length ( 
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xlq,' ylqi' zlq^" [3^5/5,. + y^q^i + ;!/^/]^ 

ThcEc relations give jio = (xjq\)q, gifi = (ylgs)g, 5jt = (z/gj)9t whence 

„W +5,W + 8.V - (§ +-$ +g-) «■ - <,'■ (18) 

For the radius vector p of (II') wliose direction cosines a, S, 7 are the 
same as those of q, we have by (11'): 



"^ qiV + q^^ + q^i^ 
Ilonco p'g' = e<; and this is what we wished to prove. 

400. The surface (17) has variously been called the ellipsoid of gyra- 
Hon, the elliysoid of inerlia, the reciprocal elUpaoid. We shall adopt 
the last name. The semi-ax. s of this ellipsoid are equal to the princi- 
pal radii of inertia at the point 0. The directions of its axes coincide 
with those of the momental ellipsoid; but the greatest axis of the former 
coincides with the least of the latter, and vice versa. 

By comparing the equations (12') and (18) it will be seen that g is 
the radius of inertia of the line (a, j3, t) on which it lies. Thus, whOe 
lAe radius vector OP — p of the fnomerUal ellipsoid is inversely ■prtrpor- 
Uonol to the toMus of imrtia, i. e. p = ^jq, the reciprocal eUijMoid gives 
the raditis of inerHa q ^or a line as the segment cut off ojt ihii line by the 
perpendicular tangent plane. 

401. We are now prepared to determine the moment of inertia for 
any line in space. Let us construct at tlie centroid 'r of the gi\en 
mass or body both the momenta! ellipsoid and li-f polai reciprocal 
The former is usually called the central ellipsoid of the bodj the Ktter 
we may call the fundamental ellipsoid of the body. As soon as this 
fundamental ellipsoid 

*!■ + ■■'!■ 4- 4 - 1 

91^ qi' Qs' 
is known, the moment of inertia of the body for any line whatever can 
readily be found. For, by Art. 400, the radius of inertia q for any line 
lo passing tirough the centroid is equal to the segment OQ cut off on 
the line In by the perpendicular tangent plane of the fundamental 
ellipsoid; and for any line I not passing through the centroid, the 
square of the radius of inertia can be determined by first finding the 
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square of the radiua of mertia for lh:> pirallel fentroidal line k '«id 
then b^ %rt jS5 adling to it the square of the distance I of the 
centroid from the Ime 2 

402 In the problem of determimng the plhpsoids of inertii for a 
giien bDdy it Miy point con'yderationb ol symmetry are of gii^t 
aaaist inc 

Suppose a given mass to ha\ e a plane of Rymmetrv then takiiig 
this piane ja the yt plane and a perpendicular to it as the a\i8 of 
r there must be for e\erv p^ticle of mass m whose co-ordinates are 
X y z another particle of equal mass m who'« co-ordinates are — j ^ 
z It followB that the two products of mertia Sm^ and Smxy both 
\amBh whatever the position of the other two co-ordinate planes 
Hence any perpendi ular to the plane of symmetry is a principal a\ia 
at ita pomt of intersection with this plane. 

Let the mass have two planes of symmetry at right angles to each 
other; then takii^ one as a/z-plane, the other as js-plane, and hence 
their intersection as axis of a^ it is evident that all three products of 
inertia vanish, 

Smi/s = 0, 2m£j = 0, Jlmxy ^ 0, 

wherever the ori^n be taken on the intersection of the two planes. 
Hence, for any point on this intersection, the principal axes are the 
line of intersection of the two planes of symmetry, and the two per- 
pendiculMS to it, drawn in each plane. 

If there be three planes of symmetry, their point of intersection 
is the centroid, and their lines of intersection are the principal axes 
at the centroid. 

403. Exercises. 

Determine the principal axes and radii at the centroid, the central 
and fundamental ellipsoids, and sliow how to find the moment of inertia 
tor any line, in the following Exercises (1), (2), (3). 

(1) Hectangular parallelepiped, the edges being 2a, 2b, 2c. Find 
also the moments of inertia for the edges and diagonals, and specialize 
for the cube. 

(2) Ellipsoid of semi-axes a, 6, c. Determine also the radius of 
inertia for a parallel I to the shorl.cst axis passing through the extremity 
of the longest axis. 

{3) Right circular cone of height h and radius of base a. Find 
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first the principal moments at tie vertex; then transfer to the centioid. 
(4) Determine the momenta! ellipsoid and the principal axes at a 
vertex of a cube whose edge is a. 

(6) Determine the radius of inertia of a thin wire bent into a circle, 
for a line through the center inclined at an angle « to the plane of the 
circle. 

(6} A peg-top is composed of a cone of height H and radius o, and 
a hemispherical cap of the same radius. The pointed end, to a distance 
h from the vertex of the cone, is made of a material three times as heavy 
as the rest. Find the moment of inertia tor the axis of rotation; 
specialize foik=a = \H. 

(7) Show that the principal axes at any point P, Mtuated on one of 
the principal axes of a body, are parallel to the centroidal principal axes, 
and find their moments of inertia. 

(8) For a given body of mass M find the points {spherical points of 
inertia) at which the momental ellipsoid reduces to a sphere. 

(9) Determine a homogeneous ellipsoid having the same mass as a 
given body, and such that its moment of inertia for every line shall be 
the same as that of the given body. 

(10) For a given body M, whose centroidal principal radii are q,, q^, 
qs, determine three homogeneous strMght rods intersecting at right 
angles, of such lengths 2a, 2(j, 2c, and such linear denMty p", that they 
have the same mass and the same moment of inertia (for any line) as 
the given body. 

3. Distribution of principal axes in space. 

404. It has been shown in the preceding articles how iJie principal 
axes can be determined at any particular point. The distribution of 
the principal axes throughout space and their position at the different 
points is brought out very graphically by means of the theory of con- 
focal quadrica. It can be shown that the directions of the principal 
axes at any point are those of the principal diameters of the tangent 
cone drawn from this point as vertex to the fundamental elhpsoid; or, 
what amounts to the same thing, they are the directions of the normals 
of the three quadric surfaces passing through the point and eonfocal 
to the fundamental elhpsoid. 

In. order to explain and prove these propositions it will be necessary 
to give a short sketch of the theory of eonfocal conies and quadrica. 
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405. Two conic sediotw are said to be confocal uhcn Ikty haii. Ihc 
same foci. The directions of the axe'j of til comes haimg the same 
two points S, S' as foci must evidently comcide, and the equation of 
such eonica can be written in the form 



406 Th mdi d 



of X > — 6', i. e. as long as — 6= < X < k>, the conies (19) are ellipses, 
beginnii^ with the rectilinear segment SS' (which may be regarded as 
a d^enerat«d ellipse \ = — b* whose minor ajtis ia 0), expanding gradu- 
ally, passing through the fundamental elliijse X = 0, and finally veiling 
into ei circle of infinite radius for X = to. 

It ia thus geometrically evident that through every point in the plane 
will pass one, and only one, of these ellipses. 

407. Let us next consider what the equation (19) represents when X 
is algebrMcaliy less than — b'. The values of X that are < — «' give 
imaginary curves, and are of no importance for our purpose. But as 
long as - o' < X < - 5', the curves are hyperbolas. The curve X = 
— 6' may now be regarded as a degenerated hyperbola collapsed into the 
two rays issuing in opposite directions from S and S' along the line SS'. 
The degenerated ellipse together with this degenerated hyperbola thus 
represents the whole axis of x. 

As X decreases, the hyperbola expands, and finally, for X = — a*, 
verges into the axis of y, which may be regarded as another degenerated 
hyperbola. 

The system of confocal hyperbolas is thus seen to cover likewise the 
whole plane so that one, and only one, hyperbola of the system passes 
throiigh every point of the plane. 
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408. The fact that every point of the plane has one eUipse and one 
hyperbola of the confocal system (19) passing through it, enables us to 
regard the two values of the parameter \ that determine these two 
curves as co-ordinates of the point; they are called elliptic eo-ordinalea. 
IS Xjyhe the rectangular cartesian co-ordinates of the point, its elliptic 
co-ordinates Xi, Xa are found as the roots of the equation (19) which 
is quadratic in X. Conversely, to transform from elliptic to cartesian 
co-ordinates, that is, to express x and y in terms of Xi aud Xs, we have 
only to solve for x and y the two equations 

?t- 4- _^_ =1 _ ^ J- ^ ^ 1 
a' + Xib' + Xi ' a= + Xa "^ 6= + X, 

The two confocal cynics that pass through the same point P intersect 
at right angles. For, the tangent to the elhpse it P bisects the exterior 
angle at P in the triangle SPS', while the tangent to the hyperbola 
bisects the interior angle at the same point, m othfr words, the tangent 
to one curve is normal to the other, and iice tersi The elliptic system 
of co-ordinates is, therefore, an orlkogonaS sj^tem, the infinitesimal 
elements d\i ■ rfXa into which the two senes of confocal comes (19) 
divide the plane are rectangular, though cumlinear 

409. These conaiderationa are easilj extended to spate of tliree 
dimensions. An ellipsoid 



r^-T 



^ 1, where a > b > c, 



has si^ real foci in its principal planes; two, Si, Si', in the s^plane, on 
the axis of x, at a distance OSi = v'a' — b' from the center 0] two, 
'Ss, Ss, in the yz-plane, on the axis of y, at the distance OS2 = i/f —<? 
from the center; and two, Si, Si', in the «a-piane, on the axis of x, at 
the distance OSs = Va^ — c^ from the center. It should be noticed 
that, smce 6 > c, we have OSi > OS.; i. e. Si, Si' lie between Ss, Ss on 
the axis of x. 

The same holds for hyperboloids. 

Tv!o guadric surfaces are said to be confocal when, their- prinapo! 
sections are confoe<d conies. Now this will be the case tor two quadric 
surfaces whose semi-axes are Oi, 6., c,, and da, 62, ca, if the directions of 
their axes coincide and if 



y Google 



KINETICS 






1410. 


the form 








-? -h>^ = ci-c 


■i^ say = 


\ 


W ^\ci = C;^ 


+ X. 


Hence the equation 


,+ ,.$,+ ^ 


x" ' 




(20) 


eter, represents a 


syatei 


ao£ 


confocal quadric 



where X is a variab 
surfaces. 

410. As loi^ as X is algebraically greater than — c', the equation 
(20) represents elUpsoids. For X = — (? the aurfac* collapses into the 
interior area of the elUpse in the a^-plane whose Tertices are the foci 
Si, St and Sj, 5)'. For a& X approac hes th e li mit — <? , the three semi- 
axes of (20) approach the limits Va^ — c=, W — <?, 0, respectively. 
This limiting ellipse ia called the focal ellipse. Its foci are the points 
Si, Si', since a= - c* - (b* - c=) = a> - 6=. 

When X is algebraically < — c", but > — a', the equation (20) repre- 
sents hyperboloids; for values of X < — a* it is not satisfied by any real 
points. Aa long ss — ¥ < \ < — ifi, the surfaces are hyperboloids of 
one sheet. The limiting surface X = — c* now represents the exterior 
area of the focal ellipse in the m^plane. The limiting liyperboloid of 
one sheet for X = — fe" is the area in the sr-plane bounded by the hyper- 
bola whose vertices are Si, Si', and whose foci are Si, St'. This is called 
the focal hyperbola. 

Finally, when — a' < X < — b', the surfaces are hyperboloids of two 
sheets, the bmiting hyperboloid X = — a' collapsing into the yz-plane. 

411. It appears from these geometrical conaderations, tJiat there 
are passing through every point of space three surfaces confocal to the 
fundamental ellipsoid a^/a' -|- y^lb' + z'/c' — 1 and to each other, viz.: 
an ellipsoid, a hyperboloid of one sheet, and a hyperboloid of two sheets. 
This can also be shown analytically, as there ia no difficulty in proving 
that the equation (20) has three real roots, say Xi, Xj, Xi, for every set 
of real values of x, y, z, and that these roots are confined between such 
limits as to give the three surfaces just mentioned. 

The quantities Xi, Xj, Xj can therefore be taken as co-ordinates of the 
point (a;, y, z); and these elliptic M-ordinatea of the point are, geomet- 
rically, the parameters of the three quadric surfaces passing through, 
the point and eonfocal to the fundamental ellipsoid; while, analytically. 
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they are the three roots of the cubic (20). To express x, y, z in terms 
of the elliptic co-ordinates, it is only necessary to solve for x, y, z the 
three equations obtained by substitutii^ in (20) successively Xi, Xj, \i 
forX. 

412. The geometrical meaning of the parameter X wilt appear by 
considering two parallel tangent planes iro and iry. (on the same side of 
the origin), the former (irj) tangent to the fundamental elUpsoid 
x^l<^ + itl^ + s'/c' = li the latter (tta) tangent to any confoca! surface 
X or sV(o' + X) + ir'/(6' + X) + ^l(i? + X) = 1. The perpendiculars 
5o, q\, let fall from the origin O on these tangent planes wo, w, are given 
by the relations (the proof being the same as in Art. 399) 

5^ = O!^! -I- 62^ + (^7=, (21) 

y^= (a' + \)o? + (b> + \W + (.^ + y^W, (22) 

where a, j3, i are the direction cosines of the common normal of the 

planes iro, ia. Subtracting (21) from (22), we find, since <i= + ^= + 7' 

= 1, 

q)? - 9o= = X; (23) 

i. e. the pa^aweUr X 0/ any one of the confocal aurfaces (20) is equal lo 
the difference of the squares of the perpendiculars let faU from the common 
center on any tangent plane to Ike sysface X, and on the parallel tangent 
plafi£ to the fundamenUd ellipsoid X = 0. 

413. Let us now apply these results to the question of the distribu- 
tion of the principal axes throi^out space. 

We take the centroid G of the given body as origin, and select as 
fundamental ellipsoid of our confocal system the polar reciprocal of the 
central ellipsoid, i. e. the ellipsoid (17) formed for the centroid, for 
which the name "fundamental ellipsoid of the body" was introduced in 
Art, 401. Its equation is 

gi' '^ qi ~q>' 

if 31, 9j, gi are the principal radii of inertia of the body. 

The radius of inertia go for any centroidal line lo can be constructed 
(Art. 400) by laying a tangent plane to this ellipsoid perpendicular to 
the Kne W, if this line meets the tangent plane at Qa (Fig. 85), then 
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go = GQn. Analytically, if a, 8, 7 be llio direPtioQ cosines of la, Qh is 
given by formula (21) or (12'). 

To find the radius of inertia q for a line I, parallel to U, and passing 
through any point P. we lay through P a plane ita, perpendicular to I, 
and a parallel plane to, tangent to the fimdamental ellipsoid; lot Qk, 




Qobe the intersections of these planes with the centroidal line lo. Then, 
putting GQo = 90, GQk = sa, GP = r, PQ^ = d, we have, by Art. 385, 

9= = 3t? + ,P. 
The figure gives the relation d' = r^ — qx^, which, in combination with 
(23) reduces the expression for the radius of inertia for the line I to 
the simple form 

9^ = r^ - A. (24) 

414. The value of r' — X, and lience the value of q, remains the same 
for the perpendiculars to all planes through P, tangent to the same 
quadric surface \\ these perpendiculars form, therefore, an equimo- 
mental cone at P. By varying X we thus obtain all the equimomental 
cones at P. The principal diameters of all these cones coincide , in 
direction, since they coincide with the directions of the principal axes 
of the momental ellipsoid at P (see Art. 396) ; but they also coincide with 
the principal diameters of the cones enveloped by the tangent planes j-a. 
It thus appears that the principal axes at Ike point P cvincide, in direction 
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wUk the -privcipal diameters o/ the tangent cone from P as vertex to the 
fundamental ellipsoid af'/gi" + i/'lq^ + Wgi' = !■ 

Instead of the fundamental ellipaoid, we might have used any 
quadric surface X confocal to it. In particular, we may select the con- 
focal surfaces Xi, Xj, Ju that pa s through P. For each of these tie cone 
of the tangent planes collapses into a plane, viz. the tangent plane to 
the euriacc at P, while the cone of the perpendiculars reduces to a single 
line, viz. the normal to the surface at P. Thus we find that the prin- 
cipal (tres at any point P coincide in direction unlk the normals to the 
ihfee quadric Htirfacss, confocal to tM fundamental ellipsoid and passing 
Oirough P. 

For the magnitudes of the principal radii qi, Q), g., at P, we evidently 
have 

qj = r= - X„ q^ = T' - X2, q^ = r' - As. 
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CHAPTER XVII. 

RIGID BODY WITH A FIXED AXIS. 

415. A rigid body with a fixed axis has but one degree of 
freedom. Its motion is fully determined by the motion of 
any one of its points (not situated on the axis), and any such 
point must move in a circle about the axis. Any particular 
position of the body is, therefore, determined by a single 
variable, or co-ordinate, such as the angle of rotation. Just 
as the equilibrium of such a body depends on a single con- 
dition (see Art. 234), so its motion is given by a single 
equation. 

This equation is obtained at once by "taking moments 
about the fixed axis." For, according to the proposition of 
angular momentum (Art. 360), the time-rate of change of 
angular momentum about any axis is equal to the moment 
of the external forces about this axis. Hence, denoting this 
moment by U and taking the fixed axis as axis of z, we have 
as equation of motion the last of the equations {3')i Art. 360, 
viz., 

-- -Smixy - yx) = H. (1) 

416. The angular momentum, ^m(xi) — yx), about the fixed 
axis can be reduced to a more simple form. For rotation of 
angular velocity ca about the 2-axis we have (Art. 48, Ex. 1) 
;c = — aiy, y ~ cox, so that 

2m{xy — yx) = a>^m(x^ + y^) — (o-'Smr^ = /^. 
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where r is the distance of the particle m from the axis and 
/ = '^mr'' the moment of inertia of the body for this axis. 

This expression for the angular momentum can be derived 
without reference to any co-ordinate system. For evidently 
mwr is the linear momentum of the particle m, mur^ is its 
moment, i. e. the angular momentum of the particle, about 
the axis; andSmwr* = wSmr* = /w is the angular momentum 
of the body about the axis. 

It thus appears that, just as in translation the hnear mo- 
mentum of a body is the product of its mass into its linear 
velocity, so in the case of rotation the angular momentum 
of the body about the axis of rotation is the product of its moment 
of inertia (for this axis) into the angviar velocity. 

As regards the right-hand member of equation (1), the 
reactions of the axis need not be taken into account in forming 
the moment H; for as these reactions meet the axis, their 
moments about this axis are zero. 

417. Substituting Im for '2m{xy — yx) in equation (1), and 
observing that the moment of inertia I about a fixed axis 
remains constant, we find the equation of motion in the form 

i. e. for rotation about a fixed axis the product of the moment of 
inertia for this axis into the angular acceleration equals the 
moment of the external forces abottt this axis; just as, in the case 
of rectihnear translation, the product of the mass of the body 
into the linear acceleration equals the resultant force ft! along 
the Hne of motion: 

^^ - T? 

"^dt - ^- 

And just as the latter equation may serve to determine 
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experimentally the mass of a body by observing Urn accelera- 
tion produced in it by a given force fi, e. g. the force of 
gravity (as in the gravitation system, Art. 177), so the former 
equation, (2), may serve to determine experimentally the 
moment of inertia of a body about a line I, by observing the 
angular acceleration produced ih the body when rotating 
about I under given forces. 

418. For the kinetic energy of a body rotating with angular 
velocity oi about any axis we have 

T = Simw^ = Zhnwh-^ = i/w^ (3) 

an expression which is again similar in form to that for the 
kinetic energy of a body in translation, viz. T = iinv^. 

When the axis is fixed so that / is constant, the equation 
of motion (2), multiphed by w and integrated, say from ( = 
to ( = (, gives the relation 

which expresses the -principle of kinetic energy and work. 

419. As an example consider the compound pendulum, i. e. 
a. rigid body with a fixed horizontal axis and subject to gravity 
alone. If OG = ft is the distance of the centroid from the 
fixed axis and 9 the angle made by OG with the vertical 
plane through the axis we have H = Mgh sinS. Denoting 
by g the radius of inertia about the centroidal axis through G 
parallel to the fixed axis so that the moment of inertia about 
the fixed axis is = M(g^ + h?), we find the equation of 
motion (2) in the form 

Comparing this with the equation of motion of the simple 
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pendulum (Arts. 63, 335), S = — (gjl) sin9, it appears that 
the motion of a compound pendulum is the same as that of a 
simple pendulum of length 

i - * + y- (6) 

This is called the length of the equivalent simple pendulum. 
The foot of the perpendicular let fall from the centroid 
G on the fixed axis is called the center of suspension. If on the 
line OG a length OC = i be laid off, the point C is called the 
center of oscillation. It appears, from (6), that G lies between 
and C. 

The relation (6) can be written in tho form 

hil - h) = 2^ or OG-GC = const. 

As this relation is not altered by interchai^ng and C, it 
follows that the centers of oscillation and suspension are inter- 
changeable; i. e. the period of a compound pendulum remains 
the same if it be made to swing about a parallel axis through 
the center of oscillation 

420 Exercises. 

(11 A peiululum foimed of a cjiiniJncil re 1 tf r'ldms a an ! Iragth 
L swings about a diameter of ont of the bi^es Fiid Ibc I me fa 
small oseillaf ion 

(2) A cube who^e edge is a •Jwing=i i'j <t penduluii about in edge 
Find the length of the equivalent simple pendulum 

(3) A circular disk of radius r revolves unifoimh about itb i\ia 
maldng 100 rev./min. What is its kinetic energy? 

(4) A homogeneous straight rod of length I is hinged at one end bo 
as to turn freely in a vertical plane. If it be dropped from a horizontal 
position, with what angular velocity does it pass through the vertical 
position? (Equate the Iiinetio energy to the work of gravity.) 

(5) A homogeneous plate whose shape is that of the segment of a 
parabola bounded by the curve and ita latus rectum swings about the 
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latus rectum which is horizontal. Find the length of the equivalent 
simple pendulum. 

(6) When g is given widle I and h vary, the equation (6) represents 
a hyperbola whose asymptotes axe the axis of I and the bisector of the 
angle between the (positive) axes of k and I. Show that imin = 2q for 
h = q; also that I, and hence the period of oacillation, can be made very 
large by taking h either very lai^e or very, small. The latter case occurs 
for a ship whose metacenier (which plays the part of the point of suapen- 
eion) lies very near its centroid. 

(7) A homogeneous circular disk, 1 ft. In diameter and weighing 
25 lbs., is making 240 rev./min. when left to itself. Determine the 
constant tangential force applied to its rim that would bring it to rest 

421. While a single equation determines the motion of a 
body with a fixed axis, the other five equations of motion of a 
rigid body must be used to determine the reactions. 

The axis will be fixed if any two of 
its points A, B are fixed. The reac- 
tion of the fixed point A can be re- 
solved into three components A^, Ay, 
A„ that of B into B^,, By, R,. By 
introducing these reactions the body 
becomes free; and the system com- 
posed of these reactions, of the exter- 
nal forces, and of the reversed effec- 
tive forces must be in equilibrium. 
We take the axis of rotation as axis 
of z (Fig. 86) so that the s-co-ordinates 
of the particles are constant, and hence i = 0, S = 0; and 
we put OA = a, OB = b. Then the six equations of mo- 
tion are (see Art. 3,59 (2) and Art. 3G0 (3)): 

Smx = SX + A^+ B^, 
Smy - SF + Aj, + By, 




Fig. 86, 
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= 2Z + A, + B„ 
- -ZtriMy = 2:(j/Z - sY) ~ aA^ - bB„, 
■Zmzx = S(2X -- xZ) + aA^ + &S^, 
Sm(arf/ - yx) = Z{xY - yX). 

422. It remains to introduce into these equations the values 
for X, y. As the motion is a pure rotation, we have (sec Art. 
48, Ex. V) X = — cjj/, ij = iijx; hence, x — — wy — oj'x, 
y = ux — cnhj. Summing over the whole body, we find 

2mi = — wSmy — uy'l.mx = — JVfojg — Mu^x, 
Xmy = oiT^mx — w^Xmy = Mw5 — Moi^ 
where x, y are the co-ordinates of the centroid; and 

- "Zmzy = — uiLmzx + oi^l^myz = — Ei> -\- Dui^, 
^mzx = — uLmyz — u^Sm^x = — D<h — Eui^, 

2m{xy — yx) = u^mx^ — ot'^mxy + u'Zmy^ + m^Smxy = Cu, 
where C = Sm(x* + j/^), D = 2myz, E = 'Zmzx are the no- 
tations introduced in Art. 387. 

With these values the equations of motion assume the form : 

- Mxco^ - My<h = -2X + A,+ B„ 

- My<^^ + Mxci) = sr + A„ + B„, 

= 2Z + A, + B., 
Z)co^ - E6) = -EiyZ - zY) - aA, - hB„ ^'^ 
- Ea.2 - Dti = Z(zX - zZ) + aA^ + hB^, 
C<1 = 2(xF - yX). 

423, The last equation is identical with equation (2), Art. 
417. 

The components of the reactions along the axis of rotation 

occur only in the third equation and can therefore not be 

found scparatelj'. The longitudinal pressure on the axis is 

= - A, - 5„ = 2Z. 
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The remaining four equations are sufficient to determine 
A„ A„, B„ B„. 

The total stress to which the axis is subject, instead of 
being represented by the two forces, at A and B, can be 
reduced for the origin to a force and a couple. The equa^ 
tions (7) ^ve for the components of the force 

- A,- B^ =XX + Mx<^^ + Myu, 

- A„ - B„ = SF + Myw"" - MxM, (8) 

- A, - B. - 2Z. 

This force consists of the resultant of the external forces, 



R = ^l(■£xy + izYy + (szy, 

and two forces in the xy-plane which form the reversed effec- 
tive force of the centroid; for M xco" a nd Myw^ give as re- 
sultant the centrifugal force Mw^V;E' + y^ = Mw^, directed 
from the origin towards the projection of the centroid on the 
ary-plane, while Myoi, — Mxw form the tangential resultant 
Mur, perpendicular to the plane through axis and centroid. 
The couple has a component in the yz-plane, and one in the 
zx-plane, viz.: 

aA, + bB, = 2(y2 - zY) - Dc,^ + 7?^, 
- aA, - bB. = S(2X -xZ) + Ecc^ + DC>, ^-' 

while the component in the 3;j/-plane is zero. The resultant 
couple lies, therefore, in a plane passing through the axis of 
rotation. 

424. In the particular case when no forces X, Y, Z are 
acting on the body, the last of the equations (7), or equation 
(2), shows that the angular velocity w remains constant. The 
stress on the axis of rotation will, however, exist; and the 
axis will in general tend to change both its direction, owing 
to the couple (9), and its position, owing to the force (8). 



y Google 



425.] RIGID BODY WITH A FIXED AXIS 311 

If the axis he not fixed as a whole, but only one of its 
points, the origin, be fixed, the force (8) is taken up by the 
fixed point, while the couple (9) will change the direction 
of the axis. Now this couple vanishes if, in addition to 
the absence of external forces, the conditions 

D = -Lmyz = Q, E = l^mzx = (10) 

are fulfilled. In this case the body would continue to rotate 
about the axis of z even if this axis were not fixed, provided 
that the origin is a fixed point. A line having this property 
is called a permanent axis of rotation. 

As the meaning of the conditions (10) is that the axis of 
3 is a principal axis of inertia at the origin (see Art, 395), we 
have the proposition that if a rigid body with a fixed point, 
not acted upon by any forces, begin to rotate about one of the 
principal axes at this point, it will continue to rotate uni- 
formly about the same axis. In other words the principal 
axes at any point are always, and are the only, permanent 
axes of rotation. This can be regarded as the dynamical 
definition of principal axes. 

425. It appears from the equations (8) that the podtion of 
the axis of rotation will remain the same if, in addition to the 
absence of external force?, the conditions 

x = 0, y = (11) 

be fulfilled ; for in this case the components of the force (8) all 
vanish. If, moreover, the axis of rotation be a principal 
axis, the rotation will continue to take place about the same 
line even when the body has no fixed point. 

The conditions (11) mean that the centroid lies on the 
axis of z; and it is known (Art. 395) that a eentroidal principal 
axis is a principal axis at every one of its points. The axis 
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of z must therefore be a principa] axis of the body, i. e. a 
principal axis at the centroid. We have thus the proposi- 
tion: If a free rigid body, not acted upon by any forces, begin 
to rotate about one of its centroidal principal axes, it will con- 
tinue to rotate uniformly about the same line. 
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CHAPTER XVni. 
EIGID BODY WITH A FIXED POINT. 
1. The general equations of motion. 
426. If the fixed point be taken as origin and the reac- 
tion at be denoted by A (as in Art. 233) the equations of 
motion (2), (3) of Arts. 359, 360 become: 

2mS = 2X-f-Ai, 2mj/ = SF+A„, Sm2= SZ + ^„ (1) 

^m{yz - zy) = 'LiyZ - zY), ^m{zx - xz) - 2;(£X - xZ), 

^m{xij - yx) = -ZixY - yX). (2) 

The equations (1) merely serve to determine the reaction 
A, while the equations (2) determine the motion. There 
should be three such equations because a rigid body with a 
fixed point has three degrees of freedom (Art. 233) 

KinematJcally, the instantaneous state of motion is a 
rotation about an axis through and is given by the rotor 
to (Arts. 116, 128). The course of the motion consists of 
the rolling of the cone of body axes over the cone of space 
axes (Art. 131). 

Dynamically, the instantaneous state of motion of the 
body is given by the impulse-vector h (Art. 367) which is the 
resultant of the angular momenta of all the particles con- 
stituting the body, or (Arts. 372, 373) the vector of that 
impulsive couple which, acting on the body at rest, would 
impart to it its instantaneous state of motion, i. e. would 
produce instantaneously the rotor di. The ^ven external 
forces reduce to a resultant R through 0, which is taken 
313 
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up by the fixed point and docs not affect the motion, and 
a couplo, of vector H, whose components are the right- 
hand members of (2). Writmg these equations in the form 
(3") of Art. 361, viz. 

dt ' (it dt " ^ -^ 

we see that the time-rate of change of the veet<ir h is geometric- 
ally equal to the vector H. 

The main question is the relation between the vectors w 
arid h. 

427. Now for the angular momentum about the axis 
Ox we have since x = wjS — a>iy, y = oi/x — oi^s, s = tuij/ 
-oiyX (Art. 118): 

hi = Xm{yz — sy) = wxSm{y^ + s^ — coySmxy — u>,Xmzx, 

or, with the notation of Art. 387, K = Aoi^ — Fta^ — Ew,. 
Determining kg, h^ in the same way we find: 

K = Aa>. - Fio., - £a.„ 

A, - - F<^. + i?a-j, - Do,., (3) 

ft, = - I(j^ - T>wj + l c.,. 

These equations enable us to hnd thr Mctor h when oi iw 
given, and vice versa The lelation between these vectors 
which are evidently in genet al not parallel appears from the 
equation of the momental ellipsoid (10), Art. 392, If we 
aelect the arbitrary constant e so th^t this elUpsoid passes 
through the extremitj of the rotor to, that is so that 

A<^i^ -f Bo,/ + Co.,* - 2Du^, - 2Eu^:, - 2Fo=^y = Me*, 

it appears that h^, hy, K are one half the partial deriva- 
tives of the left-hand member of this equation, and hence 
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the vector h is normal to the tangent plane to the momental 
ellipsoid at the extremity of w; in other words, the plane of 
the impulsive couple k is conjugate to the direction of a> with 
resped to the momenial ellipsoid. 

428, For the kinetic energy we have if r is the distance 
of the particle m from the instantaneous axis u: 

T = ^hnv-" = i/w-, (4) 

where / — I,mr^ is the moment of inertia of the body about 
the instantaneous axis. Now if a, /3, y are the direction 
cosines of this axis, i. e. of the rotor u, we have by (9), 
Art. 390, 



7 = A«^ + fij3^ + Cy'' 


- - 2Dliy 


■ - 2Eya 


, - 2f„f); 


multiplying by ^w^ we find 








T= UAu^^+Bwy^ + Cw,= - 


■21>a>^,- 


-2Eu,u^~ 


-2F„^,). (5) 


It follows by (3) that 










dT 


kJJ. 


(o; 



Multiplying (3) by ci^, tuy, oi, and adding we find 

h^. + h^^^ + k^, = 2T, (7) 

which means that the kinetic energy is one half the dotrproduct 
h • a of the vectors h and w. 

429. All these relations become far more simple if we take 
as axes of co-ordinates the principal axes at 0; but it must 
be kept in mind that these are moving axes. Distinguishing, 
as in Kinematics, components along moving axes by the 
subscripts 1, 2, 3 instead of x, y, z, and denotii^ the principal 
moments of inertia at by I\, /a, /a (Art. 393) we have 

by (3) 
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hi = /iwi, hi = IiU2, hi = Iswa. (8) 

These equations sliow that if the vector of an impulsive 
couple is paraUel to a principal axis at 0, it produces an 
angular velocity about this axis ; it follows from the equations 
(3) that the condition is not only sufficient but necessary. 
Comp. Art. 424. 

For the kinetic energy we have by (12), Art. 393: 

Substituting for Ii, h, U, or for ui,, wa, wj their values from 
(8) we find 

IT = IW + /2W2' + IW 

= hiUl 4" hi'^S + ''3"J3 (9) 

II I, h ' 

430. Euler's Equations. It appeal's from the equations 
(2') that the impulse h which, by (3) or (8), determines <o and 
hence the instantaneous state of motion of the body, varies 
in the course of the motion, under the action of the external 
forces both in magnitude and in direction, and also both rela- 
tively to the body and relatively to the fixed trihedral of axes. 

It is generally found most convenient to determine first 
the variation of the vector h relatively to the moving axes, 
and then to determine the motion of the trihedral of the 
moving axes with respect to the fixed axes. The former 
of these problems is solved by Euler's equations {Art. 432) 
while the latter can be solved with the Md of Euler's angles 
(Art. 434) or any other suitable parameters. 

431. Euler's equations arc essentially the equations (2') 
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when referred to the principal axes at 0; they express the 
geometrical relation dhjdi = H. 

The variation of the vector h (drawn from 0) depends on 
the motion of its extremity whose co-ordinates are k^, hy, h, 
with respect to the fixed axes, and hi, k^, ht with respect to 
the moving axes (for the present, not necessarily the principal 
axes). The absolute velocity (h^, h^, h,) of the extremity of 
ft can be resolved into its relative velocity (fti, Aj, hs) and the 
body-velocity laX h (Arts. 118, 119, 129) whose components 
aloi^ the moving axes are tuaAj — oiJh, o'lhi — coifta, wifts — 
ojcfti. The equations (2') referred to any moving axes fixed 
in the body become therefore 

-jf + wsftj - i^Jh = H,, 
^+c.,hj-mh = Ih, (10) 

at 
or briefly, in vector form: h + uXh = H 

432. If, in particular, we take as moving axes the principal 
axes at 0, the equations (10), owing to the relations (8), 
reduce to the following: 

h^i + (/» - h)^^^ = ffi; h<^ + (h - ■?.)'^.wi = Ih, 
/,i, + ih - L)o^i<^ = Hs, (U) 

which are known as Euler's equations of motion of a rigid 
body with a fixed point. Their integration gives wi, us, wa, 
and hence w, as functions of the time i. 

433. Analytically, the equations (10) can be derived from tho equa- 
tions (2), Art. 426, or rather from the corresponding equations for fixed 
axes cflinciding at the instant considered wilh the moYing axes, viz.: 
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m{y,z, - ZivO = Hi, Zwfed 



■i fe^i -- J/i^i) = H,, 



by introducing for xi, ^i, Si tlioir values from (4'), Art, 141. 
We thus find for Smiyih - siy,): 

— o»(<oi2mzia:i + u^Smj/jJi + lojSwiZi') + ui'SmyiZi 
+ inZmiyi' + zi') — oisSmari^ — wsSinziii, 
or with the notation of Art, 387; 



, - mh ■ 



dl ' 




by (3), Art. 427. The rdationa (3) hold of course for moving axes as 
well as for fixed axea. But for the fixed axes the e««fRcieiits ot ui, toj, uj,, 
i. e. the moments and products of inertia for the fixed axes, are not 
conetant, while for the moving axea the ooeffioients of w, m, us are 
constant, 

434. The position of tho moving trihedral at any instant 
with respect to the fixed trihedral can be assigned by three 
angles as follows. Let 
X, Y, Z (Fig. 87) be the 
intersections of the fixed 
axes, Xi, Yi, Zi those of 
the moving axes with 
the sphere of radius 1 de- 
scribed about the fixed 
point 0; and let N be 
the intersection with the 
same sphere of the rwdal 
line, or liTie of nodes, i. e. 
^' ' the line in which the 

planes XOY and XiOYi intersect. Then the angles ZZi 
= e, NXi = ip, XA' = 4', usually called Euler's angles, fully 
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determine the relative position of one trihedral with respect 
to the other. If the moving trihedral be initially coincident 
with the fixed trihedral it can be carried into any other position 
in three steps: (a) turn the trihedral XiXiZi, when coinci- 
dent with XYZ, about OZ counterclockwise until OXi coin- 
cides with the assumed positive sense of the nodal Une ON, 
and call the angle of this rotation ip; (b) in the new por- 
tion turn XiYiZi counterclockwise about ON until the plane 
XiOYi falls into its final position, the angle of this rotation 
is 6; (c) finally turn XiYiZj about OZi counterclockwise 
through an angle -p until OXi reaches its final position. 

435. The rotor oi can evidently be resolved along the axes 
ON, O/i, OZ into the components 0, ip, 4'', hence the sum 
of the projections of these components 8, -p, i on OXi must 
be equal to wi; similarly for w^, las- As Fig. 87 shows, the 
direction cosines of ON, OZi, OZ with respect to the moving 
trihedral are 

iV cos^ — sin^ 
Z, 1 

Z sine ainip sm9 coHf> cosfl 
Hence 

wx == 6 cosip + 4' sinfl siiiip, 

tai2 = — ^ sin^7 + ip sinfl coa^, (12) 

ws = ip + ^ cos9. 

By substituting these values in Eulcr's equations we obtain 
differential equations of the second order for 6, <p, yp- If 
Euler's equations have been solved so that wi, toa, toj have 
been found as functions of t, the equations (1.2) are differential 
equations of the first order for 8, tp, ^, Solving these equa^ 
tiona for d, <p, ip we have: 
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H = oil CU&f — (1^ SUlip, 

^ = — tji sin<p cote — iU2 iioa;p cot/? + 013, (12') 

^ = wi sin^j cscS + W2 cos^ cscS. 

2. Motion without forces. 
436. Let a rigid body witli a fixed point be given an 
initiai angular velocity about an axis through 0, and lot the 
resultant couple H of the 
external forces be zero. By 
Art. 427, the initial position 
of the body, i. e. of ita mo- 
mental ellipsoid, together 
with the initial axis of rota^ 
tion, determines the initial 
direction of the impulse h, 
this direction being perpen- 
dicular to the tangent plane 
to the ellipsoid at the point 
P whore it is mot by the 
instantaneous axis (Fig. S8). 

As E is zero, it follows from (2'), Art. 426, that h is constant 
in magnitude and direction. Moreover, by (9), Art. 429, 
the kinetic energy T is constant. Finally, it can be shown 
that the perpendicular 5 let fall from on tho tangent plane 
at P is constant. 
To prove this let 

/ix,' + hy.'' + J,is,= = 1 

be the equation of the momenta! ellipsoid referred to the 
principal axes so that the tangent plane at P (^, jj, f) has 
the equation 
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It' p be the radius vector OP of P we have 

?_ ^ A ^ ^ ^ P_. 
Hence 



by (8) , Art. 429. On the other hand, as P lies on the ellipsoid 
we have 

he- + hn' + U' = 1, I- e- ^ {^I'^i' + I^'^^' + ■^^'^=') = 1- 

By (9), Art. 429, this shows that p/cj = 1/ V"2r. Hence 
1. ^ _ft_ 

6 V2r' 

and as both A and T are constant, 3 ia constant. 

From the relation between the directions of oi and h and 
the constancy of k and 8 it follows that the motion of the 
body cormsts in the rolling of its momental ellipsoid over a 
fixed tangent plane. 

437. The points where the instantaneous axis meets the 
momental ellipsoid form a curve, fixed in the body and moving 
with it, which is called the polhode (path of the pole P). 
The intersections of the instantaneous axis with the fixed 
tangent plane form another curve, called the herpolhode, 
which is fixed in space. The cones projectir^ these curves 
from are known as Poinsot's rolling cones, the polhodal 
cone rolling over the fixed herpolhodal cone. 

438. The equations of the polhode as the locus of those 
points of the momental ellipsoid whose tangent plane has the 
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constant distance 5 from arc evidently 

i. e. the j)olhodp is the intersection of the momental ellipsoid 
with a coaxial ellipsfid. Multiplying the second equation 
by S' and subtracting the result from the first equation we 
obtain the equation of the -polhodal cone 

/i(l - /i6^)a;i^ + 12(1 - hP)y,^ + Hi - hS^)z,' = 0. 

If we take the notation so that Ii> I^> I; this cone is 
real if and only if 

For 5^ = I//3, the polhode reduces to a point, viz. the ex- 
tremity of the longest axis of the momental ellipsoid. As 5' 
diminishes, the polhode is first an oval about this longest axis. 
When 5' = l/h, the polhodal cone degenerates into a pair of 
planes and the polhode becomes an ellipse. When S^ lies 
between I//2 and I//1 the polhode is an oval about the 
shortest axis, and it contracts to the extremity of this axis 
for 5* = ,l//i. 

For values of 5^ very close to 1/h the motion can, in a 
certain sense, be called unstable since a slight disturbance 
might change the polhodal cone from a cone about the longest 
to a cone about the shortest axis,, or vice versa. 

430. The herpolhode is a plane curve; but it is in general 
not closed. The radius vector OP = p (Fig. 88), if not con- 
stant, has a greatest and a least value in the course of the 
motion, and the same is true of its projection QP on the 
fixed plane. Hence the herpolhode lies between two con- 
centric circles. When p is constant these circles coincide 
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and the herpoihode coincides with them. It can be shown 
that the herpoihode has no points of inflection. 

440. The inv^gyejine describes a cone in the moving 
body. Its equation may be found from the reciprocal 



Ii ^ li h ' 

whose radius vector in the direction S is 1/S (Arts. 398, 399), 
and hence constant. The cone must pass through the inter- 
section of the reciprocal ellipsoid and the sphere 

Xi'^ + l/i^ + Si^ = ga- 
ll en ce its equation is 



(.-;-)...+(.-i).,+ (.-i)... 



(13) 



441. "When H ^ Euler's equaiiom (II), Art. 432, are 
Ildi = (/a — IsjWi^i, 1^2 = (-fj ~ ii 

Multiplying by ui, wa, wj and adding we find 

Jj ^(/i^i= + hio,' + IW) = 0; 

hence, by (9), Art. 429, 

Ii(^-? + IW + /W = 2T = const. (14) 

This is the integral of kinetic energy and work. 

Multiplying (l^).by /ico,, /s^a, Ik^-^ and adding we find 
similarly by (s) : 

11=031= + h^t^^ + h^w,^ = A2 = const., (15) 

which is the integral of angular momentum. 
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As, moreover, 

Wl= + «2= + a;,= - ^^ (16) 

we can solve (14), (15), (16) for wi^, w^^ wA Introducing the 
new constants a, j3, 7 by putting 
2T{li + h) -h^ = hha\ 2T{T> + /i) ~V = hliP\ 

2T{h+ h) -K' ^ hl,y\ 
we find 

' (/, - /.)(/. - « ' '' 

Heni;e, if h> h> h w, have w'^ > «=, w= < /3^ cj= > 7^ 

442. To find the tim£, multiply tile equations (13) by wi//i, 
'J2//2, 0)3/ Zs and add: 



<J(W) - 



(f . - J.)(Ji - / .Xfi - « , 



substituting for wi, ua, ws their values (17) we find: 

,.^lf ■!("■) 

'J V(«'-af((3' -..')(»■ -7') 
The positive or negative sign must be used according as d(w^) 
is positive or negative. 

As ( is given by an elliptic integral, iu^ is a periodic function 
of the time. 

443. If, in particular, (he momental ellipsoid cd is an 
eUipsoid of revolution, say if 7i = h, the results assume a very 
simple form. Euler's equations (13) reduce to 

Oil — XwaWS, 0)2 = — XoijlMi, OJj = 0, (18) 
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where 

/■-/.__/.- /, 
^" /, ~ h ■ 

The angular velocity toj about the third axis Oz\ {which is not 
necessarily an axis of symmetry for the maaa of the whole 
body) is therefore constant: 



Tlie first two equations (18) give toiwi -f- o^i^ = 0, whence 

wi^ + 0)2^ = const. = m^. 
It follows that 

td = i/m,'^ + ai2^ + W3^ = V'ni^ + n^ 

is constant although toj and oja vary. 

The inclination of the instantaneous axis to the principal 
axes Oxi, Oyi varies, but its iaciination to the third principal 
axis Ozi is constant, viz. cos'''("s/'^)- This means that the 
polhodal cone is a cone of revolution about Ozi and the 
polliode is a circle. The herpolhode is therefore likewise a 
circle (Art. 439). As the two circular cones are in contact 
along the instantaneous axis, this axis lies in the same plane 
with the impulse h and the axis Ozi. 

444. To find wi, coz separately, differentiate the first equa^ 
tion (18) with respect to ( and substitute for ij^ its value from 
the second: 

li, + X^?i^wi = 0; 
hence 

0,1 = & sin(X«i + 0, 

where k, e are the constants of integration. The first equa- 
tion (18) then gives 

cos = ■ ■ <j| = ^' cos(X«/ + i). 
X?i 
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As wi^ + W2^ = m^ (Art. 443) it appears thai k = m. 
Hence 

ij>i = m sm(Xrai + e)j wa = wi cos{toi + e), Wi = w. (19) 

445. To determine the position of the body with respect 
to fixed axes through let the invariable direction of h be 
taken as axis Oz. The direction cosines of h given in Art. 
435 give 

hi = JitDi = h sine sin^, Aa^ ho>},~ h sine eosp, 

7(a = /s'J^ = h cosS. 
It follows that 

CosS = -f- = const., tan^ = — = tan(XT(( + e) ; 

hence -p = ~Knt -\- i and S = 0, ^ = X« = const. 

Finally, tho third of the equations (12), Art. 43.5, gives 

■^ " cosO " /. /i ' 

whence ^I- — {hlli)t + ipn. 

Thus if we resolve u along the oblique axes ON, OZi, OZ 
(Art. 435) into S, ip, ^ (see Fig. 87), we have iS = while ^ and 
i/- are constant. The motion of the body consists therefore 
in the rotation of constant angular velocity <f = "Kn about 
OZi, together with the turning of this axis OZ^ with constant 
angular velocity ^ = hlh about the axis OZ, the angle 6 = 
ZOZi between these axes remaining constant. Such a motion 
is called a regular precession; the nodal line ON (Fig. 87) 
is said to precess with the velocity of precession ip; OZ is the 
(ms of precessi.on. 

If, in particular, the momental ellipsoid at is a sphere, 
so that Is = h and hence X = 0, wo have ^ = 0; hence the 
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whole motion consists of the rotation of angular velocity i/* 
about the fixed axis OZ. This was to be expected; for, as a 
principal axis, OZ is a permanent axis of rotation (Art, 424). 

3. Heavy symmetric top, 

446. A rigid body with a fixed point is often spoken of as 
a top although the ordinary children's top has no fixed point 
but has merely one of its points approximately confined to a 
plane or other surface. 

If the momental ellipsoid at the fixed point is an ellipsoid 
of revolution, say about Ozi, so that 7i = Is, and the centroid 
G of the body hes on Ozi, say at the distance OG — k from 0, 
the body is called a symmetric top. If, moreover, the only 
force acting on the body (besides the reaction at 0) is the 
weight W of the body we have the heavy symmetric top. 

If k were zero we should have the cEise of Arts. 443-445. 
If & 4= but the initial angular velocity be zero, the body 
would swing like a compound pendulum in a vertical plane. 
With proper initial conditions the heavy symmetric top may 
move like a ({;ompound) spherical pendulum with h = h 
at 0. But in speaking of the motion of the heavy symmetric 
top it is generally understood that the initial ai^ilar velocity 
is large and takes place about an axis not differing very much 
from the axis Oz\. To explain what is here meant by' large 
observe that if in the course of the motion the centroid G 
rises or descends through a vertical distance 2 the work of 
gravity, ± Wz, changes the kinetic energy of the top. 
Now this variation in the kinetic energy can never amount to 
more than 2Wk. Hence if k is reasonably small and the 
initial angular velocity large, the initial kinetic energy will not 
be affected very much by the changes due to the rise and fall 
of the centroid G. It is especially cases of this kind that we 
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have in mind when speaking of the phenomena of the top. 
The general equations of Arts. 447, 448, however, do not 
igiply any such restricting assumptions. 

447. Taldng the ffesed axis Oz vertical and positive up- 
ward and the moving axis Ozi along the third principal axis 
at 0, we find Euler's equations (11) in the form. 

1 + (/j — I^)wifa3 = Wk sinfl cosp, 

2 + (/i — ii)a>iW3 = — Wk sinS ain^, 
/jiij = 0, <^i — const. — n. 

Tlie integral of kinetic energy and work is 

Imi^ + /iW2^ + hui^ = 2Wk{coseo ~ cose) + 2Ta, 

9o and To being the initial values of the angle zOz, — 6 and 
the kinetic energy T. 

The angular momentum about the axis Oz iieing constant 
we have 

IiiD, sine sin^ + /jwj sinS cos(p + Isn eos0 = const, = Jt^. 

If till and ua be replaced by their values (12), Arts. 435, the 
two first integrals become 

1^01 + ^2 ^^^^) ^ 2Wk{m&eo - cos9) - hn'' + 2T<„ 
111/' sin'0 = — I^n cose + h^; 
eliminating ^ wc have for the determination of 0: 

W ~ 2rt(c059. - cos9) - /.»• + 2T,- -''-•-~J^^-' , 

or introducing cosS = m as new variable: 

.„ r 2Wh , , , 2ro-Ja»n ,, ,, 1 ,, J „ 

■u^= — ^(U(i-w) + - — -Y - (1— «')- J SK-Uniif. 

Having found u from this equation we hav(; for ^: 
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Ih — hnu 

and then p can be found from the third equation (12) which 
1 ft, — Jmu 



- 'pU - 



I, I -'L 



448. To discuss the equation for u let us put 
I,[2Wk(ua -u) + 2Tb - hn^]{l - u^) - (ft. - hnuY =/(u) 
so that 

Ab /(-!)< 0, f(ua) > (because initially u is real), 
/(I) < 0, /(oo) > 0, the cubic J{u) has throe real roots, 
say wi, U2, Us, such that 

— 1 < Ui < Uo < Uz < 1 < Ih < x> . 
For the time we have 



t = 



'-^2Wkj V(m- 



Ui){u — th){u — Ma) 



the plus or minus sign being used according as dw is positive 
or negative. As u = eosS must lie between — 1 and + 1 
it oscillates between its least value mi and its greatest value 
ws; i. e. the axis Osi oscillates between its greatest inclina- 
tion 8i and its least inclination di to Oz. 

449. Suppose, in particular, that the body is initially 
given a spin about the third principal axis OZi so that 
wi = 0, U2 = for ( = 0. We may take the axes of refer- 
ence so that ^ = and ^ = for i = 0. We then have 
since ft, is constant : 

ft, = lin coseo, 
and 

f{u) = (u, - u}[2I,Wka - w^) - hV(uo - u)]. 
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When Wo < w < 1, f{u) is clearly negative; it is therefore 
W2 which is equal to Uq. Hence, at the beginning of the 
motion u diminishes; in other words, 0d is the minimum 
inclination of the axis OZi to the vertical OZ. 

450, The ccntroid G describes a spherical curve; its pro- 
jection on the horizontal xy-piaiie lies between the circles 
of radii k-\l — ui^ and fe Vl ~ u-i'^ about 0. The co-ordinates 
X, y of the projection of the centroid on the XF-plane are 

X ^ k-^l — u^ sin^, y = — k VT^ u^ cos^. 

To determine the direction in which the curve approaches 
the bounding circles let us determine the angle fi between the 
radius vector p and the tangent to the curve. We have 



tan II ~ 3— 



1 — w' rfl/' 
_ ' ^ d n -. " " 



Now by Arts. 447 and 449 

hence 

, hnuo — u 

tan li = =F -;— .- . 

li uu 

As lid = ± V7(m) (Art. 448) we find 

, J utj — u L^n Vmu — u 

tan u = Ian — =~^ = — , . 

wV/(u) u^l2WkIi(u-ui){u-'U,) 

This shows that tan n becomes infinite for m = Wi and zero 
for u — Uo = ii2- The curve meets therefore the inner 
circle at right angles (with a cusp) and touches the outer 
bounding circle. It is in gcineral not a closed curve. 
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451. The expressions for S, p, ^ as functions of t assume 
a simple form if we suppose the initial angular velocity n 
about OZi to be very large (Art. 446). In this casn the 
equation (Art. 449) 

/(w) = (uo - u)[2IiWk{\ - u^) - I^^\u„ - uJl = 

has its root Wi nearly equal to mq so that the angle 6 differs 
but Httle from 0q. Plence if wi; put 6 = 8i, + v, v will be 
small. This gives cosfl = cos^o — v rniBa, i. e. 

. . 55*L--52!» , sm« _ sm(». + .) - imS. + , cos».. 
sinSo 

Substituting these values in the equation for 6 (Art, 447) 
we find 

(sin0o + V cos9o)^ 

or neglecting the term v cos0o in comparison with sinflo: 



h&6 = V we tinil upon integration 



and hence 
e = Qa + v 



2/i ■ 



The variation v in the value of 6 is called the nutation; 
it is periodic, of period 2irlijl^n. 
452. By Arts. 447 and 449, 

. _ IjJlCOsSo — cosff _ J:n _y__ 

where (Art. 451) 
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V = ai 1 — cos "7" M ■ 

Hence, integrating and observing that i/- = for ( = 0: 

, li-na , a . Itu , 

yp = T ■ ^ t -^—-sm-^-t. 

iiSinffo sinSo li 

Thus the first tenn of i^ increases uniformly with the time, 
while the second is periodic. The angular velocity 4' is the 
velocity of precession (Art. 445). 
4S3. For ip we have by Art. 447: 



hn cos^o — cosfl 
hn 



^ - --. ^ cote = 
I, smO 



eot^o ■ 



( n — ^ a cotBti ji -\- a cotfio sin — ^ t. 



454. Let us finally inquire into the conditions under which 
the top while spinning about its axis OZi may keep its inclina- 
tion Q = ZOZi to the vertical constant. A motion of this 
kind is often spoken of as siahU, or steady. 

As fl is to be constant wc find from Art. 447 that the velocity 
of precession, 

I _K — Iin c Qsfl 
7i sin-9 

remains constant, say = ^o"; and similarly the velocity 

ip = n — 4' cosS 

remains constant, say = <ka. The motion is therefore a 
regular precession (Art. 445). 
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The angular velocity w, at any instant, has th(> components 
4'a along OZi (Fig. 89) and ^o along OZ; let us resolve it along 
OZi and the perpendicular OPi to OZi in the plane ZOZi; 
the components will be <p(, + ^o cosS along OZi and ^^o sinS 




Fig. 89. 

alor^ OPi. As the moment of inertia about OZj is /s and 
that about any perpendicular to OZi is /i, the angular mo- 
mentum about OZi is Ii{'po + ^o cosfl), while that about OPi 
is /ii/'o sinfl. Hence the angular momenta about OZ and the 
perpendicular OP to 02 in the plane ZOZi are 

/bC^u + 4'a coafl) cosS + Ii^a sin'S, 
-faC^o + ^0 cosfl) sine — /i^Q sin9 cosfl. 

The former component is constant; the latter, about OP, 
receives in the element of time the increment 

Uii'i'a + ^0 cos9) sine - h'pa sinfl COSi?](i/'o + i>o cosO)dt. 

If the motion is to be steady this increment must just 
equal the angular momentum about OP imparted to the 
body by the force of gravity in the time element, i. e. to 
WIc sin6 dt. Hence the condition 

[Tsi'Pi+iaCQsd) sine-7ii^osine(;oae](i/'o+ipoCos9) = TF/(; sine. 
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This requires either sin0 = which would meaa that the 
axis of the top is vertical, or 

[hiVf, + 'Po cose) - I^'l'o cos9](^o + ¥■(. cose) - Wk. 

For given values of vi, and ij^o this condition can in general 
be satisfied by two different values of cos? since the equation 
is quadratic in coa0. 

For a further study of the motion of tops and gyroscopes 
the following works may be consulted; H. Ckabtree, An 
elementary treatment of the theory of spinning tops and 
gyroscopic motion, London, Longmans, 1909; A. G. Webster, 
The dynamics of particles, etc., Leipzig, Teubner, 1904; 
F. Klein und A. Sommerfeld, Ueber die Theorie des Kreisels, 
Leipzig, Teubner, 1897-1910. 



yGoosle 



CHAPTER XIX. 

RELATIVE MOTION. 

455. We shall here consider only the motion of a particle 
relatively to a ri^d body B having a ^ven motion with 
resjiect to fixed axes. By the theorem of Coriolis (Art. 160), 
the absolute acceleration j of the particle is the resultant of 
the body acceleration jb, the complementary acceleration 
jc = 2(i>Vr oos(w, !J,), and the relative acceleration jV : 

3 = 3b + h + >■ 
If m is the mass of the particle, F the resultant of the given 
forces acting upon it, its equation of motion is mj = F. 
Hence, multiplying the equation of Coriolis by m and putting 

- mjb = Fb, - mj,, = Fc, 
we find 

mjr = F + n T Fc. 

This vector equation gives by projection on the moving axes 
OiXi, Oij/i, Oi^i, rigidly connected with the body of reference 
B: 

mx,^ X + Xb + Zc, 

mi/i = y + Yi'+ Y„ (1) 

mzi = Z + Zh + Zc. 

Here Z, Y, Z are the components, along the moving 
axes, of the resultant F of all the given forces acting on the 
particle. Xb 1^6, /t, are the components, along the same 
axes, of i^fr = — mj'f,, where m is the mass of the particle and 
j6 the acceleration of that point of the body B with which 
335 
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the particle happens to coincide at the instant considered; 
Fb may be called the body-force. X^, Yr, Zc arc the com- 
ponents of the complementary force /^c = — mjc, where j^ is 
a vector of length 2iuar sin{c», Vr), at right angles both to the 
rotor to of the body B and to the relative velocity w, of the 
particle with respect to B. 

Hence we may say that the emotions of the relative motion 
of the particle m, i. e. of its motion as it would appear to an 
observer moving with the body of reference B, are formed 
like the equations of absolute motion, except that to the given 
forces acting on the particle must be added the body-force and 
the complementary force. 

456, It may be noted that the body-force Fi, — — mjb 
vanishes only when the point of B with which the particle 
coincides moves uniformly in a straight line, and that 
Fc = — 2nMVrsm{bi, Vt) vanishes: 

(o) when m — 0, i. e. when the body B has a motion of 
translation; 

(6) when y, = 0, i. e. when the particle is in relative rest; 

(c) when 5in{u3, v,) — 0, i. e. when the relative velocity Vr 
of the particle is parallel to the rotor tj, i. e. to the instan- 
taneous axis of B. 

The principle of kinetic enei^ and work gives 
hnvi'~inwo^ = f^liX-\-Xb)dxi-i-iY-i-Y,)dy,-\-{Z-\-Z,)dzi] 
since the work of the complementary force Fc which by 
definition is normal to the velocity Vr is always zero. 

457. Motion and rest relatwely to a body B rotating unifomdy about 

If P (Fig,. 90) be that point of B at which the particle m is situated 
at the time /, OP = r ifs distance from the fixed axis (through 0), the 
acceleration ot P i-. ji = — o^r. Hence F» = muV ia directed along 
OP away from the axis>; i. e. the body force Ft is in this case what b 
commonly ciUed the cntnfugal force. 



y Google 



458, 



RELATIVE MOTION 



337 



If, in particular; the parHde i» absduldy at rest, its relative velocity 
Vr, i. e. the velocity which it appears to have to an observer at P moving 
with the body B, is equal and opposite to the velocity vi, = ar of the 
point F of B. As regards the accelerations, ol^crve that ji. = — o^t and, 



Fig. 90. 



Bin :^( 1 = ff, 3c = 2wur = 2uV. The sense of j, ia away from 
th -OS pposite to p. The apparent motion of the particle is 

nif rm t t n about the fixed axis opposite to that of the body; 
1 th relat acceleration is > = — i^r. 

The absolut a leration j is therefore = > + 
J -I- J =_„ - a,V+ 2m%- = 0, as it should 
be. 

4S8. Motion, of a heavy particle m on a 
straight line turning uniformly aboid a vertical 
axis whose doumward direction is met by the line 
at a cwtslant angle a < |jr (Fig. 91). 

Taking as origin the intersection of the 
line with the asis we have vr = r where r = 
OP. The complementary force is taken up 
by the reaction of the tube. 

The components of the weight mg and of 
the body-force ma^r sina along OP are mg cosa 
and »!iA- sin'a; hence the equation of relative 
motion: 




Putting r + g cosa/u' f 
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It the particle atarta from, rest at (or rather from a point very 
ieartoO)wefind ^^^ 



For the projection of the path on the horizontal plane we have 
P = ^'aioa, 9 = oil; liencc the projcetion of the absolute path on the 
horizontal plane is 

which represents a spiral. 

459. Motion of a pwticle relative to the earth, near Us surface. 

The earth's motion of translation (which, is not uniform) need not 
be considered since the forces affecting it act on the particle just as 




Fig. B2. 



they do on the earth and hence do not affect the relative motion. 
The earth can therefore be regarded as rotating uniformly about a 
fixed axis; the slight variation of direction of the axis may be neglected. 
The angular velocity of the earth is 



_ 2jr 

"■ 86 164.1 
the sidereal day having 86 164.1 



0,00007292 rad./sce., 
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The body-force is Bimply the centrifugal force (Art. 458) tiuA = 
mui^R cos^, where B is the earth's radius and i* the latitude. 

In moat problems of relative motion near the earth's surface the 
introduction o£ this centrifugal force ia unnecessary. This is best 
seen by considering a, particle at relative rest, say the bob of a pendulum 
hangmg at rest (Fig. 92). Let P be the bob, S the point of suspension, 
the earth's center, OP = R the earth's radius, r = B eos^ the radius 
of the parallel in latitude ^. 

Ab IV "= 0, the complementary force is zero; hence the only forces 
to be considered are the centrifugal force muih, the tension of the rod 
along PS, and the earth's attraction which is directed along PO if 




Fiff 93 



we n^ard the earth as composed of homogeneous spherical layers. 
Hence the tension of the rod must balance the resultant of the cen- 
trifugal force and the attraction But this resultant is due precisely 
to the actually ob3er^ed acceleration g of faMmg bodies anee this in- 
cludes the combined effect of centrifugal force and attraction. 

The cotnpkmentary forct, -~ 2mwiv sin«, where or is the angle between 
the relative velocity v^ and the earth's axis (northward) is at right angles 
to the plane of the angle «. We take the earth's center as origin of 
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the fixed axes ind O4 tfm ir I thi north {Fip;. 93) ; ihc origin of tiic 
moving axes at anj i>uint P {m latitude c^) on tlie eartli's surface, 
Pzi vertical, Pxi tangent to the meridian southward, and hence I'yi 
tangent to the parallel eastward 
We tlien. ha\e 

4,1 = 6, cos(ir — ^) = — u cos*, us = 0, «s = u sin*. 

Hence the components of the complementary acceleration jc are 

2{usii — w,J/i) = — 2tu^i sin*, 

2(u>,*i - uiii) =■ 2a,(i;, sia* + 2i cos*), 

2{Mijii — wail) = — 2u^i cos*. 

The components of the complementary force Fr. along the moi'ing axes 
are therefore: 

Xc = 2itu^i sin*, 

Zr = 2OTuyi cos*. 

460. Relalvje motion of a kemy parlide on a smooth horizontal plane. 
The centrifugal force being taken into account by using the observed 
value of g (Ait. 461) the equations of the relative motion are 

JV 
Xi = 2«,!/,, J/i = 2(a.,si - isjii), z,^-~g- ^uij/i, 

where iV is the normal (i. e. vertical) reaction of the plane. As zi 
and ^1 are constantly zero, the equations reduce to 

X, = %.>,yi, yi= - 2uj£,, N = m(g + 2^1)/,), 
where wi = — u cos*, uj = u sin*. The third equation determines N 
as soon as y, has been found from the first two. The principle of 
kinetic energy and work gives 

itei' + ^1') = const. 
Hence the relative or apparent velocUy Vr is conslant. 

Assuming the particle to start from the origin P we find by integrating 
each of the two equations by itself; 

*i = ^D + 2mj1/i, ill — yo — 2uiiXi; 
as ri' + yi^ = Vf' = fJu' — ii? + j/o' we find as equation of the path-. 
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a drele tangent to the initial velocity in the horizontal plane. Tlie 
center C (Fig. 94) lies on the perpendicular to uo through P, to tlie 




Fig. 94. 

right of an observer at P looking in the direction of t^i, in the northern 
hemisphere, i. e. for positive ^, to the left in tiic southern hemisphere. 

Thus the particle deiiiates to the right m the northern, to the left in llie 
southern hemisphere. 

The radius of the circle is very large eince u is very small. Thus, 
for ^ = 30° we have for this r^ius 

461. Particle faUing from rest in vacuo. The equations of motion are 
the same as in Art. 460 except that N = 0: 

«, = 2ii,y„ §, = 2uili - 2u,i,, S, == - o - 2ui!/,. 
If the starting point be talien as origin, the initial conditions are 
Xa = 0, s/o = 0, 20 -^0, to = 0, m = 0, So = 0; 

hence the first integrals are 

£i - 2u,!/,, ji - - 2«,ri + 2ui?,, h ^ ~ gt - 2mi!/i. 
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The method of successive approximations gives the first approxi- 
mation 

Xi = 0, yi = 0, 31 = - gt, 



Substituting these values in the expressions for tlie velocities we find 
the second approximation 

whence 

xi = 0, s/i = -Jeu cos* ■ t\ 2i = - igP. 

The third approsimation gives 

xi =• Effuj* cos^ sin* ■ i', y, = ^gio cos* • l\ 
Si = - igt' + igo,^ eosV ■ (*. 
Theseformulaeshownot only an easterly, but also a southerly deviation; 
the latter is however proportional to uj' while the former is proportional 
to uj. The last value for z shows that the earth's rotation slightly 
diminishes the vertical distance fallen tlirough in a given time. 

462. The eastern deviation of a falling body and the deviation to 
the right of a projectile (in the northern hemisphere) would furnish 
an experimental proof of the rotation of the earth if they could be 
clearly observed. Experiments on falling bodies, with this purpose in 
view, have been made repeatedly in the last century and even earlier; 
and the mean results of certain attempts of this kind are often quoted 
as confirming the theory. But an examination of the individual results 
shows these so widely discrepant that no reliance can be placed on their 
mean. In the case of projectiles, such as rifle bullets, the phenomenon 
is masked completely by the very much larger deviation arising from 
the rotation of the projectile and the redstance of the air. 

For this reason Foucault's pendulum experiment, first made in 
1851, and ance often repeated with good success, is of particular 
interest. . On a fixed earth, a pendulum set swin^ng in a vertical plane 
would continue to swing in the same plane; on the rotating earth, the 
plane in which the pendulum swings, remaining fixed in space, must 
apparently, i. e. relatively to the earth, turn about the vertical through 
the point of suspension, in the sense opposite to that of tVie earth's 
rotation, with the angular velocity w sin*, where u is the angular velocity 
of the earth and * the latitude of the place of observation. 
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463. Foucault's pendulum It mil be convenient to take the pomt 
of suspension O as or^n, the axia Ozi lertically downward, Oxi 
tangent to the mendian northwirJ, and henc^ O^i tangent to the 
parallel eastward. The fori es acting on the bob are its n eight mg, 
the tenaon iV of the suepending wire, and the complemenfary forte 
Fo whose components aie, smce ui = w cos^, ui, = ~ u sm^ 
Xi, — ~ 2mu)i/j sin^, I'c = 2m(ji(xi sm^ + Zi fosifi), Z-. = — 2nio,yi oob^ 
If I = Vx-? + y^ + 2i' is the length of the wire the equations of motion 



^ 4- 2oix\ sioij + 2(i>ii c 



with the condition 1? = ii' + ^i' + ei'. 

The general integration of these equations would present serious 
difficuUies. But [or small oscillations we have 

;~\,^ i"^ ) 2 p sV P/ 

As ii, j/i, ii, j/i, fi, yi, are small, say of the first order, ii and ii will be 
small of the second order; torwehave^i' '^ P — 3:1' — yi^,z,ki -= — ariij. 
- ym, Xih + ij' = - ^1^1 - Wfii - ^i' - !ii'. whence 

2i = (iiii + y\y, + ii= + yi' + ^i') 

{xiXi + yiiji + ii^ + yi')- — (iiii + !/i»/i)*. 

We take therefore as first approximation zi = 0, zi = I so that the third 
equation of motion reduces to 

N =m(g - 2^1 cos^). 
Substituting this value in the first two equations and neglecting terms 
of the second order we find if we write 10' tor ot sia4: 
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Multiplyiug by yi, x, and subtracting we have 

^Wi — ViX, = 2o}'{xiX, + yiy,), 

Hence, integrating and putting xi = r cosfl, j/i = r sinS: 

r^ = «V + C. 
If r = 0, S = tor ( - ivc have C - so that 

^- 0>', 

and hence 

This means that the apparent motioi! consists of the rotation of 
the plane in which the pendulum swings about the vertical with the 
constant angular velocity a' = a ain*. The plane makes one complete 
revolution in the time T = 3ir/ui smi^. 

464. In theoretical mechanics the motion of any particle, rigid 
body, or variable system is referred ultimately to a reference system 
(co-ordinate trihedral) which is regarded as fixed. In applying mechanics 
to the study of physical phenomena we meet with the difficulty that in 
nature no absolutely fixed object is to be found. For motions in the 
vicinity of any particular point on the earth's surface we regard the 
earth as fixed. In astronomy, the motions of the planets are referred 
to the sun as if it were a fixed center; and the motion of the solar 
system is referred to the fixed stars. But it is well known that even 
the so-called fixed stats have their proper motions. Thus in all these 
cases we are merely dealing with relative motions. 

465. It should be observed that the differential equations of motion 
of a particle are the same whether the reference system is at rest or 
has a rectilinear uniform translation. In other words, these differential 
equations admit such a translation. For, if for x, y, z we substitute 
^1 + Wi(, J/i + I's*, 3i + Ki!, where Vi, Vt, "i are the constant components 
of the velocity of translation, we have S = *i, 5 = gi, S = Si. 

466. Other difficulties in the fundamental concepts of mechanics 
concern the idea of !irae. 

All our measurements of time are based ultimately on the assumption 
that the earth's rotation is strictly uniform. That this assumption, 



y Google 



46aJ KELATIVE MOTION 345 

which, can not be verified directly, must be true to a very liigh degree 
of approximation may be inferred from the agreement of astronomical 
predictions with actual occurrences. 

Another question, and one that has been much discussed in recent 
years, arises from the difficulty of defining the simultanaty of two 
events occumng at places in motion relatively to the observer or 
observed by persons ia motion relative to each other. Conader an 
observer at P at different distances from the points A, B. It the times 
it takes light to travel the distances AP and BP are (i and ij, then 
flashes of light occurring simultaneously at A and B will appear to the 
observer to happen at different times, the difference being Id — h\. 

Again, if the observer is in motion, e. g. moving toward A with 
velocity », a Sash given at A when the observer is at P will appear to 
him to happen at a time APjiV + v) after it actually occurred (V being 
the velocity of l^ht). Thus the statement that two events are simul- 
taneous does not have a definite meaning unless the position and motion 
of the observer are known. 

In mechanics we deal ordinarily with velocities which are very small 
in comparison with the velocity of light. By regarding the velocity 
of light as infinite, the difficulty would disappear. In the electron 
theory where the moving electron has a velocity comparable with that 
of light the idea becomes of importance. 
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CHAPTER XX. 

MOTION OF A SYSTEM OF PARTICLES. 
I. Free system. 

467. A system ton&istmg of aii> hnite number of particles 
is called free if the co-oidinates of the partulf) ar<. subjtct 
to no conditions, whether thc^e be expressed by equations 
or inequalities. The forces acting on anj one of the particles 
are distinguished as internal or external according as they are 
exerted by the other particles of the system or proceed from 
sources outside of the system. 

Examples of such systems wo have on the one hand in 
celestial mechanics, the most simple case being the problem of 
two bodies (Arts. 321-327), on the other in the kinetic theory 
of gases where the particles are the molecules of the gas. 

468. Let X, Y, Z be the rectangular components of the 
resultant of all the external and internal forces acting on any 
one of the n particles; m the mass and x, y, z the co-ordinates 
of the particle; then the equations of motion of this particle 
are 

mx = X, my — Y, mz = Z. (1) 

There are 3 such equations for each particle and hence Sn 
for the whole system; they express the equilibrium of the 
external, internal, and revetted effective forces. 

If we assume that the internal forces occur only in pairs 
of equal and opposite forces between the particles, depending 
only on the mutual positions and not on the velocities of the 
particles, almost all the results d(!voloped in Chapter XV for 
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the system of particles ponatituting a rigid body will hold 
for the free system, except that we have now 3n, instead of 
merely six, equations. 

469. D'Alembert's principle is expre^ed by the equation 
■E(—mx+X) 3x+l;{~my+ Y) Sy+Zi-mz+Z) 3s = Q, (2) 
in which 5x, Sy, 5z are the eoniponents of an arbitrary dis- 
placement Ss of the particle m. As the Zn virtual displace- 
ments are independent of each other this equation (2) is 
equivalent to the 3n equations (1). 
If this equation be written in the form 

Xm{x5x + ySy + zSz) = X{XSx + YSy + ZSz) (2') 

the right-hand member will contain only the external forces 
owing to the assumption (Art. 468) concerning the internal 
forces. 

As there are no constraints or conditions we may select 
for 5s the actual displacement ds of every particle; the equa.- 
tion 

Xmixdx + -gdy + Sdz) = 2(X(ic + Ydy + Zdz) 
then giv<s upon integration the equation of kinetic energy and 
work: 

7:-hnv'' ~ Siwyo^ = 1!, C{Xdx + Ydy -H Zdz). (3) 

If in particular, there exists a force function or potential U 
for the forces X, Y, Z, the system is said to be conservative. 
We then have 

S(Xrfx + Ydy + Zdz) = dU, 

so that (3) becomes in the usual notation (V = — V): 

r+ F - ro+ yo= const.; 
this expresses the principle of the conservation of energy. 
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470. A system of n particles possesses a centroid whose 
co-ordinates x, y, z at any instant are given by the equations 

Ms = l^mx, My = Xmy, MS = 'Lmz, 
where M = Sm. The principles of the conservation of linear 
and angular momentum (Arts. 363, 366) are found to hold 
just as for a rigid body. 

Thus, in the case of the solar system, if the action of the 
fixed stars be neglected, the centroid of the system must 
move uniformly in a straight line and there exists an "in- 
variable plane" (Art. 367). 

2. Constrained system. 

471 In thf ca'^e of a system of particles subject to con- 
straints or conditions, we may try to replace the conditions 
by constraining forces or reactions after the introduction of 
which the system can be treated as free. The equations 
of motion of the particle m will then again have the form 
(1), Art- 468; but the right-hand members now contain the 
unknown reactions. The principle of virtual work gives 
d'Alembert's equation (2), Art 46*3 and the ^-irtual dis- 
placement can often be selected so th it the unknown con- 
straining forces will do no work and hence will not appear 
in equation (2). This constitutes tl < miin id^ mtige of 
d'Alembert's principle. 

472. Before proceeding it ina^ be well to niitate here tliP con- 
siderations by wMoh d'Alembert himself (and m more exact languaRe, 
Poisson} explained his celebrated pnnnple 

Any particle m of the system is aj!ted upon at any time ( by two kmda 
of forces, the given external and internal forces, whose resultant we 
denote by F (Fig. 9S), and the internal reactions and constrainii^ 
forces whose resultant we call F'. The resultant of F and F' must be 
geometrically equal to the effective force mj, where j is the acceleration 
of the particle at the time (. 
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Now, if we introduce at m the equai and opposite forces »y, — ny, 
the motion of the particle is not affected. But we can now replace F 
and — mj by their resultant F"\ and as F, F', -~ mj are in equilibrium, 
so are the forces F' aad F"; i. e. F" is cqiial and opposite to F'. 




Fig. 95. 



The figure shows that F can. be resolved into the components mj 
and F"; the former produces the actual change of motion of the particle 
while the latter is consumed in overcoming the internal reactions and 
constraints represented by F'. This component F" of F is therefore 
called by d'Alembert the hst force. As F' + F" =• at every particle 
of the system, d'Alembert's principle can be expressed by saying that. 



•I equilJbTiuT, 

IS of forces, are 
le idea by 
a system in 



at every moment during the motion, (Ae lost fori 
mlh the cojmlrainls of the system. 

If the constr^nta, instead of b«ng expressed by n 
given by equations of condition we may express the s 
saying that, amng to the giv&n cimditions, the lost forces for, 
equilibrium. 

473. We shall now assume that the constraints or condi- 
tions to which the system is subject are expressed by means 
of equations (the ease of conditions expressed by inequalities 
is excluded) between the co-ordinates x, y, z of the particles 
and the time (; such systems are called kolonomic. If the 
equations contained the velocities, tho system would be 
called non-holonomic. 

A simple illustration of the difference between the two is 
furnished by a sphere movii^ on a plane. The position of 
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the sphere can be determined by the co-ordinates x, y of its 
center and Euler's angles 0, ip, <p (Art. 434). If the plane is 
smooth the system is holonomic; if it is so rough as to prevent 
' slipping, X, y, S, ip, ^ are no longer independent, and the 
system is therefore non-holonomic. 

474. Let there be k conditions 

<p{t, Xi,yi, zi,Xi,---) = 0, yp{t, Xy, yi,Zi,Xi,- ■ ■)^(i, ■■ ■ (4) 
for a holonomic system of n particles. The number of inde- 
pendent equations of motion will be dn — k. 

For, these equations must express the equilibrium of the 
given forces, together with the reversed effective forces, under 
the given conditions; and for this equilibrium it is sufficient 
that the virtual work should vanish far any displacement com- 
patible vrith the conditions, the work of the reactions and con- 
straining forces being zero for such virtual displacement. In 
other words, in d'Alembert's equation (2), Art. 469, the 
constraining forces due to the conditions will not appear if 
the displacements dx, 3y, dz be so selected as to be compati- 
ble with the k conditions (4). Now this will be the case if 
these displacements are made to satisfy the equations that 
result from differentiating the conditions (4), viz. 

Z(<pJx+<p^y+<pM)=0, S(^.3x-|-iA,Sj/-|-^.S3) = 0, ■■- (5) 

As in Art. 347, t is regarded as constant in this differentiation. 
Indeed, when the conditions contain the time, a virtual dis- 
placement is defined as one satisfying the conditions (5), 

475. By means of the k equations (5), h of the 3n dis- 
placements 5x, Sy, Sz can be eliminated from d'Alembert's 
equation (2). The remaining dn — k = m displacements 
arc arbitrary; their coefficients must therefore vanish sepa^ 
rately; equating them to zero we have the Zn — k = m 
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equations of motion of a system of n particles with k conditions. 
To do this more systematically we may, as in Arts. 348, 
351, use Lagrange's method of indeterminate multipliers: 
adding the equations (5), multipUed by X, j:t, ■ ■ ■ , to d'Alem- 
bert's equation (2), we obtain a single equation in which the 
h multipliers \, ^, ■■■ can be selected so as to make the 
coefficients of k of the 3m displacements hx, by, 5z vanish. 
The remaining 3m — & displacement being arbitrary their 
coefficients must likewise vanish. Hence the coefficients of 
all the displacements must be equated to zero, and this gives 
n sets of 3 equations of the type 

mx = X + \ipi + /i^j + ■ ■ ■ ) 

my = Y + }.^y + ,1.^,+ ■■■ , (6) 

mz = Z + \if, + ixyp! + ■ ■ ■ . 
These, together with the equations (4), are sufficient to deter- 
mine the 3n co-ordinates x, y, z and the k multipliers \, /i, ■ ■ - , 
It is apparent from the equations (6) that the constraining 
force acting on the particle m has the components; 

Y' ^ \Vy + f^'P^ A , 

Z' ^\v.+u4'^+ ■■■ ■ 

476. If the conditions (4) do not contain the time the 

actual displacements dx, dy, dz of the particles can be taken 

as virtual displacements; and d'AIembert's equation then 

gives the equation of kinetic energy and work 

dZhnv^ '^ -ZiXdx ^ Ydy + Zdz). (7) 

This also follows from the equations (0) after multiplying 
them by Mi, ydt, zdt and adding. For, the coefficients of X, 
;u, - - ■ in the resulting equation, viz. Jii^J: + (Pyy -\- (piZ)dl, 
S(^i:c + ^.jij + ^^)dt, ■ ■ ■ are zero as appears by differ- 



y Google 



352 KINETICS 1477, 

entiating the conditions (4) with respect to (. This means 
that the constraining forces in this case do no work in the 
actual displacement of the sj'stem, as they are all perpen- 
dicular to the paths of the particles. 

If, however, the conditions (4) contain the time explicitly, 
their differentiation gives 

^•P^+<P^y+f.i') + 'P, = 0, I.(yl,,x+i^y+yl,d) + 4'i^0, ■■■ , 
so that instead of (7) we find: 
dZhmv^ = i:(Xdx + Ydy + Zdz) - \ptdt - iihdi- ■■■ • {7') 

477. If the conditions (4) do not contain the time and if, 
moreover, a force-function U = — Y exists for all the forces 
we find as in Art. 469 the principle of the conservation of energy: 

T+ V = To+ Va. 
But, even if no force-function exists, the elementary work 
S(Xiic + Ydy + Zdz) is a quantity independent of the co- 
ordinate system, and JJ Z{Xdx + Ydy + Zdz) = W, say, 
represents the work done by the external and internal forces 
in the time (; we have therefore: 

S^mw' — Zhm'ti' = W. 

3. Generalized co-ordinates; Lagrange's equations 

of motion; Hamilton's principle. 

478. As shown in Art. 358, the number of conditions tliat 
make a system of n particles invariaUe, i. e. make it a free 
rigid body, is A; = 3n — 6. A free rigid body has therefore 
3tt — fc = 6 independent equations of motion. 

A rigid body with a fixed axis {Art. 415) has but 1 degree 
of freedom and 5 constraints; its motion is given by a single 
equation. 
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A rigid body that can turn about and also slide along a 
fixed axis (Art. 235) has 4 constraints and 2 degrees of 
freedom; it has 2 equations of motion, its position being 
determined by 2 co-ordinates, say the angle 6 and the distance 
X measured along the axb. 

A rigid body ■^vith one fixed point (Art. 233) is an example 
of an invariable system with 3 constraints and 3 degrees of 
freedom. Three variables (such as Euler's angles 9, ip, ^, 
Art. 434) are necessary and sufficient to determine a particular 
position, and the number of independent equations of motion 
is 3. 

479. These considerations can be generalized so as to apply 
to a general variable system ot n particles with fc holonomic 
conditions. Such a system is said to have 3n — ft = m 
co-wdifuxies because it has Zn — h = m independent equar 
tions of motion (Art. 474). In other words, in the place 
of the 3m cartesian co-ordinates x, y, z of the n particles, sub- 
ject to k conditional equations (4), we may introduce 
3n — fc = m independent variables, say qi, ■ ■ ■ qm, which 
are selected so as to satisfy the k conditions (4) identically. 
These vairables are called the generalized, or lagra ngj a n , 
co-ordinates of the system (comp. Art, 352). 

Suppose, for instance, that the system is subject to only 
one condition, viz. that the point Pi of the system should 
remain on the surface of the ellipsoid 

'^ = ^ + "6^ + 7^"-^ -^- 

If we select two new variables ^i, gs, connected with Xi, iji, zi 
by the equations 

X] = cr cos^i, yi — b sinq, cosga, Zi = c smqi sings, 
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the condition ^ = is satisfied identically in the new co- 
ordinates 2i, §a. Hence, by introducing 51, ga in the place 
of Xi, yi, zi the condition ^ = is eliminated from the 
problem. 

The motion of a system with m degrees of freedom in 
ordinary three-dimensional space might be interpreted as 
the motion of a free particle in a space of m dimensions. 

480. The introduction of the generalized co-ordinates gi, 
- ■ ■ g™ of a system with m = 3« — ft degrees of freedom into 
the equations of motion (6), Art. 475, is performed just as 
the corresponding problem in Arts. 353-355. 

The cartesian co-ordinates x, y, z of any one of the n par- 
ticles are given functions of gi, ■ ■ ■ g™ and of ( so that 

bx . , , dx . , iix 

with similar expressions for y, i. Hence, on the one hand we 
have if g denote any one of the co-ordinates gi, ■ ■ ■ g^: 

Si _^8x dy _ dy ds _ dz_ ,g, 

d4~ dq' ~d4^ dq' &q' dq ^ ' 

on th(; other: 

dx d'^x . d^x . 9% 



= aS, *'+••• 


'^ixipqj-'^m 




d 3x ddx ddx 

'^''•a'li.h Ssq dieq 


Si d Si 


dy _ddy ^ _ ^ ^' 


dq dtdq' 


3q ditlq' dq dtdq' 



With the aid of the relations (8) and (9) we find for the 
derivatives of the kinetic energy T = 2^(i^ + y^ + z^) ' 
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"Vdt'dq'^^dtdq'^UtSq}' 



hence 



didq \ dq " dq 



(10) 



Now multiplying the equations of motion (6) by dx/dq, 
dy/dq, dz/dq and adding them throughout the whole system 
we find 



the coefficients ot\ fi, - ■ - being all zero since, by hypothesis, 
the new co-ordinates satisfy the conditions (4) identically. 
The right-hand member of (11) will be denoted by Q 
(eomp. Art. 353) ; substituting for the left-hand member its 
value from (10) we find Lagrange's equations of motion: 



ddT 
didq ~ 



(12) 



As there is one such equation for each of the lagrangian co- 
ordinates gi, • ■ ■ qm, their number is m = 3n — fc. They are 
obt^ned from the type (12) by attaching successively the 
subscripts 1, ■ ■ ■ m to q, q, and Q. 

481. In the particular case of a conservative syslem, i. e. 
when there exists a force-fimction U such that 



dU 



2X = V^, SF= V^. 



dU 
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we have Q = dUjdq; the equations of motion then have the 
form 

This relation can be derived directly from the equation (10) 
by obser\nng that in any infinitesimal displacement the work 
of the effective forces is equal to the increase of U {or decrease 
of the potential energy V = — U). Now if we vary the 
co-ordinate q alone by Sq, the variations of x, y, z are (dx/dq)5q, 
idy/dq)5q, (ds/dq}5q; hence the work of the effective forces 
Tnx, my, mi is 

..dx , dy , dz\ dU ^ 



SqSm X , 



the first term in the right-hand member of (10) is therefore 
= dU/dq, and this at once gives (12')- 

482. Finally, if we denote the function T + V, that is, the 
difference T — V of kinetic and potential energy, by L: 

and observe that U is independent of the velocities so that 

OL _dT 
dq dq ' 

the equations of motion can be written in the simple form 

ddL^dL . „, 

dtdq dq' ^ ' 

in which they depend on a single function. This function L 
is called the kinetic potential (according to Helmholtz) or 
the lagrangian function. 
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4S3. To illustrate the use of Lagrange's equations let us derive the 
equations of motion in polar co-ordinates. 
In the case of plane motion we have 

T =. Imir' + rW), 
whence 

ST . ddT ^ 3T .„ 

di- ' dt 5r 'Br 

The left-hand meniber of (12) is therefore m(f — i^). The right-hand 
member Q is determined by observir^ that QSq is the work of the 
forces in the displacement Sq. Hence in our caise, if B is the resultant 
force, R,' and R» its components along and at r^t angles tc the radius 
vector r (Art. 269), QSr = B,Sr, i.e.Q = R,. Hence the first equation 
of motion ia 

m{? - n^) = Rr. 

To find the second equation we have 

as Qse is the work done on the particle when 6 varies by 89, i. e. in the 
dLiplaccmcnt rW at right angles to the radius vector, wc have QhO = 
Rgri$; hence the second equation 

™^;(>-=fl) ='-fi«. 

484. For polar co-ordinates r, 9, rt> in three dimensions (Art. 269) we 

T = im(r= + 1^^ +7^ sin's ^), 
and we find: 

m\r - r(m + sin^fl i^)\ = Rr, 

m \r (r^) - r= sine cosS ^ = rRs, 
m-j:(r= sin=9^)=rHinflBj,. 

If there existe a force-function U the right-hand members are BU/Br, 
BVIse, dUjd^. 

485. As another example consider the motion, in the vertical xy- 
plano of two particles P, F' (Fig. 96) of masses m, m', suspended by 
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Fig. 96. 

weightless roda OP, PP' of lengths a, h. If the eo-ordinatea ot P, P' 
are x,j/ and x', y' and the inclinations of OP, PP' to the vertical 6, <e, 

X = a sinS, y = a eo89, 
x' = a anfl + b siu*', y' = a cmS + b cm^, 
whence 

V = mgy + m'gy' = g[(ra + ■m')a coa? + ra'6 cos^i]. 

Denoting by v, v' the velocities of P, P' we have 

!!= = flifl!!, w" ■= aV +b'i^ + 2ab cosCv- - e)Bv, 
whence 

T = M(n' + m')a?e' + mVi? + 2m'ab co8(p - d}di>]. 
Lagrange's equations are then found to be 
I [{m + m.-)aH + m'ab cos(v - fl) ^) 

- m'ab sin(p - 9)6^! + g{m + m')a sine = 0, 
^ m'[&V + ab co3(^ - fl)9] + m'ab siii{p - e)e^ + gm'b sm<p= 0. 

If, in particular, 0, *i, fl, p are so small that their third powers can 
be neglected the equations reduce to 

(w + m'jofl" + mVi + (m+ m')g9 = 0, 
aS + 6^ + g^5 =0. 
To integrate put 6 ^ A cosrf, ip — XA cosrt, whence 

(m + m'){g - ar') = m'b\T\ Hs - hr'') = ar% 
mabr^ - (m + m')g{a + b)i^ + (m + m')f = 0. 
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The last equation regarded as a quadratic in r= has real (the discriminant 
being positive) and positive roots, say j* and riK Corresponding to 
these roots we have 



1 the same way, by substituting 
e obtain the special solutions 



The general solution is of eourse the sum of the four special solutions, 
and the four constants are determined from the initial positions and 
velocities of m and m'. 

486. From Lagrange's equations (12), Art. 480, it is easy 
to derive Hamilton's principle. 

Let each of tlic m equations (12) be multiplied by the 
infinitesimal displacement, or variation, Sq; let the equations 
be added, multiplied by di, and integrated from h to W- 
ddT ST 



M 



^ -QUqdt^O. (13) 

The first term can be transformed by integration by parts; 
as d{dq)/dt = S(dq)/dt we have 

.)„ dt\dq / ^ dq ^U J,. <i<l 

If now the variations Sq be selected so as to vanish both at the 
time d and at the time k, the first term on the right vanishes 
at both limits. Hence the equation (13) ai^sumes the form 
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X"'(f»«+f «'+*')■*'= 



Asz(|?5(; + |-Ss) -ST «nd Zfijg - 5t7 tor a con- 
servative system and = SW (the elementary work) for any 
system, the equation reduces to the simple form 



r< 



(ST + SW)dt = (14) 

in the general case, and 
S f\T+U)dt^O, or Sj \T-V)dt^O, or 5 JLdi^O, (14') 

for a conservative system. 

487. Hamilton's principle consists in the proposition that 
the equation (14) or (14') holds for any virtual displacements 
of the system that are zero at the times (i and h. 

In the case of a conservative system, where 5 J Ldt = 0, 
the principle is often expressed briefly by saying that for the 
actual motimi the mean valve of the kinetic •potential L "= T—V 
in any time t^i — ii is a minimum as compared vnth other 
motions between the same two configurations. More exactly 
we can only say that the variation of this mean value, i. e. 
of the Integra} j^' Ldt, is zero. 

A more complete discussion of Hamilton's principle and 
of the somewhat similar principle of least (or stationary) 
action will be found in E. T. Whittaker, Analytical dynam- 
ics, Cambridge, University PresS; 1904. 
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Art. 7. 

(1) (o) 5.87; (b) 40.62; (c) 58.67; (li) 25.38; (e) 1086.9; 
(fl 82,020; (j) 9.84 X 10-. 

(2) 1-2(o + 6)/(i„ + k). (5) i. 

(3) 184,200 M./sec. (6) 18}. 

(4) 35 M./h. (7) 10.4. 

Art. 9. 

(1) (a) a; (b) 2at+-b; icjia!^; {^-aksiDjci; (e)- oe"'; 
(/) ««'-<r'); (j) oi(( + l); (4) 4o((l'-l); (t) <.1(3I - 2) ; 
(j) 5o((C - 8); (*) 0(1 + P)/(l - (')". 

(2) ( a) 5o + woi + iflP; (&) So - 4o( + JaP; (c) su + a taii(; 
M S,-J1 -P; (e) s, + {(i/«)e»(e-' - 1). 

(3) (a) s = sb + Wot + ^i=; (b) s = a sin(; (c) s = 
ia(e' — e~'). 

Art. 12. 

(1) 0.73. (3) 0.11 ft./sec.'. 

(2) 32.185. (4) jIg - 1/293. 

(5) (a) 0; (W 2o; (c) - o/4H; W) - ot' C0!*1 = - kH; 
(e) ae- - s; (/) JaCe" + eri) - s; (j) o(2( + 11; 
(4) 4o(31" - 1); (i) 2a(3( - 1); (J) 20a(t> - 2); ft) 
2a((is + 3}/(l - i^y. 

(6) (a) g; (b) 2at; (c) 2a sm(/cos»i; (d) - so(l - i=)-3; 
(e) oatr'+f. 

Art. 19. 

(1) (o) 128.8; (6) 257.6; («) 144.9. 

(2) 0.0017. 



■VK^ 



An approximate 

value is ft = igcl^Kc + gt). For a direct numerical compu- 
tation the method of successive approximaiions can be used: 
neglecting t-^ find h approximately from ft = ^gi'^, witli ( = i; 
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with this value of h find is, hence the time d, with which 
correct h\ etc. Result: h = 70.4 m. 

(5) (a) a min.; (6) 0.18; (c) 49i; {(f) 4 min. 41 Bcc. 

(6) (o) »./9; (6) WIr, W Ws; M - ».■ 

(7) (o) 4i M.; {i) 646 ft./sec.; (c) IJ min.; ((f) 1200 
ft/aec; («) 17, 58 sec. (8) 80 It./scc. 

(9) (o) S/i>.; (6) 4 - isV/V; (c) -v/sli. 

(10) 338,000 ft./sec; ,1, sc. (12) 30 M./h. 

(11) 426 ft. (13) f ft. 

Art. 24. 
(1) 5M./sec.; 34| min. 

(3) (a) 7M./sec.; (b) 7 M./sce., 4 days 20i hours. 

(4) » - ■ 

(a) If ».< V2jR^P, (-^.^1" Mt'R-s)- t/s,"(EE-s.J 
\ So A/2gK L 

(5) iivo=^l2gR^^, i = ^ -J^ ;| {so^ - s^) ; 

(c) if .0 > ^2p J^ , ( = ^ [/.^fl log ^5|±^^. 

+ V^so + k^H) - Ms + k^'R) I ■ 

(5) If va < ■^2gR the height above the earth's surface to 
which the particle rises is A = Vo^Rj{2gR — vo^) and the time 
of rising to this height is 

if ve = ■^2gR, the time of rising to the distance s from the 
center ia 
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where b^ — — ; zr—f^ ■ 

Va^ — 2gii ^_ 

(ti) h == R,t= (l + ix) V^ = 34f min. 

Art. 28. 

(2) II = -Vg^ ft = 5 M./sec, r = 1 h. 25 min. 

(3) A&o' + Mi^r. 

Art 36. 

(1) tt; 15.7 ft./sec. (3) (o) 402; (b) 25.1 see. 

(2) 0.157 rad./sec.^ 5 rev. 

(4) (a) 0.022 rad./sec.; (6) 15.7 ft/sec; 7.S5 ft./sec. 

Art. 42. 

(l)-(5) Check graphically. (7) 36M./Ii.; 198 ft. 

(6) 20". (8) V, = i\ sine. 
(9) Spiral of Archimedes r = (wo/u;)^. 

Art. 48. 
(4) The projection of the velocity on the radius vector and 
on the focal axis are in the constant ratio e of the focal radius 
to the distance to the directrix. It follows that the tangent 
meets the directrix at the same point as does the perpen- 
dicular to the radius vector through the focus. 

Alt. 56. 

(7) f = a^[2(l - cose) 9% 2 sinS M^ + ^]. 

(8) (a) Straight line; {b} circle; (c) circle of radius w; (rf) 
it is normal. 

(9) The cylindrical components are 

j^ = f' ~ ^V^ is = 2rV + r'^, j, = x, 
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where r' = t cosS. The spherical components are found by 
projection : 

jV = ji sine + js cose, jfl = ii cose - ja sinfl, j^ = jV 

Art. 59. 
(3) 45'. 

(5) Construct a vertical circle having the given point as 
its highest point and touching (a) the straight Hne, (fe) the 
circle. 

Art. 61. 

(9) (a) 137| ft. from the vertical of the starting point; 
(6) 6J sec; (c) 201 ft./5ec., at 6j° t-o the vertical. 

(10) 227.5 ft./sec. (11) 4° 22' or 86° 48'. 

(13) Let OY = Ka be the given initial velocity. On the 
vertical through lay off OH = R = v^^l'^g; then the hori- 
zontal through Dia the directrix. Make^ VOF = if DO 7, 
and lay oSOF = OD = H; then F is the focus. 

(14) With n^/2g = H, the locus is a;' = - iHiy - H), 
a parabola. (17) A horizontal line. 

(18) (a) 1.5 sec; {b) 25.1 ft. from the building; (c) 59.7 
ft./sec, at 16^° to the vertical. 

(19) 300 ft. from tee, in 1 sec. 

(20) At a distance of 6250 ft. 

Art. 68. 

(1) 0.99672; 86117. (4) 28.8 ft. 

(2) 3.26 ft. (5) 980.4. 

(3) 32.158. 

(8) The pendulum should be lengthened by -j-ir of its 
length. 

(9) it will lose 67 sec/day. (10) About a mile. 

Art. 70. 

(3) 1.0038. 

(5) Use the first formula of Art. 69. 

(6) Determining the constant from e = ir for ?) = we 
have 4»^ = 2gl cos^l'^. Putting v = -- IdO/dt and inte- 
grating gives t = ^ll/g log tani(;T + S) if 9 = for ( = 0. 
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Hence the bob approaches the highest point of the circle 
asymptotically, i. e. without reaching it in any finite time. 

Art. 75. 

(1) X = xo cosfil '+_ (volii) sin^i. 

(2) v_= - iJ.<a^ -"x=. 

Art. 80. 

(1) X = 10.806 cosd^i + 274°). 

(2) X = 2a <iozi5 cos(w( + ^5). 

(3) (a) X = 2a coawt; (E>) x = 0, the case known in 
physics aa interference. 

(4) xi= - 5.18 cosu/, X2 = 14.14 cos(w; + 30°). 

Art. 113. 

(1) a:^ + j/^ = o? being the circle, j = — ah,^/y^ where Vi 
is the x-component of the initial velocity. 

(2) vo^/a. 

(3) Let j = fi^r; then, if {^o, J/o) is the initial position, vi, 
Vi the components of the initial velocity, the path is the 
hyperbola: 

{vi^-li'^yn^)x^^-2{jiHiyf)—ViVi)4-{vi^—ti^Xf?)y^={v^ii—Viy^^. 

(5) a = —., 6 = , tana = ^-, ^ ;;-;- , 

where e^ = uo . 

(6) Put r = 1/w and determine dhi/dd^ in terms of w alone: 

|^= - « + (71 ^ 1)(1 - e=)5-^u-"« -in- 2)9-«-"+'. 

Hence by (16), Art. 106: 

m = c\{n - 1)(1 - e^)2-=-M-=-+^ ^ (w - 2)r''w-''-^']. 

n = \ gives an ellipse if e < 1, a parabola if e = 1, a hyper- 
bola if e > 1, all referred to focus and focal axis; n = 2 gives 
conies referred to their axes; n = — 1 gives pascalian Hma- 
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:;oiis (cardioids for e = ± 1); ra = — 2 gives a icmniscate 
if e = ±1. 

(7) (a) c=(2aV-* + 0; W c^'-'l W c^l + n'-)r-'; (d) 
c12ji%V-= + (1 - «^)r-^]. 

(8) 8a%V-^ 

(9) Ellipse, parabola, or hyperbola according as /j § 
v^i?, ijt) being the initial distanc^e from the plane, v^ the 
component of the initial velocity normal to the plane. 



(10) f{r) -- 



Art. 137. 



(3) The direction of motion passes through the highest 
point of the wheel. 

(4) With the center of the given circle as origin and the 
perpendicular to I through as axis of x, the fixed centrode 
is y^ = ex =*= a yx^ + y^ where a is the radius of the given 
circle, c the distance of from I. With A as origin an d h as 
axis of X the body centrode is x^ = ay =^ e ->lx^ + tf. The 
upper sign corresponds to h shding over the first and second 
quadrants of the circle, the lower to U sliding over the third 
and fourth quadrants. If c > a, the complete fixed centrode 
has a node at with the tangents ay = * Vc^ — a^x. The 
polar equations of the centrodes are r sin^S = c cosS + a and 
r' co8^9' = a sin9' + c. The body centrode for c> a is 
(apart from position) the same curve as the fixed centrode 
for a> c, and vice ersa 

(5) y^ = 2a{x + +a) 

(6) The fixed entrode s a r le i ass g thro gl Oj; 
the body centrode s a c r le ot twice the a 1 of tl e fi ed 
centrode. The path ot an> ]ot thfieljln a 
Pascal lima^on the j o nt f tl 1 ly ce tr ide de r be 
cardioids. 

(8) Two equal pa alolab the mot on the a ne as tl at 
of Ex. (5). 

(10) With ab pole a d OB a. \ olar ax s tl e equat on of 
the fixed cent le o 9 - o o 9 + a = ? "tt tl 

as origin a 1 (W f r tl e j at u ( + [^ 
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— P) -^x^ + y^ = 2ax^. The rationalized equation represents 
the centrode of AS when B moves not only on the positive but 
also on the negative half of the axis of x. The equation of 
the body centrode, with A as pole and AB as polar asis, 
AC = r', 7f BAC = 8', is found by observing that r = 
r'~\~a,l sin0' = OB sin9 = r cos9 sm6 whence 

((1= - P cos'fl')/* - 2alV sin's' + l\P - a^ cos9') = 0, 
i. e. 

, _ I + a coaO' /_/'"<* cosfl' 
' a -\-l cosfl' ' ^ a ~ I cosS' ' 

These relations can be read off directly from the figure if 
perpendiculars be dropped from on AB and from B on 
AC. For the path of any point P whose body co-ordinates, 
with A as origin and AB as axis of x', are x', y', we have 

x = a cosfl+x' cos^+j/'sin^, y = o sin0— x' an^+j/' cosp, 

where 6 and f are connected by the relation Ifa = smB/simp. 
For the path of the midpoint of AB we find x = a cosP + 
i^ cosp, y = a sine — Ji sinp, whence x = Va^ — iy^ + 
^ Vl' — 4j/^ which is of the fourth degree. 

To find the velocity of B when that of A is given observe 
that as the distance AB is invariable the projections of the 
velocities of A and B on AB must be equal, whence Wiicos^ — 
Va sin(fl + <p). 

(12) Find first the velocity Vr of P2 relative to Pi as the 
resultant of -vi and v^; hence w. 

Art. 148. 
(2) A Pascal lima^on. 
(7) (a) <^^x - wy = 0; (6) 6jx - w^ + J = 0. 

Art. 166. 

(2) Distance from midpoint = ||Z, 21 being the distance 
of 5 from 23. 

(3) About 1000 M. below the earth's surface. 

(5) X — r sina/« = rc/s, where c is the chord, s the arc; 
for the semi-circle x = (2/x)r. 
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^ V2 + log(l + 1/2) 

9i/? _ 1 O i^isfi 

' 1/2 + log(l + f'2) 

(7) m, In. (8) iu. Jo. 

(9) r sinB/e, r{l - cose}/^, ifcr sinl?. 

(10) 2a(a sina + cosa — l)/a^ 2a(siiia — a OQSa)/a^. 

(12) JViO, Wo- 

(13) Distance from hypotenuse = O.lld. 



(d) 



(15) (a) fa^i, §yi; (6) ix, i^Tr; (c) 3^^ = 0.40531a, ^^t ; 
2)- 



(17) fr sin^/a. (18) ia. 

(22) If X], X2 are the distances of the planes from the center 

,, . ,, , - a^ — ^(3;!^ + V) 

then X = Mxi + x^) -z ^, — ^-, j ^ ■ 

a^ - i{x,^ + X1X2 + Xi^) 
(a) i(2a - hmSa - h); (6) fa; |a(l + c<^). 

(23) %h. (25) A?/i- 

(24) T^ji/i. ^ (26) |«, -^fe, |c. 

(27)(a) ia,^; {li)^^-~-^-^a = 1.85Z7ia, |a; (c) |^a; 



Art. 170. 

(1) 300,000 F.P.S. units. (3) 32.000 F.P.S. units. 

(2) 50 ft./sec. 



(1) 6.4 X 10'' poundals = 8.9 K 10» dynes. 

(2) 4.0 pounds. (3) 0.1406. 

Art. 196. 
(1) e - 120°. (3) 28, 39° 16'. 

(4) 2F eos22^° = 1.848F. 
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(7) (a) Tf sinfl, Tf cose; (b)Wtime,Wsece; (c) W nine seca, 
W cos(e + a) seca. 

(8) W sm/J/sLii(a + |3), W sina/ainCo + /3). 

(10) F = tW,T- iW. 

(11) P -2W cosK« + W - 0.8945F. 

(12) P = W 5in(a + ^)siDi3 is greatest when the sail 
bisects the angle Ijetween the wind and the direction of 
motion. 

(13) W sin(J/sin(a + /3), W sina/Bin(<» + /3). 

(14) T = Wild, r - Wic - Did, where d' - F - i(c - I)'. 

(15) 13.4, 28.9, 60, 86.6, 186.6, oo. 

(16) 848, 282; 1000, 600. (17) 0.640W. 
(18) (o) 1.414H'; (!>)2H'cosi(i>r±9). 

Art. 221. 



(2) T = mW, A = l/m^ - m + 1 W, where m = 2e//. 

(3) F - i(cot» - rlI)W. 

(4) tane = (a eota - (> cot3)/(« + fc). 

(5) A, B = 



IVV 



A.--'!!i^-'--W,A..U-'^)w,B.f,W. 



Art. 243. 

(1) P - IF sinp/oos(ii - r)- 

sin(»-^ P^si.(M-_rt oa^S2sin«; 

(c) if P act up the plane. P S 51Bil±_^ w, if P act down 
the plane, P s — ~" ^ jr. 

COSip 

(4) 226i, 56^. (5) P = Jtt - 2^,. 

(6) (I = i sinfl cos6/(c — I cos^0). 

(7) A = mTF sin{9 — <p) cose/sin ^j, C = mtf cosO, tan2-p 
= m sin20, where m = i/c. 

(8) sinffSf. 
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Art. 247. 
(1) 33 X 10-". 

Art. 254. 



, 2?cp::i, 



Art. 260. 

(3) 27rV(^^+"a^ - ^)- 

(5) At the distance x from the center, if c is the radius of 
the circle, 

iKp"c r^" ^ , Vcr 

(7 = — — I (, ^-^^=?" 7 where k = i r , — 7 . 

(6) U ^cz + C. (7) U = mg{zo - z). 

(0) (7 = — ff(y)dr; oquipotential surfaces r = c. 

Art. 264. 

(3) 7500, 101.7 X W. (ii) 150 ft.-Ib. 

(4) 18,000 ft.-lb. 

Art. 290. 

(1) (a) i\h.; (6) 11.3 ft./sec; (c) 0.63 sec; (rf) ift.-lb. 

(4) If xn < e nothing is changed; if xr,> e the particle 
performs simple harmonic oscillations about Q,. 

(5) The length I is increased tol + e + A/e(e + 2h). 

(7) 42 min. 35 sec. 

Art. 293. 

(2) The equation of motion s = v = — g — kv'^ gives 
with k = fiP-jg : 

__ g ixvo coRfii — g siji/ii 
/ijuto siTifd + g cos/^i' 
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q , / u.Vt, . , , ,\ 1,0 + kva^ 

(4) 5!-=^^,. 

(5) In vacuo v = 139 ft./seu., iu air u = 122 ft./sec. 

(6) s = -j7 (1 — e~*'), i" = i'oe""'" = f o — ks. 

(7).=|(l-e-"), 

Art. 297. 
(2) The logarithmic decrement is log e"" = — Xf. 

(4) If u 4= K, s = ci cosk( + C2 siiiKi + ^ ^ smut: if 

K-^ — ^2 

li = K, s — ci cosk( + ca sinici + ^ sinKi. 

(5) The term due to the forced oscillation is 

hence the oscillation lags behind the force by the phase 
difference /lio; the amplitude is less than for undamped 
oscillations. The free (^cillations (if any) will rapidly die 
out so that the motion soon approaches the state of motion 
given by the above term. 

Art. 302. 

(2) The equation of the orbit given in Ex. (1) is satisfied 
not only by xo, ye, but also by i?i/k, iij/k; i. e. the orbit passes 
not only through the initial position Po, but also through 
the point Q(vi/k, vh/k) whicli is the extrc^mity {)f the radius 
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vector OQ = Vo/'ic parallel to vo; OPi, and OQ are the con- 
jugate semi-diameters whose equations are xi,y = yox, 

(4) The problem requires the construction of the axes of 
a conic from a pair of conjugate diameters. 

(5) Referring the orbit to its axes we have x = a cosic(, 
y = b siruit for the elUpee and x = ia(e"' -|- e""') = a coshici, 
y = ir)(e" — e-"') = b 9inh(rf for the hyperbola. 

(6) From the equations of Ex. (5) it follows that for the 
ellipse tanfl = (b/a) tan«i whence 6 = Kob/r^. 

(8) Use the equations of the conic in terms of the eccentric 
angle ip. 

(9) (a) Elhp.se; (6) hyperbola; (c) parabola. 

(10) The parabola x—Xb= (vMiy—yo) — {2KclVi'^)(y—yaY, 
where 2c is the distance of Os from the point that bisects 
OiOaj the midpoint between and Os is taken as origin and 
00a as axis of x. 

(11) ( = - tan-' ( ^ tane ) . 



(I) V, = -\t/?;. (3) 687 days. 

(4) As the velocity is not changed instantaneously we 
have by (24), Art. 314: 

2^ At ^ 2/ ^ 
r a r a" 
whence a' is found. 

(5) An ellipse, with the end of its minor axis at the point 
where the change takes place, 

(6) (a) EUipse with a = fr; (6) parabola. 

(7) Differentiate (24), Art. 314, with respect to ix and a. 

(8) The periodic time T would be diminished by (2/n) T. 

(9) r = (/(I -|- e C099) gives a;, y as functions of S; hence, 
observing that r'^ = e,x = — (c/l) sinff, y = (c/0(cose -|- e). 
The hodograph is therefore the circle *^ -|- (^ — ce/l)^ 
= (c/i)S where c — '4id. 

(10) 1.034 114. 

(II) t = ■V2aVM(tanie + i tan'^e). 
(12) 178.73 and 186.52 days. 
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Art. 334. 



(1) {a) 7i lb.; (f>) 480 !b.; (c) G.4 rev./sec. 

(2) 8F. 
(4) 32.20. 

(7) tanS = Iiu>H\a<piio&ipj{g ~ fiw^cos^^') ; ^^"S?'. 
(8)7JIb. 

Art. 339. 

(4) To count the angles from the highest point of the 
circle put tt — O = ^; then, putting h — I = h', wliere k' 
is the height to whicli the velocity at the highest point is 
due, we have iV = - Zmg[cos<p - t(l + h'/l)]. The par- 
ticle remains on the curve as long as cosf> > 1(1 + h'/l) ; 
distinguisli the cases k' = 0. 

(6) At the distance 1.4617tt from the lowest point of the 
circle if a is the radius. 

Art. 379. 

(i)iK^ (7)J^-|;^ 

(2) (a) iP; (6) W; (c) tW^; (d) i^ih\ (8) iaK 

(3) ih\ (9) ia\ 

(4) tV'. (10) i«^. 

(5) l^\ (U) ia'. m icK 

(6) tV'*=. (12) i(«i= + <i,=) 

Art. 386. 

(1) ACi'-H;^). (4)|a=. 

(2) (a) ^^ (6) ^=; (c) ^^. (5) i(ai= + a^^). 

(3) (a) ia^; (b) ^=; (c) fa'. 

(6) (a) ia^; (6) K; (c) ^(/t' + 3<i^). 

(8) faK 

(9) (a) i6^ (6) ia';K«^ + !-^). 

(10) ^(6' + cO, i(c' + a^), Ka' + ?'')■ (12) V- 

(U) iaK (13) fa' + 6'. 

Art. 403. 

(1) The centroidal principal axes are perpendicular to the 
faces. The moments for these axes are iM(b^ + c^), 
^^■(c' + a^), iM{a^ + b^). The central ellipsoid is 
(6* + c^)x^ + (c' + a^)y^ + (a^ + b^)z^ = Se*. For an edge 
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2a, I = ^MQ}^ + c=) ; for a diagonal / = SMfbV^ + c-'a'' 
->ra%^)l{a? + b^ + c^). 

For the cube the fundamental ellipsoid becomes a sphere 
of radius ^VSit; for an edge of the cube, q^ = %a^; for a 



(2) Central ellipsoid: {V + c'')x'^ +{c^ + a^)y^ +(a= + J.^^^ 
= 56*; for I, q^ = i(6a2 + 6=). 

(3) Take the vertex as origin, the axis of the cone as axis 
of x; then Ji = -^Ma^; I\', i. e. the moment of inertia for 
the y3-p!ane, = ^Mk^. As forasohdof revolution about the 
axis of a; S' = C and B = C, we have I2' — 1% = ^Ii, and 
/a = 7, = /,' + ^/i. Hence, /;, = /, = fM{h^ + Ja^). 
At the centroid the squares of the principal radii are tV^'i 

(i) A = B = C = fMa^ D = E = F ^ iMa^; hence 
momenta] elhpsoid: 4:{x^ + y^ + 2^) — Hv^ + zx + xy) ^ 
Q^ja^; squares of principal radii: ^^, -fjt^ ■H"*- 

(5) q^ - ia=(l + sinV- 

(6) / = tVp^«HI« + H + 2AV^'); for ft = a = Ji?, 

(7) A = 7j, B = Js + Ma:!^. C = h+ Mx-,\ 

(8) The centroid may be such a point; if the central ellip- 
soid be an oblate spheroid, the two poin ts on the axis of 
revolution at the distance ± a/(/i — h)IM from the centroid 
are such points. 

(9) The ellipsoid must have the same central ellipsoid as 
the given body; its equation is x^ /A' + y^/B' + z^/C = 5/JW, 
where M is the mass and A', B', C" are the moments of inertia 
for the principal planes of the body at the centroid. 

(10) p" = MIN, where 







..4 


(3f + if - 
Art. 420. 

(4) 

(5) 
(6) 


J.'), < 


(1) - Jl^ 

(2) JV20. 

(3) ni(h")'- 


'tigh ■ 


aSsTT 

fa. 
tV lb. 
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(The numbtTa refer to the pages.) 



AssOLtTTE acceleration, 119 

■ system of unite, 130 

velocity, 26, 118 

Acceleration, absolute, 110 

, angular, 23 

— — , center of, 112 

, constant, 10-14, 42-43 

directly proportional to dis- i 

tance, 18-20 

in cartesian coordinates, 38 

in curvilinear motion, 35-^ 

in polar coordinates, 40-42 

in rectilinear motion, 7-9 

— - in the ri^d body, 107-116 
— — inversely proportional to 

square of distance, 14-18 
— — of gravity, 12 
, normal or centripetal, 36, 

109, 111 

, relative, 119 

, tangential, 36, 109 

Activity, 212 
Amplitude, 56 
— — , correction for, 54 
Angle of friction, 185 

of repose, 185 

Angular acceleration; 23 

momentum, 213-216, 270- 

275, 279, 304-306, 313-315 

■ velocity, 22-24 

, components of, 87 

Angular velocities, composition of 

85-91 

, parallelogram of, 85 

Anomaly, eccentric, 240 

-, mean, 243 

— -, true, 237, 240 
Aperiodic motion, 226 
Aphelion, 237 
Areas, conservation of, 216 
— — , principle of, 77 
Arm of coople, 159 
Attraction, 187-200 



Crntbr, instantaneous, 99 

of acceleration, 112 

of angular acceleration, 116 

of force, 72 

— - of gravity, 127, 157-158 

of mertia, 127 

of mass, 125, 127 

of oscillation, 307 

of parallel forces, 156 



Central axis, 90, 1^1 

forces, 229-247 

motion, 72-82 

Centrifugal force, 251 
Centripetal acceleration, 109, 111 

force, 250 

Centrodes, 99, 100 
CentToid, 125, 158 
Centroidal line or plane, 285 
Circle of inflections, 116 
Coefficient of friction, 183 
Complanar forces, 165-169 
Composition of angular velocities, 

85-91 

of complanar forces, 165-169 

■ of concurrent forces, 142-145 

■ of couples, 159-165 

of intersecting rotors, 85-88 

of parallel forces, 152-15S 

of parallel rotors, 88-91 

— ■■ of dmple harmonic motions, 

59-63 

of velocities, 27-29 

Compound harmonic ffiotion,59-63 

liarmonic wave motion, 66 

— — - pendulum 306 

Concurrent forces, 142-145, 14&- 



151 

Cone, equimomental, 292 
Cone of fnetion, 185 
Contonal comes, 298-299 

quadnc «urfac es, 299-301 

Conservation of angular momen- 
tum or areas, 216, 275, 348 

of lmea,r mum ntum 27" 

34S 
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Conservation of energy, 210, 212, 

227, 347 
Conservative forces 196, 210, 355 
Constant acceleration 10-14, 43- 

43 
— of graiitabon 1)57-188,235 
Constrained motion of a particle, 

248-267 
- — ■ mofion of a system, 348-360 
Constraints 178-lSJ 260-267, 

34&-3bO 
Coriolis, theorem of, 119, 335 
Couples, 151, ISS-iaS 
Cross-product, So/ 
D'Alembbbt's principle, 259, 347- 

349 
Damped oscillations, 224-227 
Damping ratio, 228 
Decrement, logarithmic, 228 
Degrees of freedom, 179, 268-269, 

362-354 
Denaty, 121-123 
Derived units, 121 
Deviation, moment of, 281 
Dimendons of acceleration, 9 

of force, 135 

of momentUHi, 133 

of power, 212 

of velocity, 5 

■ ■ of work, 201 

Dot-product, 110 
Dynamics, 1, 120 
Dyne, 136 

EcoENTMC anomaly, 240 
Effective force, 259 
Efficiency of a machine, 212 
Elevation, angle of, 44 
Ellipsoid, central and fundamen- 
tal, 295 
— — , momental, 290 



Equilibrium, 144 

of complanar forces-, 165 

of concurrent forces, 144-146 

of general system of forces, 

170, 176 ■ 

of parallel forces, 156-157 

Equimomental cone, 292 

Equipotential surfaces, 199 

Equivalent simple pendulum, 307 

Erg, 202 

Euler's angles, 318 

- — — equations of motion, 316- 

317, 323 

Focal ellipse and hyperbola, 300 
Foot-pound, foot-poundal, 202 
Force, 133 
Force-function, 1' 



Forces, central, 229-247 

, centrifugal and centripetal, 

260-251 

, complanar, 166-169 

~, conservative, 196, 210, 366 

, effective, 259 

, general system of, 170-178 

, parallel, 151-158 

Free oscillations, 217-221 
Freedom, degrees of, 179, 268-269, 

352-354 
Frequency, 68 
Friction, 182-186 
Friction angle, 185 
— cone, 185 



coordinates, 263, 



, reciprocal, 296 

Elliptic harmonic motion, 69 
Energy, kinetic, 137 
^— , potential, 210 

, total, 210 

Epoch-angle, 56 
Equation of the center, 243 
Equations of linear and angulai 
L, 269-271 



, law of, 187 

system of units, 136 

Gyration, radius of, 281 



Hamilton's principle. 
Harmonic motion, 16-18, 52-70 
Head or he^ht due to velocity, 12 
Heavy symmetric top, 327 
Herpolhode, 321 
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Heterogeneous maas, 121 
Hodograph, 37 
Holonomic, 349 
Homogeneous mass, 121 
Hooke's law of elastic stress, 218 
Horse-power, 213 

Impulse, 134, 275, 278-279 
Indeterminate multipliers, 259- 

263, 351 
Inertia, 133 

, ellipsoid of, 290, 295 

, moment of, 280 

, product of, 281 

, radius of, 281 

- ■ — , spherical points of, 297 
Instantaneous axis, 84 
center, 99 

Invariable direction and plane, 275 
Invariant of system of forces, 173 
Isochronous, 50 

Kepleb's equation, 242 

laws, 75, 78, 79 

Kinematics, 1, 3-119 
Kinetic energy, 137 

— friction, 183 

potential, 356 

Kinetics, 1, 207-360 
KinetOBtatica, 250 

Lageange's equations of motion, 

263, 352 
Lagrangiau coordinates, 263, 353 
— — function, 356 
Laplace's equation, 198 

invariable plane, 275 

Linear density, 123 

velocity, 24, 83,'87 

Lines of force, 199 
Lissajous's curves, 70-72 
Logarithmic decrement, 228 



Mass, 120-123 

moment, 124 

Mean anomaly, 242 
■ ■ ■■ motion, 240 
Mechanics, 1 

Method of indeterminate multi- 
pliers, 259-263, 351 



Moment of a couple, 159, 162 

of a force about an axis, 177 

of a force about a point, 150 

of inertia, 280 

• of mass, 124 

of momentum, 213 

Momenta! ellipsoid, 290 
Momentum, 132 

, angular, 213-216, 270-275, 

279, 304-306, 313-315 

, linear, 277, 348 

Motion, mean, 240 

NEWTON'alaws of motion, 139-141 



Normal acceleration, 36, 109 

Oscillations, damped, 224-227 

, foi-eed, 227-229 

, free, 217-221 

Parallel forces, 151-15S 

Parallelogram of angular veloc- 
ities, 85 

of forces, 143 

■ of linear velocities, 28 

Particle, 123 

Pendulum, compound, 306 

, simple, 47-54, 253 

Perihelion, 237 

Period, 56 

Periodic time, 79, 240 

Permanent axes of rotation, 311 

Fhaae, phase-angle, 56 

Planetajy motion, 80-82, 233-247 

Polar reciprocal of momental 
eUipsoid, 294^295 

Polhode, 321 

Potential, 196-200 

energy, 210 

Poundal, 136 

Power, 212 



326 

Principalaxes, 290, 311 

■ , distribution of, 297-303 

Principle, d'Alembert's, 259, 347- 

349 

, Hamilton's, 359-360 

of angular momentum or 

of areas, 77, 213 
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Principle of conservation of angu- 
lar momentum or of area8,216, 
275, 348 

■ ■ of conservation of energy, 

210, 212, 327, 347 

of conservation of linear 

momentum, 273, 348 

— — - of independence of transla- 
tion and rotation, 275 

of kinetic energy and work, 

77,208 

of virtual velocities, 206 

of virtual work, 205 

Problem of two bodies, 244-247 

Inducts of inertia, 281 



Quantity of motior 
Radius of inertia o 



132 



ReciprocBJ eUipsoid, 295 
Helative acceleration, 118, 335 

motion, 117-119, 335-345 

■ velocity, 26, 117 

Resistance of a medium, 221-224 
Resultant force, 142 

■ ■ velocity, if7 

I^id body, 21, 149 
Rotation, 21, 84 
Rotor, 84, 139 
Rotor-couple, 90 

SciBNTiPic aj^tem of vmits, 136 
Screw motion, 91 
Seconds pendulum, 51 
Sectorial velocity, 33, 73 
Simple hannonic motion, 54-68 

harmonic wave motion, 65 

- — ~ mathematical pendulum, 47- 

54, 253-255 
Specific density, specific gra\ity, 

122 
Static friction, 183 
Statics, 1, 120-206 
Surface density, 123 
mass, 122 



Tlieorem of Coriolis, 119, 335 

of moments, 150, 153 

of Varignon, 150 

Time of flight of projectile, 46 
Top, 327 
Torque, 159 
Total energy, 210 

reaction, 184 

Translation, 21, 83, 108 

Triangle of forces, 143 

True anomaly, 237, 240 

Twist, 91 

Two bodies, problem of, 244-247 

TJniformi.y accelerated motion, 10 

-14, 23-25 
Unit of acceleration, 9 
—— of density, 122 

of force, 135 

of mass, 121 

of momentum, 133 

of power, 212 

of velocity, 5 

■ of work, 202 

Units, fundWental and derived. 



121 



., 187 



Vaumnon's theorem, 150 
Vector, 26 
Velocity, 3 

, absolute, 26, 118 

, angular, 22-24, 84 

, body-, 117 

, linear, 24, 83, 87 

of propagation of wave, I 

of rotation, 84 

of tianslation, 83 

-—, relative, 26, 117 
— , sectorid, 33, 73 
Virtual displacement, 203 
— — velocities, principle of, 21 

■ work, 201, 203 

work, principle of, 205 

Wave length, 64 

motion, 63-67 

Weight, 157-158 

Work, 201 

-, virtual, 203 



y Google 



Tlie following pages advertise a few of the Macmillan 
publications on Statics, Mechanics, etc. 



y Google 



y Google 



The Mechanics of Machinery 

By Sir ALEX. B. W. KENNEDY, LL.D., F.B.8., 
Emeritus Professor of Engineering and Mechanical Tech- 
nology in University College, London ; Member of the 
Institution of Civil Engineers, etc. 

With numerous illustrations, Svo, $S.50 net. 



An Elementary Treatise on Rigid Dynamics 

By W. J. LOUDON", Demonstrator in Physics in the 
University of Toronto. 

Cloth, Svo, $2.25 net. 

A Test-book for those who having already mastered the elements 
of the Calculus and acquired some familiarifj with the methods 
of Particle Dynamics, wish to become acquainted with the 
principles underlying the equations of motion of a solid body. 

The Elementary Part of a Treatise on the 
Dynamics of a System of Rigid Bodies 

Being Part 1. of a Treatise oti the Whole Subjeel. 

By EDWAKD JOHN ROUTII, ScD., LL.D., F.U.S., 
Seventh Edition, revised and enlarged. 

Cloth, Svo, imth diagrams, etc., $3.75 net. 

Each Chapter : On Moments of Inertia; D'Alembert's Prindple, etc; 
Motion about a Fixed Axis ; Motion in Two DiraensionB ; Motion in 
Three Dimensions ; On Momentum ; Vis Viva ; Lagrange's Equa- 
tion , Small Oecillatwns ; On Some Special Probleras, in as far as 
possible complete m itself. This arrangement is convenient tor those 
who are already acquainted with dynamics, as it enables them to 
dnat Iheir attention to those parts in which they may feel most 
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